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NOTE. 



\{ The large type by itself constitutee an abridged course. Articles 

in small tyx>e are for advanced students. Articles containing appli- 
cations of the Calculus are inclosed in brackets. 
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MATTER, BODY, PARTICLE. INERTIA. FORCE. DYNAMICS. 
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TION UNIT OF FORCB. 

Matter — Body — Particle. — What matter is in itself we do not 
know. We recognize it as existing in space and possessing certain 
observed properties, such as extension and impenetrability. 

Any limited portion of matter we call a body. A body so small 
that, so far as its motion is concerned, we can disregard its size 
we call a material point or particle. Just as a mathematical point, 
having no dimensions, cannot rotate, but can have motion of trans- 
lation only, so a material point or particle is considered as having 
motion of Inranslation only. 

Every body may be considered as a system composed of such 
material points or particles. 

The diagram representation of a particle is then a mathematical 
point, having position only. 

When a body has motion of translation only, the motion of 
every one of its points at any instant is the same (page 13, Vol. I), 
and in such case we may then consider the entire body, whatever 
its size, as a particle and represent it by a mathematical pK)int. 

Hence, whatever the size of a body, when we consider its motion 
of translation only, we may treat the Ex>dy as a particle and repre- 
sent it b^ a TOint. 

Inertia — Porce.— It is a fact of universal experience that no ma- 
terial particle is able of itself to change its own motion. If it is at 
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rest, it must always remain at rest, miless acted upon by some 
other particle. If it is moving at any instant in a given direction 
with a given speed, it must always preserve that direction and 
speed unchanged, unless acted upon by some other particle. 

We express this fact by saying that matter is »nm, that is, has 
no i)Ower of itself to change its own state of rest or motion. This 
property of matter we call inertia. We recognize, then, not only 
extension and impenetrability, but also inertia, as properties of 
matter. 

Whenever, then, the motion of a particle is observed to change 
either in speed or direction, we can always refer such change to 
the influence of some other particle upon it. 

This external influence which we thus recognize as the cause of the 
change of motion we call force. We can define force, then, as the 
cause of change of motion of matter. We measure force, therefore, 
by its observed effect, that is, by the clumge of motion it causes. 

It Bhoald be noted that mertia, as already defined, is a property of matter. 
To speak then, as is sometimes done, of the "force of inertia/' as though 
inertneti could caose change of motion or change of anything, is as unmeaning 
as though we should speak of " force of hardness " or " force of softness." In- 
capacity of self -change of motion, or inertia, cannot be spoken of as the cause 
of obs^ed change. By reason of such incapacity force is necessary for change 
of motion. 

Dynamics.— We have treated in the first i)ortion of this work of 
the science of Kinematics (kivt/mo^, motion), or the measurable rela- 
tions of space €Uid time, that is, of pure motion. We have therefore 
considered the motion of a point, or of a system of points, without 
reference to matter or force. But we have to deal in nature with 
force and material points or bodies. The science which treats of 
those measurable relations of matter, space and time involved in 
the study of the change of motion of bodies due to force is called 
Dynamics (SvyaMti, force). 

Force Proportional to AcceleratioiL— Let vi be the initial ve- 
locity of a material point or particle Pi 
moving in any path PiP, and v its final ve- 
locity at the end of any time t. 

If we draw OQi parallel and equal to Vi 

and OQ parallel and equal to v, then, as we 

have seen, pa^ 48, Vol. I, <fiQ ^ves the inte- 

c' gral acceleration both in direction and mag- 

QiO 
nitude. Also -^r^ gives the mean accelera- 

tion or mean time-rate of change of veloc- 
ity in the tune t. 

OiO 
The limiting magnitude and direction of ^-^ when the time t is 

V 

indefinitely small is the acceleration, or instantaneous time-rate of 
change of velocity. 

Now this change of velocity is due to the force at that instant. 
If there were no force, Vi would remain unchanged both in magni- 
tude and direction. 

Since we can only measure force by its effects, and since here 
the efl!ect is shown by change of velocify, the force must be proi)or- 
tional to this change of velocity. 

We conclude, therefore, that the directum of the force is the same 
as the direction of the acceleration it causes^ and me magnitude of 
the farce is proportional to the magnitude of the acceleration tt 
causes. 
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CHAP. I.] HBOHANICAL ILLUSTRiLTION OF FORCE.' 3 

Meehanioal Illiictration of Force.— The student may figure to 
himBelf such a force as the pressure or pull of an imponderable 

Spiral spring acting ui)on the body, the axis of the sprmg having 
ways the direction of the acceleration, and the spring moving 
with the body so that its pressure or pull is exerted during the 
entire time of action and is alway proi)ortional to the acceleration. 

If the acceleration changes in oirection, the axis of the spring 
changes, so that it always has the same direction as the accelera- 
tion. 

If the acceleration changes in magnitude, the pull or push of the 
spring changes accordingly. 

If the acceleration is uniform, that is, does not change either in 
direction or magnitude, the axis of the spring does not change in 
direction and its pull or push is constant. 

The force of gravity upon bodies near the surface of the earth is 
like the action of such a spring. Its action is practically constant 
in intensity and direction. 

The student should note that the direction of the force or ac- 
celeration is not necessarily that of the motion, except in t^e case 
of rectilinear motion. 

Thus in the case of a x)oint moving with uniform speed in a 
circle, the direction of motion at any instant is tangent to the 
circle, but the acceleration is always directed towards t^e centre 
(page 53, VoL I). 

in the case of a projectile, the motion at any instant is tangent 
to the path, but the acceleration is always vertical and downwards. 

Uniform and Variable Force.— A force, then, like acceleration, 
paffe 49, Vol. I, is uniform or constcmt when it has the same znagni- 
tuae and the same direction whatever the time of action. When 
either the magnitude or direction changes it is variable. 

Criterion of the Action of a Force.— The action of a force on a 
particle, then, is made evident by the change of motion it causes. 
If the particle is at rest or moves with uniform speed in a straight 
line, there is no force acting upon it. If either the speed changes 
or the direction of motion changes, a force must act upon it to 
cause such change. The magnitude of the acceleration is propor- 
tional to the magnitude of uie force, and the direction of the ac- 
celeration is the direction of the force. The force is uniform when 
the acceleration is uniform, and variable when the a^xseleration is 
variable. 

MaM. — Let such a spring, F^ as described, act with constant 
pressure in a constant direction ui)on a given 
body A for a given time. 

Then the acceleration or chan^ of velocity 
per second is constaat and in the direction of the 
force or axis of the spring. 

Let the aame spring act upon another body, JB, 
with the same constant pressure in the same 
constant direction for the same time. Then the acceleration or 
chaiige of velocity per second in this case is also constant and in 
the direction of the axis of the spring. 

If the magnitude of the acceleration in the second case is equal 
to the magmtude in the first case, the body B is said to have the 
same mass as the body A, In general, 

EqncU masses are those to which the same uniform force ffives 
the same acceleration in the direction of the force in the same time, 

Vnit of Mass. — We take as the unit of mass the standard i)Ound 
avoirdupois, or the standard gram, or the standard kilogram. 
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These are definite bodies (page 6, Vol. I). Any other body which 
when acted upon by any given constant force would receive in the 
same time the same acceleration in the direction of the force as the 
standard mass under the same circumstances is an equal mass. 

When, then, the mass of a body is unity, or one unit of mass, the 
same constcmt force acting ui)on it nves it the same cuiceleration in 
the same time in the direction of me force that the standard mass 
would receive under like circumstances. 

Measurement of Mass. — ^We know by experiment that the force 
of gravity, or the earth's attraction at any place, gives to aJl bodies 
f aUing in vacuum, whatever their nature, tne same acceleration in 
the same time. 

This cuiceleration is vertical or in the direction of the force of 
gravity which causes it. 

When two bodies exactly balance in an equcd-armed balance, we 
also know that the force oi gravity on each must be the same. 

Since then, under the action of this equal force, each body would 
acquire the same accelei'ation in the same time in the direction of 
the force, their masses are equal. 

By means of the bcdance, tnen, we can readily duplicate stfimdard 
masses. By finding how many such standard masses balance any 
given bod^, that is, by '* weigning'' the body, we can determine its 
mass relatively to the standard. 

Thus if any body exactly balances 2, 3 or 4 standard pounds or 
kilograms or grams, its mass is 2, 3 or 4 times the mass of the 
standard used. 

Mass Independent of Gravity. — ^It must be carefully noted that 
the mass of a body has nothing to do with the actual intensity of 
the force of gravity. This varies with the locality and the height 
above sea-level in the same locality. But two bodies of equal mass 
which therefore exactly balance in one locality would balance in 
any locality, because the force of gravity, whatever it may be, is 
always the same on each wherever they are weighed. 

When we speak of a mass of one pound, one gram, or one kilo- 
gram, we refer then to a definite quantity of matter^ not to the force 
of gravity acting at any place upon that matter. 

But when a body balances two standard pounds, we know that the 
force of gravity upon that body at any locality is twice as great as 
for one pound. The force of gravity upon any body at any locality, 
or the weight of the body, is thus proportional to its nutsa, but tne 
mass is independent of this weight. 

The term ''weighing" as applied to a balance should not be 
allowed to mislead. ** Weighing^' a body in a balance always de- 
termines its maaa and not its iveighty or the force of gravity upon it. 

Eelation between Force, Mass and Acceleration. — Since the 
weight of a body is proportional to its mass, and since all bodies 
fall in vacuum with the same acceleration under the action of 

fravity at any locality or of their weights, it follows that to give 
ifferent bodies the same acceleration in the direction of the force, 
the force must be proportional to the mass. 

But we also know by experiment that when we give the same 
body different accelerations m the direction of the force, the force 
is proportional to the acceleration. 

In general, then, any force which produces in a given body, free 
to move, an cux^leration in its direction, must be proportional both 
to the mass of the body and the acceleration. 

If then [F] is the unit of force culopted and F the number of 
units of force, [M] the unit of mass and m the number of units of 
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^oaaaa, [/j| the unit of acceleration and / the number of units of 
acceleration in the direction of the force, we must have the 
relation 

F[F]^c.fn{M]xf[fl (1) 

where c is a constfimt number. 

Equation (1) expresses the fact that force must be proportional 
both to the mass and the acceleration given to the mass in the direc- 
tion of the force. 

Unit of Foroe. — We see from (1) that we shall always have the 
numeric equation 

F=:mf (2) 

if we make c unity, and 

[F] = [M] X [/]. 

That is, equation (2) holds provided we take as our unit of force 
that constant force which will give one unit of mass one unit of cui- 
celeration in the direction of tne force. 

This is called *' Oauaa^s absolute imit," or the absolute imit of 
force, because it furnishes a standard force in any system, inde- 
pendent of the force of gravity at different localities. 

In the foot-pound-second or **F. P. 8. system," then, the abso- 
lute unit of force is that constant force which will give one pound 
a chan^ of velocity in the direction of the force of one foot per 
second m a second. This has been called by Prof. James Thomp- 
son the poondal. It is then the English absolute unit of force. 

The French absolute unit of force is that constant force which 
will give one kilogram a change of velocity in the direction of the 
force of one meter per second m a second. 

In the centimeter-gram-second or ** C. G. S. system" the absolute 
unit of force is the constant force which will give one gram a change 
of velocity in the direction of the force of one centimeter per second 
in a second. This is called the dyne. 

Dimensions of Unit of Foroe. — Let [F] rei>resent the unit of 
force, [/] the unit of acceleration, [M] the unit of mass, [V\ the 
unit of velocity, [L] the unit of distance, and \T] the unit of time. 
Then we have 

[i?'] = [Jlf]x[/] = [lf]xg3 = [lf] x-^. 

Weight of a Body. — ^The student should a^ain be cautioned to 
keep clearly distinguished in his mind the difference between the 
mass of a body and its weight. The weight of any mass is the 
force with which the earth attracts it, and it therefore varies with 
the locality. The mass is invariable at all places. 

If the weight of a body is W, and its mass m units, then, since 
the weight produces the acceleration g, we have from (2), 

W= mg units of force. 

If m is one unit of mass, W is numerically equal to g units of 
force, or 

one pound weiglui g ponndals, 
one gram weighs g dsrnes, 

according to the system in use. 

Since g is about 32 ft.-per-sec. per sec., the weight of one x>o\md 
is about 32 x)oundals, or 

one poundal is the weight of about half an oimoe. 
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Strictly speaking, it is the weight of - part of a pound, where g 

must be taken for the locality in ft.-per-sec. i>er sec. 

In the same way, the weight of one gram is about 981 dynes, or 



one dyne is the weight of abont one milligram. 

Strictly speaking, it is the weight of — part of a gram, where g 
must be taken for the locality in centimeters-per-sec. per sec. 

An athlete throwing a hammer of 16 pounds in New Haven and the Mme 
Juvmmer in Edinburgh has a heavier hammer to throw in the latter place, by 
the weight of about three tenths of an ounce more. (See page 98, Vol. I.) The 
mass .of the hammer is of coarse the same in both places. 

Gravitation Unit of Force. — It is often convenient to express a 
force by comparing it with the weight of l^e unit of mass at the 
locality. The weight of the unit of mass at the place is then the 
gravitation unit ^ force. It is evidently not constant. Or we can 
express a force by comparing it with the weight of the unit of mass 
at some given place. The weight of the unit of mass at this place 
is tiien the gravitation unit of force. In this case it is constant. 

When, then, we speak of a ** force of ten pounds'' or a ** force of 
ten kilograms '' we mean the force of gravity at a given place upon 
a mass of ten pounds or ten kilograms. The expression is of 
course incorrect, because pound ana kilogram denote mass only. 
The expression is thus a brief and allowable locution for the phrase 
— *' attraction of the earth for a mass of ten pounds at the place 
considered." 

A *' force of ten pounds " means, then, a force of 10^ poundals, 
where g is the acceleration of gravity in ft.-per-sec. per sec. at the 

Slace considered. A ''force of ten grams" means a force of IQg 
ynes, where g is the acceleration of gravity in centimeters-per-sec. 
per sec. at the place considered. In all cases. 

Mass {in lbs.) x acceleration {in ft.-per-sec, per sec.) = Force in 
direction of acceleration {in poundaiu). 

If we diyide the force thus found by gr in ft.-per-sec. per sec., we 
obtain the force in gravitation units. 

Mass {in grams) x acceleration {in centimeters-per-sec. per sec.) 
= Force in direction of acceleration {in dynes). 

If we divide the force thus found by ^ in centimeters-per-sec. 
per sec., we obtain the force in gravitation units. 

Thus if a mass of 26 pounds has an acceleration in any direction of 6.4 ft.- 
per-sec. per sec, the force in that direction which causes this acceleration is 
25 X 6.4 = 160 poundals, or 160 times the force, necessary to give a mass of 
one pound an acceleration of 1 ft.-per-sec. in one second. If a for the locality 

is 82 ft.-per-86c per sec., we can speak of this as a force of -^ X 26 pounds, or 

a " force of 6 pounds** meaning thereby the force of gravity upon a mass of 
5 pounds at the locality in question. 

Again, if a mass of 26 grams has an acceleration in any direction of 200 
centimeters-per-sec. per sec., the force in that direction which causes this ac- 
celeration is 25 X 206 = 6000 dynes, or 6000 times the force necessary to give 
a mass of one gram an acceleration of 1 centimeter-per-sec. in one second. If 
g for the locality is 281 centimeters-per-sec. per sec., we can speak of this as a 

200 
force of ^^ X 25 grams, or a " force of about 6 grtuns,** meaning thereby the 

981 
force of gravity upon a mass of 6 grams at the locality in question. 
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Tension— Oomprenioii — Shear. — When a force acts to separate 
two particles of a body in the direction of l^e line joining them, it 
is called a force of tension^ or tensile force. When it acts to bring 
the particles together in the direction of the line joining them, it is 
a force of comj^reaaion, or compressiTO force. When it acts to dis- 
place the particles in a direction at right angles to the line joining 
them, it is called aheavj or shearing force. 

Action and Beaotion. — When one body or particle presses or pulls 
another, it is itself pressed or pulled by this other with an equal 
force in an opi)Osite direction. If we speak of the force ezertea by 
one body or particle as action, we can call the force exerted on it 
by the other reaction. To every action, then, there is always an 
equal and opposite reaction, or the mutufd actions of any two bodies 
are always equal and oppositely directed. 

Stress. — ^The exertion of force ui)on a body or particle is thus 
only one side of the entire phenomenon, which really consists of 
the simultaneous exertion of equal and opposite forces oetween two 
bodies or particles. 

When we fix our attention upon one only of the bodies or par- 
ticles and, disregEurdine the other, consider only its action upon the 
first, we have called tnis action force. It is that external action 
due to some other particle which causes change of motion of the 
particle considered (page 2). But when we have both bodies or 
particles in mind and wish to be understood as viewing this force 
as one of ^e two mutual, equal and opposite actions between two 
bodies or between two parades of tine same body, we call it a 
stress. 

When the stress is such as to make the two bodies or particles 
move towards one another^or to resist tensile force, it is called at- 
traction or tensile stress. When it is such as to increase their dis- 
tance, or to resist compressive force, it is called reptUsion or com- 
pressive stress. When it resists shearing force it is called shearing 
stress. 

In this sense, then, we always speak of the stress in a body or 
bettveen two bodies or particles ; the prepositions '* in " or '* be- 
tween^' indicating at once that we have to do with one of the 
mutual actions between two bodies or particles. Force then is 
always external to the body or system considered. Stress is in- 
ternal to that body or system, and resists change of configuration 
due to force. 

External Stress. — ^There is, however, a sense in which we speak 
of stress on a body, and thus consider it as external, whidi need 
never be confounded with that just given. 

Force is often exerted upon some definite i)ortion of the bound- 
ing surface of a body and acts then over an area. In such case 
the number of units in its magnitude divided bv the number of 
units in the area gives the number of units of force per unit of 
area. When a force thus acts we may speak of it as the stress on 
the body, and the force per unit of area we call unit stress. 

This use of stress is convenient and leads to no confusion. 
Where necessary to discriminate we may speak of internal stress 
and external stress, but in general the use oi the preposition '* on '^ 
and *'in" or ** between'^ suniciently indicates the sense in which 
the term is used. 

Strain. — ^The change of distance between twoi>articles of a body 
in a direction opposite to internal stress is called strain. 

If no internal stress exists, there is no strain, but simply displace- 
ment. 
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IQustraHon, — Thus let a spring whose original " unstrained " length is AB 
be compressed so that its length is ABi, When we consider Uie external 
action which compresses it, we speak of the force of compression F. When 

we consider one of the mutoiu actions between anj two 
points A and ^i which resist compression, we speak 
of the campresHw stress 8 in the spring at Bi or at A. 
s 3 The strain is the distance BBi, or the displacement 

y A MA f ? , I opposite to the stress. 



'Bi Ci CjB, I^ ^li® compressive force F is removed and the 

spring allowed to expand to Oi, the distance BiCi is 
not strain because it is not opposite in direction to 
the stress, but simply displacement. When the spring 
reaches B there is no stress in it. As it passes 6 tensile stress is developed, 
and any distance BOt is strain. The point B is the position of zero strain, 
and any displacement on either side of this point is strain because opposite in 
direction to the stress in the spring. 



EXAMPLES. 

(1) With 1 ft. and 1 sec, as units of distance and time, find the 
unit of mass, tn order that the derived unit of force may he equal to 
the weight of 1 lb. 

Ans. g lbs. 

(2) Find the unit of force in order that the unit of mass may he 
gibs. 

Ans. ^poundals. 

(3) The unit of acceleration heing 6 ft,-per-sec, per sec., find 
(a) the unit of mass when the derived unit of force ts equal to the 
weight of 20 lbs., and if>) the unit of force when the derived unit of 
mass is a mass of 20 lbs. 

Ans. (a) 107i lbs.; (6) 8.7 pounds weight. 

(4) The unit of mass heing a mass of 10 lbs., the unit of time 1 
min., and the unvt of' length 1 yd., compare the derived unit of force 
with the poundal. 

Ans. 1 to 20. 

(6) With 20 lbs. and 40 sec. ae units of mass and time respectively, 
find the unit of length that the derived unit of force may he equal to 
the tioeight of 1 lb. at a place where g = 22.2 fL-per-sec. per sec. 

Ans. 2576 ft. 

(6) The unit of velocity heing 20 cm. per sec., the unit of mass 15 
grams, and the derived unit of force the weignt of a kilogram, find 
the unit of time. 

(7) The value of a force expressed in dynes is to he expressed in 
absolute units of the meter-kitogram-minuie system. By what num- 
ber must it be multiplied f 

Ans. 0.086. 

(8) Show that the weight of one pound is equal to 4.45 x 10* dynes 
approximately. 

(9) Show that 1 poundal is equivalent to 13825 dynes. 
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(10) With 1ft. and 1 9ec. as units of distance and time^ find the 
unU of masSj^ in order that the derived unit of force may be equal to 
the weight of 1 lb. at a place where g = 32.16 ft.-per-sec. per sec. 

Abb. 82.16 lbs. 

(11) Tfie unit of mass being 20 lbs., the unit of time 1 min., and 
the unit of length 1 yard, compare the aerived unit of force with the 
poundaX, 

Ans. 1 to 60. 

(12) Compare the values of the mass of a body as expressed in 
gravitation units of the ft.Ab.-sec. and yarorton-min. systems (ton = 
2240 Ibfi.). 

Ans. 2688000 to 1. 

(18) Shaw that the value of one dyne expressed in terms of the 
weight of one ton (2240 lbs.) is 1003 x 10~ ^ approximately. 

(14) Beduce 20 poundals to absolute units of the yd.-cwt.-min. 
system (1 cwt. = 112 lbs.). 

Ans. 214f units. 

(16) Determine the unit of time in order that, the foot being the 
unit of length, the value of the intensity of gravity may be expressed 
by 1 instead of g. 

Ans. — — : sec. 

(16) The unit of acceleration beina 6 ft.-per'Sec. per sec., find 
a) the unit of mass when the derived unit of force is equal to the 
weight of 20 tbs., and (b) the unit of force wKen the derived unit of 
mcus is a mass of 20 lbs. (g = 32). 

Ans. (a) 107.2 lbs.; (6) 120 poundals or the weight of 8.78 lbs. 



'i 
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DENSITY. SPEOIFIO MASS. DETEEMINATION OF 

SPECIFIO MASS. 

Density. — ^The number of units of maas of a body divided by its 
number of imits of volume, or the mass per unit of volume, is the 
mean density of the body. 

The mean density gives then the number of poiuids in a cubic 
foot, or the number of grams in a cubic centimeter. 

The densi^ at a given point of a body is the ratio of mass to 
volume of an indefinitely small x)ortion of the body at that point. 
If this is the same at all points, the body is homogeneons, or the 
density is udform. If it varies, the density is variable and the 
body is non-homogeneous. 

The density of a body in a given state is the mass per unit of 
volume of any portion of the body in that state. 

When the length of a body is great relatively to its other dimen- 
sions, the mass per unit of length is called its mean linear density. 

For a thin body the mass per unit of area is called its mean 
snrftkce demtity. 

If m is the mass of a homogeneous body and Fits volume and <^ 
its density, we have 

» fn 

or density equals mass per unit of volume. 

Unit of Density. — If [M] is the imit of mass and m the number 
of units of mass, [V] the imit of volume and Fthe nxmiber of units 
of volume, f-DJ the unit of density and d the number of units of 
density, we nave 

Arm - ^W 



We shall have 



provided we take 






^ ^ [V] 



The unit of density, then, is one unit of mass per unit of volume, 
as one ^und per cubic foot, or one gram per cubic centimeter. 

Specific Mass. — ^The density-ratio of a body relatively to that of 
some standard substance is properly called its specific mass. It is 
often called "specific gravity," as a consequence of not distinguish- 
ing between weight cmd mass. The ideeus are different, but the 

10 
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numerical values the same, since the weight of a body is propor- 
tional to its mass. 

The standard substance taken is water. If ^ is the density or 
mass of a unit of volume of water, and 8 the density or mass of a 
unit of volume of any other body, then the specmc mass e is 
given by 

e = i (1) 

r 

Since d s=z — , where m is the mass and V the volume of the 
body, we have 

'=7^ ® 

Since y is the mass of a unit of volume of water, rViB the mass 
of a volume of water e^ual in volume to the body. Hence the 
specific mass of any body ts equal to the ratio of its mass to the mass 
of an equal volume of vmter. 

In the English system the mass of one cubic foot of pure water 
at 4° 0., or the point of maximum density, is nearly 1000 ounces, or 
62.5 lbs. (more exactlv 998.6 ounces). The density of water is then 
about 62.5 lbs. per cuoic foot, or 

62.5 lbs. 
1 cub. ft.' 

If then Fis one cubic foot, we have, from (2), 

mlbs. 

6 = 



62.5 lbs.' 



where m is the mass in x)ounds of one cubic foot of any body. 

In the C. G. S. system, the mass of one cubic centimeter of pure 
water at 4"* C. is very nearly one gram, and wa§ intended to be so 
exactly. The density of water by this system is then 

y^ ^ gram 
1 cub. c. " 

If then Fis one cubic centimeter, we have, from (2), 

w grams 

"" Igram * 

where m is the mass in grams of one cubic centimeter. That is, the 
mass in ^rams of one cubic centimeter gives at once the specific 
mass, while in the English system the mass in pounds of one cubic 
foot must be divided by 62.5. Or inversely the specific mass of any 
body gives at once the mass in Rrams of one cubic centimeter of the 
body, while it must be multiplied by 62.5 to obtcdn the mass in pounds 
of one cubic foot. 

Determination of Specific Mass. — ^A body totally immersed in 
water displaces its own volume of water. It is a well-kno'wn 
physical fact that a body so immersed is buoyed up by a force 
equal to the weight of the volume of water displaced. 

If then a body is '* weighed," i.e., its mass determined, and 
then weighed again while wholly immersed in water, the loss of 
weight in gravitation units gives the mass of the displaced water, 
or gives the mass of a volume of water equal to the volume of the 
body. 



12 



DYKAHIC8— INTBODUOTIOlir. 



[chap, il 



To determine the specific mass, then, we have only to divide the 
weight of the body in gravitation units by its loss of weight in water 
in gravitation unite,* 

when very great accuracy is required the body should be 
weighed in a vacuum, or allowance must be made for the buoyant 
force of the air. But in aU practical cases in mechanics this is an 
unnecessary refinement, and the weight in air may be taken as the 
measure of the true mass of the body. 

Table of Specific Kass. — In the following table the density-ratios 
or specific masses, or so-called '' specific gravity ^' with reference to 
water, of a few substances are given. 

The exact value in any case will depend on the temperature and 
the mechanical process, such as hammering, etc., to which the 
bodies may have oeen subjected. 



Air at 0' C 0.0012759 

Alcohol at 0** C 0.791 

Turpentine at 0' C ... . 0.870 

Ice 0.92 

Sea-water at 0" C 1.026 

Crown glass 2.5 

FUnt glass 3.0 

Alummum 2.6 

Zinc 7.0 



Tin 7.4 

Iron 7.7 

Copper 8.8 

Silver 10.5 

Lead 11.4 

Mercury at 0** C 13.696 

Gold 19.3 

Platinum 21.6 



EXAMPLES. 



(1) The mass of a piece of limestone is 310 grams. When im- 
mersed in water ii is wxlanced by a mass of 188.6 grams. What is 
the specific mass f 

Ans. Weight hi air is 810^ dynes. Weight in water is lSS,5g dynes. Loss 

of weight is 81Q^— 188.5^ = 121.5g dynes. Hence specific mass = T^riz = 2.66. 

(2) In order to find the specific mass of a piece of oak, a piece of 
lead unre, which lost 10.6 gram^ when loeighea in water, vxzs 
wrapped around the wood, which weighed ^^.^ grams. The com- 
pound mass was 484.6 grams lighter in the water than in the air. 
yind the specific mass. 

Ans. The loss of the wood alone was 484.6 — 10.6 = 474. Hence specific 

426.5 ^ ^ 
mass = -^j^ = 0.9. 

(3) An iron vessel completely filled with mercury weighed 500 
pounds, and lost when weighed m water 40 pounds. If the specific 
mass of the iron is 7.2 ami of the mercury 13.6, find the mass of 

the vessel and of the mercury. 

j^ 

Ans. Since spedfic mass e = — , where d is density and y Is density of 

y 

water, and since ^ = — , where m is mass and o is volome, we have e = — , 



or « = 






Let mi be the mass of the iron and mt the mass of the mercury, and m the 
combined mass. 



* That is, we divide the number of units of mass of the body by the num- 
ber of units of mass of an equal volume of vnUer. 
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Tlien for the Yolome of the iron we have Vi = , for the volame of the 

mercory «i = — ^, and for the combined volume v = — . Hence we have 

+ tt: = Trr> or -- + -- = t- 



€iy €iy €y' ei 
Also mi -|- mt == fn. Combining we have 



500 
In the present case we have € = -^, €i = 7.2, 6s = 18.6 and m = 600. 

Hence mx = 49.64 pounds, mt = 460.46 pounds. 

NoTB. — This is called the problem of Archimedes, because first solved by 
him with reference to any alloy of gold and silver. Its application to alloys or 
chemical compositions is, however, limited, as in general in such cases there is 
a change of volume so that the combined volume is not equal to the sum of the 
volumes of the components. 

(4) In order to obtain the specific maea of rye in biUk^ a bottle 
was filled with grains of rye tveU shaken together^ and weighted. The 
weight of the bottle was found to be 116 grams when empty and 
236.76 grams when filled with rye. When filled ivith water it 
weighed 270.66 grams. Find the specific mass of the grain. 

Ans. The weight of the grain is 120.76 grams, and the weight of an equal 

120 75 
volume of water is 166.66 grams. Therefore specific mass = .^ '__ = 0.776. 

lOO.DO 

A cubic foot of the grain weighs then 0.776 X 62.6 = 48.6 pounds. 

(6) To find the specific mass of a mixture^ given the volume or 
masSy ana specific mass, of each constittient. 

Ans. We must assume that the volume of a mixture is equal to the sum of 
the volumes of the constituents. This is not invariably the case, especially 
where there is chemical union. 

Let mxf m%, mt, etc., be the masses of the constituents; 

6i, €%, €t, ** ** " specific masses of the constituents; 
«i, «i, v», *' " ** volumes ** 



tt <« 



Let m, « and e be the mass, volume and specific mass of the mixture. Let 
y be the density or mass of a unit of volume of water. 

Then mx + mt + mt + etc. = m. But wij = cxyvx , m^ = e^yvt , etc. 
Hence 

, , , ^ €iVx + etVt -I- €9V» + etc. 
€xViy + e^uy + e^uy + etc. = evy, or €= ■ 

e 

But e = «i + «i + *» + «*<5« Therefore 

« 

^ _ €xVx + 6«g« -f €»V9 + etc. 

«1 + «• + *• + ®*<5. ' 

Again, we have «i = — ^, «i = — —, etc. Hence 
^ ' exy €^y 

m mx.mt.mt_, 

— = -A -f- etc. 

ey cxy €ty €ty 
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Therefore 

€ = 



__ ffli -f* w*» 4* ^« "f* ^^' (2) 



•n. 5*. «». 
ti e« e« 

(6) 2Vix> eqtuil vessels A and B arefidl and half fuUy respectively, 
of liquids ofdeneities di and ^s. If JB is filled up from A and then 
Afiued up from B, find the density of the mixture in A, the liquids 
being supposed to mix completely. 

Ans. j . 

4 

(7) Three equal vessels A, B, Care half full of liquids of densi- 
ties di , dt , dt respectively. If now B is filled up from A, and then 
Cfrom By find the density of the mixture in C, the liquids being 
supposed to mix completely. 

4 

(8) To a salt solution whose specific mass is 1.08 and mass 27 
ounces, 4 ounces of uxxter are adaed. Find the specific mass of the 
mixture, 

(9) Find how much water must be added to 27 ounces of a salt 
solution whose specific mass is 1.08, in order that the specific mass 
of the mixture may be 1.05. 

Ans. 15 ounces. 

(10) When equal volumes of two substances are mixed, the 
specific mass of the mixture is 3. When equal weights are mixed 
the specific mass of the mixture is 2|. Find the specific masses of 
the two substances. 

Ans. 2 and 4. 

(11) The masses and diameters of two splieres are as 1 to 2. Show 
that their densities are asitol. 

(12) The diameter of the earth being 1.275 x 10' cm. and its den- 
sity 6.67 times as great as that of water, find its mass, 

Ans. 6.15 X 10" gnuns. 

(13) The linear density of a round bar of cast iron one inch in 
diameter is 2.46 lbs. per foot. Find the weight of a pipe 2 yards 
long, having a bore oj 16 inches and a thickness of i inch 

Ans. 789 lbs. 

(14) Aflat bar of iron 4i inches unde and i inch thick has a linear 
density of 9,91 lbs, per ft. Find the weight of a bar of iron 1 inch 
square and 1 yard long, 

Ans. 10 lbs. 

(15) From the preceding example state a rule for finding the 
weight per foot of a bar of iron of any given constant area; also 
for finding the area if the weight per foot is given. 

Ans. To find the weight per foot in pounds, multiply the area in square 
inches by 10 and divide by 8. 

To fi^d the area in square inches, multiply the weight per foot by 8 and 
divide by 10. 



CHAP. U.] EXAKPLBS-H9PBCIFI0 KA88. 15 

(16) T%e density of granite is 160 lbs, per cubic foot. Apavina- 
bloek is 4 inches wide, 9 inches deep and 12 inches long, ffind the 
nuniber of tons (2240 lbs.) required to pave a street one mUe long 
and 20 yards broad, aUowing an interval of 10 per cent between the 
blocks. 

Ans. 15274 tons. 

(17) IfthepoptUation of a country is 85262762 souls, and the area 
is 120830 square mileSy what is the average " density '' of thepoputa- 
tionf 

Ans. 292 inhabitants per square mile. 

(18) Find the specific mass cf a piece of cork from the following 
data : Weight in air 2 grams, weight of cork and sinker in water 4 
grams, weight of sinker in water 12 grams. 

Ans. 0.2. 

(19) A raft whose weight and specific mass are known floats in 
water. Show how to ddermine the greatest weight it can support 
without sinking. 

Ans. Let m be the mass and e the spedflo mass of the raft. Then load = 

e 

(20) An empty balloon With its car and appendages weighs in air 
1200 lbs. If a cubic foot of air weighs \\ oz., find now many cubic 
feet of gas must be used before the balloon wiU begin to ascend. 
Specific mass of the gas 0.52, compared to air. 

{^) An iceberg has the form of a cube and floats flat with a 
height of 30 ft. above the ocean. Find the depth under water. 
Specific mass of ice 0.92, of sea-wcUer 1.026. 

Ans. 260 feet. 

(22) Find the mass of the earth in tons (2240 lbs.), having given 
mean specific mcus 5.6, mean radius 4000 miles. 

Ans. 6.16 X 10*1 tons. 

J 23) The unit of density being that of water, and the units of time 
mass 1 minute and 112 lbs., find the magnitude of the derived 
unit offeree. 

Ans. 0.0878 poundals. 

(24) JTie number of seconds in the unit of time being eqtuH to the 
number of feet in the unit of length, the unit of force being the 
weight of 750 lbs. (g = 32), ana a cvbic foot of the standard substance 
having a mass of 13500 oz.,find the umt of time. 

Ans. 5|sec. 
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GENTBB OF MASS. GBNTBB OF GBATITT. FBOFEBTT OF THB CKNTRS OF 
MASS. DBTEBXINATION OF OERTBB OF ICASS. THBOREM OF PAPPUS 
Am) OULDINUB. DBTBBMINATION OF CENTRES OF 1CA88 BT CAUCVIAJS. 

Centre of Mass. — ^We may consider a material body as composed 
of an indefinitely large number of indefinitely small particles of 
equal mass. 

The centre of maaa of stick a body is that point whose distance 
from any plane is egym to the average distance of all the equal 
particles from that piane, ^^ 

If then we take three co-ordinate planes XY^ YZ^ ZX, at right 
angles, the distance of the centre of mass from each plane is equal 

to the average distance ot cdl the equal 
particles &om each plane. 

Thus suppose a oody composed of a 

number ^ of pcuiicles of equal mass. Let 

— ^^-m. Xi, Xi, X9, etc., be the distance of each 

^ «« ^ particle from the co-ordinate plane YZ. 

y Then we have for the average distance of 

all the pcuiicles, or for the distfimce x 
of the centre of mass from the plfime YZ, 







-_ Xi + Xt + x» + etc. __ Sx 
* "" N "W 

In taking the summation Xi +xt -^ x» + etc. = 2x, each distance 
Xiy ohy X9y etc., must be taken with its appropriate s^n (+) or (— ) 
according as it is on the right or left of the plane Yz! If then the 

plane FZ passes through the centre of mass, x = and 2x = 0. 

Now if the mass of each equal particle is m, the total mass or 
mass of the body is Jf = Nm, If then we multiply numerator and 
denominator by m, we have 

— mSx 

X =: . 

M 

If a material body is composed of particles of unequal mass^ we 
may consider each of these i>articles as itself composed of particles 
of equal mass. 

Tnus suppose a body composed of particles whose masses are 

16 
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mi, ma, ms, etc. Let the first consist of a number rii of particles of 

equal mass m, the second of a nimi- 

ber na of particles of equal mass m, 

and so on. Then mi = nim, ma = 

nam, mi = nsm^ etc. Let the entire 

number of equal particles be ^, so «$ j 

that the total mass, or mass of the ml 

body, is ilf = Nm, 

Then if Xi, a?a, Xt, etc., are the 
distances of the particles of unequal 
mass from the co-ordinate plane xZ, 
we have for the average distance of 
all the particles, or for the distance 

X of the centre of mass from the plane FZ, 

— niflji + naiCa + ntXt + etc. 



ill— «, 




N 
If we multiply numerator £knd denominator by m, we have 

— _ niiXi + maoga + wiao?! + otc. _ Smx ,^. 

In the same way we have for the distance y of the centre of 
mass from the co-ordinate plane ZX 

»-^. <«) 

and for the distance z of the centre of mass from the co-ordinate 
plane ZF 

z=^ (8) 

We see then that the centre of mass of a body is such a point 
that if the number of imits in the whole mass be multiplied by the 
number of imits in the distance of this point from any plane, the 
result will be equal to the algebraic sum of the products obtained 
by multiplying the number of units in the mass of each elementary 
particle by the number of units in its distance from the same plane. 

CoR. In taking tne sums of the products 2mx, 2my, 2mz, for 
each elementary mass or particle, we must take x, y, z with their 
proper signs. 

If then we tt^e the_origin of co-ordinates at the centre of mass, 

we have a? = 0, y = 0, « = 0; hence 

2mx = 0, 2my = 0, 2mz = 0. 

If we take polar co-ordinates and take the pole at the centre of 
mass, we have 

2mr = 0, 

where r is the distance of any particle from the pole. 

That is, the algebraic sum of the moments of the m£U3ses (page 
19) of all the pcurticles with reference to the centre of mass is zero. 

Centre of Oravity. — We shall see hereafter (page 75) that the 
centre of mass of a body conincides with the point of application of 
the resvitarU of that system of parallel forces which acts upon atl 
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the particles of a translating body ; that is, when each parallel par- 
tide force causes in the particle on which it acts the same accelera- 
tion in the same direction. 

The earth's attraction for a body is the resultant of a sjstem of 
forces acting upon the particles of the body, each particle force 
bein^ directed towards the centre of the earth, and causing in the 
particle on which it acts an acceleration of the same magnitude. 
We have thus a system of forces not strictly parallel, but causing 
in each pfiuidcle an acceleration of the same ma^piitude. 

But practically the deviation from parallelism is insigniflcant, 
since the longest dimension of any body on the earth with which 
we have to deal is insignificant in comparison with the radius of 
the earth. Hence the accelerations are practically parallel as well 
as equal and the resultant force of gravity upon a body parses 
practically through the centre of mass. This resultant is the weight 
of the body. The weight of a body acts practically, therefore, at 
the centre of mass. 

The centre of mass is therefore often called the '' centre of 
gravity y The term is, however, strictly speaking, incorrect. The 
term "centre of gravity" can only be properly applied to that 
point at which, if the entire mass of the ooay were concentrated, 
this point would attract and be attracted in all positions of the 
body, just the same as the body itself. In this sense, as we shall 
see (page 47), only a few bodies possess a centre of gravity, while 
all bodies have a centre of mass. 

Centre of mass then has nothing to do with gravity. Gravity 
furnishes only a convenient practical method of locatmg it. The 
two ideas are entirely distinct. 

Property of the Centre of Mass. — The importance of the centre 
of mass of a body, in Dynamics, depends on a property of it which 
we shall prove hereafter (page 83). 

This property is as follows : 

Whatever the motion of a rigid body may be, the centre of mass 
of the body moves precisely the same as if the body were replaced by 
a particle of equal mass at the centre of mass, and all the forces 
acting upon the body were transferrea to this particle, without 
change %n direction or vnagnituae, (For other proi>erties of the 
centre of mass see page 75). 

Determination of Centre of Mass. — ^We have just seen that the 
centre of mass of a body is such a point that if the number of 
Y units in the whole mass be multiplied by the 

number of units in the distance of this point 
from any plane, the result will be equal to the 
algebraic sum of the products obtained by mul- 
tiplying the number of units in the mass of 

each elementary particle by the number of 

^units in its distance from the same plane. 

If we denote the volumes of the indefi- 
nitely small elements of a body by Vi,v*, v%, 
etc., cmd their densities by ^i, 6%, 6%, etc., 
then the masses of these elements will be 
given by mi = SiVi , m% = 6%v^ , m» = tftw. , etc. (page 10). 

If then xi, x%, Xt, ete., are the distances, from the co-ordinate 
plane TZ, yt, y*, y*y etc., from the co-ordinate plane ZX, zi, Zt, z», 
etc., from the co-ordinate plane XY, we have for the co-ordinates 

X, y, z of the centre of mass in general 
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x = 



y = 



^lO?! + <J»u«x« + etc. 

- • 

^it?i + diVt + etc. ' 

^iViyi + g«t?«y« + etc. 
^iVi + 6^vt + etc. ' 



— SiViZi + S^ViZt + etc. 



a) 



^iVi + 5tv« + etc. 

* i^. ^? *^i?^ ^ homogeneous, we have «, = *t =*., etc. Hence 
II K IS the ▼Glume of the body, we have for a hennogeneoua body, 

2vx 
V 



- riOJi + VtXt + etc. 
X = 



t?i + t>« + etc. 



--__ t?iyi + Vtyt + etc. _ 2vy 
^ t?i + 1;« + etc. ■" V ' 



z = 



ViZi + ViZi + etc. __ 2vz 
t?i + t;« + etc. V^ 



(2) 



Equations (1) and (2) give the position of the centre of mass for 
volumes, non-homogeneous or homogeneous. 

For surfaces or areas we can put a for v and A for F, where a 
is the area of an element and A the entire area, and 6 Uie surfaee 
density (page 10). 

For lines we can put I for v and L for F, where I is the length of 
an element and L the entire length, and d is the linear d^isitv 
(page 10). ^ 

Material Line, Area and Volume.— There is of course a certain 
inconsistency in speaking of the centre of mass of geometrical 
lines, areas and volimies, since they have no mass. The expression 
is, however, allowable, since we are understood to mean a physical 
or material line whose cross-section is constant and tnerefore 
cftncels out of equations (1) and (2), 8 being then the linear den- 
sity ; or a material area whose thickness is constant and therefore 
cancels out, S being the surface density ; or a volume filled with 
matter of imiform density, in which case S cancels out and we 
have equations (2). 

Moment of Mass, Volume, Area.— We may caU the product of 
the magnitude of a mass, volume or area by the magnitude of the 
distance of its centre of mass from any plane or axis, the magni- 
tude of the mxmient of the mass, volume or area, relatively tomat 
plane or axis. 

We can then express equations (1) and (2) by saying that the 
moment of the total m£U3S, volume or area of a body with reference 
to any plane or axis is equal to the sum of the moments of the 
elementary masses, volumes or areas. 

Plane and Axis of Symmetry. — A body is symmetrical with re- 
spect to a plane when the lines joining its particles, two and two, 
are parallel and bisected by the plane. In_such case the centre of 

mass is in the plane and the equations for x and yare sufficient. 

A body is symmetrical with respect to an axis when it is sym- 
metrical with respect to two planes passing through that axis. In 

such case the centre of mass is in the axis and the equation for x is 
sufficient. 

If a body is symmetrical with respiect to two axes, the centre of 
mass is at their mtersection. This point is then the centre of figure. 
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Many cases are simplified by the application of this principle of 
symmetry. 

Thus the centre of mass of a homogeneous straight line is at 
the middle of the line ; of a homogeneous circle or circular area 

or sphere, at the centre. For a paral- 
lelogram ABCD the line ab throiign the 
middle points of the sides AB^ uD, bi- 
sects all lines parallel to those sides and is 
therefore an Bxi& of synunetry. So is cei 
through the middle pomts of AC, BD. The 
diagonal AD bisects all lines parallel to tiie 
other diagonal and is an axis of synmietry. So is the diagonal BC. 
The surface would balance on a knife-ed^e along either of these 
lines. The centre of mass is then at iS, their point of intersection. 
We shall make constant use of this princij^le of symmetry. 
Centre of Mass of Homogeneous Material Lines. 

(1) Centre of Mass of Homogeneous Straight Line,— The centre 
of mass of a homogeneous straight line is, by the principle of sym- 
metry, at its middle point. For the line itself is one axis of sym- 
metry, and a line at n^ht angles to it at its middle point is another. 

(2) Homogeneous CkrctUar Arc— The centre of mass for a homo- 
geneous circular arc, if the arc is a full circle, is, by the principle of 
symmetry, at its centre of figure, or at the centre of the circle, be- 
cause any diameter is an axis of symmetry. For any homogeneouB 
arc in general, we may find the position of the centre of mass as 
follows: 

Let ABC be a homogeneous circular arc with centre at O. Take 
the origin at O and let the axis of X pass through 
O and we centre B of the arc. 

Then OB is an axis of symmetrv, and the 
centre of mass jS is on this axis. Let the chord 
AC = c, and the length of the arc ABC be L, and 
r = radius. Take an indefinitely small element 
PQ whose length is I and whose centre of mass is 
at a, and letPE be the vertical projection of PQ. 

Then we have by similar triangles 

l:PR::r:ON, 

or, since ON^x, the moment of the mass of 
the element PQ with reference to an axis through 
O parallel to AC is proportional to lx = rPK, 
The sum of the projections PR of all the elements is AC = c. 
Hence the simi of the moments of all the elements is proportional to 
2lx = rSPR = re. Since the entire length is L, we have from equa- 
tion (2), page 19, 

- 2lx re 

^ = -L=L- 

Therefore the centre of mass S of_a circular arc ABC is on the 
axis of synmietry OB at a distance x = OS from the centre of the 
arc, which is a fourth proportional to the arc, the radius and the 
chord, or _ 

L:r::0xx. 

For a semicircle, c = 2r and L = ;rr, hence a? = — . For an en- 

tire circle, c = and 5 = 0, or the centre of mass is at th© centre of 
figure. 




^^ 



.2^ 
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Centre of Uau of Homogeneons Areas. 

(3) Uomog&neoua Parailetoomm.— Every line of the homogeneous 
parallelogram ABCD parallel to AB or CD ie 
bisected oy the line ab drawn throueh the 
oentres of the sides ABCD. Hence ao is an 
axis of symmetry. So is the line cd, or AD or 
BC. The centre of mass is then, by the prin- 
ciple of symmetry, at the centre of hgure, or at - " " 
the intersection S of the diagonals, or of the 

lines drawn between the middle points of opposite sides. 

(4) Hotnogeneoua Triangle. — Every line of the bomogOQeoue 
triangle A3C parallel to BC is bisected by the line AD drawn 

from the vertex A to the centre D of the 
opposite side. 

Hence AD is an axis of symmetry. So 
also is the line CE drawn from the vertex C 
to the centre E of the opposite side. The 
centre of mass is then at S. Since E and D 
are the middle pointe of AB, BC, and ttiere- 
f ore DE is parallel to CA and equal to ~ CA, the triangles AFC and 
DFE are similar, and 

DS-.SA:: DE: AC or :: 1 : 2. 
Hence the centre of mass is on the line DA at a distance from D 
equal to -^ DA. In general the centre of mass is on the line from 
any vertex to the middle of the opposite side, at a distance from 
the vertex of — the length of this line. 

(5) Homogeneoue Trapezoid. — We can determine the centre of 
mass of a homogeneous wapezoid as follows: 

The line MN which joins the centres of the two bases AB and 
CD is an axis of symmetry, and the centre of mass S is on this 
line. 



Denote the base AB by b, and CD by b, , and the altitude DO by 
h. If we draw DE parallel to the side BC, we have a parallelogram 
BCDE whose area is bih and the distance of whose centre of mass 

Si from AB is ^, and a triangle ADE whose area is - — ~ - ' -■ and 

the distance of whose centre of mass & from AB is ~ . 

The area of the trapezoid is (b, + b,)^ . If ^ is the distance j55 
of the centre of mass of the trapezoid from AB, we have 
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Hence 



:;; — rro _ &« + Sbi h 



We have also 



HM IM „%r y T^ 

-=— = -=-, or Hflf = f-UC 

y "> » 



Let the angle ADO = fly then 

^0 = ^tan/J, and !¥ = ^ - fctan/J - ^\ 



Therefore 



3(6i + &•) \ 2 y 



If a; is the distance AH of the centre of mass from A, we have,, 
if AO = a = A tan /5, 

2 3{6i + 6.) V 2 '^y 



_ 6i* + bilh + 6ti* + gffh + Sbi) 
3(&i + &i) 



We have also 



MS NM , 

-=r- = -T-, and 



NS NM 



h—v h ' 



Hence 



&i + &• 3 &i + Os 3 

Therefore 

MS _ bi^ + 2hx ^ i6, + 6» _ AJf + DC _ AJIf + A F 
NS^2h, + bi bt + ibi AB+NCGC-h NC 

Ut Ckmstructian,—!! then we lay off AF = DC, and CG = AjB, 
D c and join ^(7, the intersection S of 2^(7 with 

^ilf fives the centre of mass. 

2a Construction. — Another convenient con- 
struction is as follows : Draw the diagonals 
ACy BD, intersecting at T. Layoff along AC 
the distemce A7i = CT and along BD the dis- 
tance BT%—DT. Bisect the di^nals at R 

^ ^and Pand join RTi and PT,. The intersec- 

tion S is the centre of mass. Student will prove. 
(6) Homogeneous Trapezium, — In order to 

find the centre of mass of any homogeneous 

four-sided area ABCD, we can divide it by 

mecms of a diajgonal AC into two triangles and 

determine their centres of mass Si and & by 

(4). We thus obtain a line SiS^. If we again 

divide tiie area by the dia^onad BD into two f^ 

other triangles and determine their centres of 

mass, we obtain a second line whose intersection with SiSt givea 

the centre of mass S of the whole area. 
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We can, however, proceed more simply by bisecting the di- 
agonal AC at M £knd laying off the longer segment BE of the other 
diagonal from D to ^ so that DF = BR 

Then draw FM and take MS = h^M. Then S is the centre of 
mass. 

For we have MSi = ^MD and M3t = ^MBj hence SiSt is paral- 
lel to BD, But SSi X area ACD = 88% x area ACB. or SSi x DE 
= 88% X BE, whence 88i : 88%::BE:DE. But we have by con- 
struction BE = DF, and DJS? = BF; hence iSiSi : 88% :: DJ^iBF. 
Hence MZ^ cuts Si8% at the centre of mass 5. 

1«* Caiw^TMC^ton. — ^We have then the following construction: 

Bisect one diagonal AC at M. Lay off the longer semient BE 
of the other diagonal from D to ^, so that DF = BE. Then join 

iCFand take M8=^MF. Then /S^ is the centre of mass. 

2d Conatruction.—We have also the fol- 
lowing construction: 

Let J^be the intersection of the diagonals, 
and Ml , M% their middle points. Join jifi, M%^ 
and let If be its middle point. Draw the 
line EM and produce it to jS, so that MS 
equals one third of EM. Then 8 is the centre 5 
of mass. Student will prove. 

8d Constrwotion, — Draw the diagonal DB, dividing the figure 

into the two triangles DAB and BDC The 
centres of mass a% and ai of each of these 
triangles are in the lines DMt and BMi 
drawn from the vertices D and B to the 
middle points M% and Mi of the opposite 

I 2 2 

sides, so that Da^ = ^DM% and Bai = ^BMi, 

o o 

The centre of mass is then in the line a%au 

Now draw the diagonal CA, dividing the figure into the two 

triangles CAB and ADC, The centres or mass b% and bi of each of 

2 

these triangles are in the lines CMa and AMi , so that Ch% = o ^^< 

2 

and Abi = -AM. The centre of mass is then in the line bib%. The 

centre of mass 8 is then at the intersection of a%ai and &t&i. 

(7) Homogeneous Plane Polygon. — ^To find the centre of mass of 
any homogeneous plane polygon, we can divide it into triangles, 
consider the area of each triangle concentrated at its centre of 
mass, and find the moments of each with reference to two rectan- 
gular €aes. 

A convenient and sufficiently accurate method which is often 
employed is to draw the polygon to scale upon stiff manilla paper. 
Then cut the area out and balance it in two positions upon a Knife- 
edge. Two axes of synmietry are thus determined, ana the centre 
of mass of the area is at their intersection. 

A similar method may be employed for finding the area of an 
irregular figure. Draw the area upon paper. Measure carefully 
the area of the sheet and weigh it in a dehcate laboratory balance. 
Then cut the area out and weigh it. The areas are as their 
weights. ^ ,JL 
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(8) Hotaogenetna drcvlar Sector. — The centre of mass of a 

homoKoneouB circular sector ACO coincidee 
with the centre of mass S of the arc AiBiCi 
which has the same central angle and whose 
A* radius OAi is two thirds that of the sector 

OA. For the sector can be divided into an 
indefiiiite number of small triangles, the 
centre of mass of each of which is at a dis- 
tance from O of two thirds of the radius. 
These centres give the arc AiBiCi. 

The centre of mass S of the sector lies, 
therefore, upon the radius of symmetry OB 
which bisects this arc A.BiCt , and at a distance OS from the centre 
(page 20) given by 

. ^ 
^„ _ chord j1,(?, 2^._i ^^ 2 „ 
"*- arcA.B.C/ s"-* - 3 ■ -e-'"^' 
where r denotes the radius of the sector and 6 the central angle 
A.OC in radians. 

For the semicircle e = «, sin -k* = ^ ^^^ 

OS =^r = -r.^ppro: 
For a quadrant 

08 = -^^r = O.eoOSr. 
For a sextant 

os = ^r = o.eseer. 

(9) Homogeneova Segment of a Otrcfa.— The centre of mass of the 
homogeneous segment of a circle ABC is in the radius of symmetry 
OB and may be found by placing the 

moment of its area relative to an axis ^ 

through O parallel to AC equal to the dif- 
ference of the moments of the areas of 
the sector ABCO and of the triangle ACO. 
Let r be the radius OA, c the chord AC 
and A the area of the segment ABC, and 
I the length of arc ABC. Then the area 
of the sector is — . The distance 0£Fi for 

the centre of mass of the sector is f-=r, and the moment of its area 



The height of the triangle is y r* — — . Its area is -|-v r" — — . 
The distance OS, for the centre of mass is -^yr' — " . The mo- 
ment of the area of the triangle is then — -. Hence we have 

^.OS=|o,.-(f-5)=S, ^OS^£. 
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That is, the centre of mass of a segment of a circle is on the 
radius of symmetry OB, at a distance OS from the centre of the 
circle equal to the cube of the chord AC divided by 12 times the 
area of tne segment. 

For a semicircular segment, c =2r and A = — - and CS = , 

as we have already foimd it (8). 

(10) Homogeneous Circular Ring. — The centre of mass of a 
homogeneous circular ring can now be foimd. It is in the radius of 
symmetry OBi. The area of the ring is the 
difference of area of two sectors OAiSiCi and 
OAiBiCi, If OAi = ri and OAt = r« and the 
chords AiCi = Ci , AtCt = c« , we have the 
moments of the areas of the sectors relative 
to an axis through O parallel to AiCi equal 

to -^ and -^. The area of the ring is 



2 



■" -2- = \—2-h 




where B is the central angle AiOCi in radians. Hence, since — = — ^ 



ri' - r,* 



If Z is the length of the arc AiBiCi , this becomes 



2ct 
3ri©' 



or, since Z = ri9 £knd Ci = 2ri sin 




2' 



OiSf = 



48m^ 
30 






8in|fl 




[' 4(^)'] 



2i2, 



where 6 = ri — ra and J2 = 



ri + r« 



(11) Surface of a Cylinder. — ^The centre of mass of the homo- 
geneous surface of a cylinder lies at the centre of its axis. For all 
the equal-circle elements of the surface obtained by taking slices 
parallel to the base have their centres and centres of mass upon 
this axis. At these centres of mass the mass of each element maj 
be concentrated. The centre of mass of the cylindrical surface is 
then the centre of mass of the axis. 

For the same reason the centre of mass of the surface of a prism 
lies in the middle of the line which unites the centres of mass of its 
bases. 

(12) Surface of a Right Cone. — The centre of mass of the homo- 
geneous surface of a right cone lies in the axis of the cone at two 
thirds of its length from the apex. For liie curved surface can be 
divided into an indefinite nunu)er of small triangles. The centres 
of mass of all these triangles form a circle which is situated at a 
distance of two thirds of the axis from the ai>ex, and whose centre 
of mass lies in the axis. 

The same holds true for a right pyramid. 



26 



DYNAMICS— INTBODUOnON. 



[CHAP. nL 




(18) 8urfa4ie of a Spherical Segment^ Zone or Hemiaphere.'-The 
centre of mass of the nomoKeneous surface of a spherical segment 
or zone or hemisphere is at the middle of its axis or height. 

For, according to Qeometry, the spherical zoneAJBjDE has the 

same curea as the surface FOHK of a cylinder 
whose height is equal to the height MNoi 
the zone and whose radius is the radius CO 
of the sphere. This holds for all ring-shaped 
elements obtained bv passing planes parallel 
to the base through the zone. Hence the 
centre of mass for the surface of the spherical 
zone, segment or hemisphere is at the middle 
8 of its height it£y and coincides with that of the cylinder. 
Centre w Mass of Volumes. 

(14) Volume of a Homogeneous Prism. — ^The centre of mass for a 
solid homogeneous prism is at the middle of its axis, or the line 
joining tiie centres of mass of its two bases. For by passing planes 
parallel to the bases we divide it into equal slices whose centres of 
mass lie in the axis. 

(15) Homogeneous Pyramid and Cone. — Let ABCD be a homo- 
geneous triangular pyramid. Take E at 
the middle pomt of BC and draw AE and 

DE. Letlffi=|AE?,and-EiV'=: ^DJ?. 

Draw DM and AN, Then DM and AN 
are axes of symmetry, and the centre of 
mass is at their intersection 8, But MN 

must be parallel to AD and equal to -AD, 
and the triangle MN8 is similar to DA8. 

Hence MS = \dS, or D8 = ^M8\ and MD==4M8, or M8 = -MD. 

S 4 

The centre of mass for the pyramid is then on the line joining a 
vertex with the centre of mass of the opposite base, at a distance 
from the vertex of three fourths the length of this line. 

Since every pyramid and cone is composed of triangular i)yra- 
mids with a common vertex, the centre of mass of any pyramid or 
cone is in the line joining the apex with the centre of mass of the 
base, at a distance from the vertex of three fourths the length of 
this line, or at a vertical distance of three fourths the altitude. 

We can therefore determine the centre of mass of a pyramid or 
cone by passing a plane through the body parallel to the base at a 
distance of three fourths the altitude from the vertex, and finding 
the centre of mass of this section. 

(16) Frustum of a Cone or Pyramid. — ^The centre of mass of a 

homogeneous frustum of a cone or pyramid lies in 
the line Gitf joining the centres of mass of the two 
parallel bases. If we denote by Ai the area of the 
base ABy and by A^ the area of the base DC, and by 
h the altitude between them, the height x of the 
point F above DC is given by 





Ai _ ih + a?)* 
At a^ ' 



or x = — -= 



hVAt 



and 



VAi - i/37* 



0? + h^ 



hVA, 



VX"- VAt 
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The moment of the entire pyramid with reference to its face is 
Ax{x + h) x + h __ 1^ fe'Ai* 

cmd that of the part of the pyramid which is wanting is 



{-i>i 



V V3?_ ^ 1 __j^At* 



Hence the moment of the truncated pyramid is found hy sub- 
tracting the second from the first, after reduction, to be 

^^A. + 2 VXX. + 3A,y 

The volume of the frustum is (Ai + VAiA^ + -4.i j^. Therefore 
the distance of the centre of mass S from the base is 



^jDT _ Ai + 2 j/^AiAt + 3A» h 
Ai + i^AxAx + A. ' 4 ' 

The distance S^ of this point from the plane KL passing through 
the middle of the body parallel to the base and dividing the altitude 
into two equal parts is 

O O — ^ OJ7» — -Ai — -4.1 h 

If the radii of the bases of a frustum of a cone are ri and rs, we 
have 

Ai = icri\ At = jrr«% 

and 

ri* + 2rirt + 3r,* i^ . 



SE^ 



S.S = 



Ti* + rira + r«' 4 * 



(17) SpheHcal Sector. —It the homogeneous circular sector -4.0B 
is revolved about its radius OB, a homogeneous spherical sector 
AOC is generated. 

We can consider this body as composed of an indefinite number 

of pyramids, whose common apex is at O and 

whose bases form the spherical zone ABC. The 

centres of mass of each of these pyramids are at a 

distance of three fourths of the radius OB of the 

sphere from O, and they form a second spherical 

3 

zone AxBiCi, whose radius OBx = -OB, 

4 

The centre of mass of this zone is then the 
centre of mass of the spherical sector. If we 
put OA = OC = r, and the altitude BMot the exterior zone = A, we 
nave 

OBi^%r and BxMx = %h. 

4 4 
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Hence, by (13), 



SBx = \MxBi = 1^ 



and the distance of the centre of mass of the spherical sector from 
the centre O is 



OS 



= OB,.^B.=|r.|;i=?(r-|j. 



For a hemisphere, r = ^, and OS = r-r, or the centre of mass of 

o 

3 
a hemisphere is on its radius of symmetry at a distance of — this 

radius from the centre. 

(18) Spherical Segment or Spheroid.— We may obtain the centre 
B o^ mass for a homogeneous spherical seg- 

ment by putting the moment of the seg- 
ment equal to that of the spherical sector 
ABCO less that of the cone ACO. 

Denoting again the radius OB of the 
sphere by ^, and the altitude BM by h, we 
have the moment of the sector 




^l^^^'l(r-l)=\^H2r-h), 



and that of the cone 

= l^nh(2r - h)(r - h) . hr - fe) = %7ih(2r - h)(r - h)\ 
3 4 4 

Hence the moment of the segment is 

Vx 0S= \-ith(2r - h)[r' - (r - h)'] = ]-7ch\2r - h)\ 

4 4 



The volume of the segment is F = -ich\Br — h), hence 



08 = 



-*W-A)- 3(2r-A).. 






4 Sr—h 



If we put h = r^ the segment becomes a hemisphere, and, as be- 
fore, OS = |r. 

o 

The result holds good for the segment AiBCi of a spheroid gen- 
erated by the resolution of the arc BAi of an ellipse about its major 
axis OB = r. For if we make BM = x and MAi = y, the equation 
of the ellipse is 

y« = ^(2rx - of), 

where b = OEi. The equation of the circle is y* = 2rx — af. Hence 

- ,^ '. = --. We must then multiply not only the volume but also 
MA* r 



•ca 



c 

Vi 
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the moment of the spherical segment hy ^^ to obtain the volume 
and moment of the segment of the spheroid. Therefore the quo- 
tient OS = — i ■ is not ch6mged. 

volume 

In general, then, we have 

where r denotes that semi-axis about which the ellipse is revolved 
when generating the spheroid. 

Theorem of Pappus and Onldinns.— If a plane surface ABC is 
revolved about an axis OX, every element 01 
it^ as ai , ctt , etc., describes a volume. If the 
distances of these elements from OX are yi , 
yt , etc., and the angle of rotation is radians, 
we have for the entire volume F generated 

F= atyiB + chy^B + . . . = osay, " 

If t/ is the distance of the centre of mass of the surface ABC 
from uXy and A is its area, we have 

Ay = aiyi + chyt + . . . = 2ay. 

Hence _ 

AyO = QSay = F. 

That is, the volume generated by the revolution of a plane area 
which lies wholly on one aide of the axis equals the area multiplied 
by the distance described by its centre of m^iss. 

In the same way, if a pkme curve ABC is 
revolved about an axis OjT, every element of 
it, as Sly Si, etc., describes a surface. The en- 
tire surface generated is 

A = SiyiB + s^yiO + . . . = Q2sy. 

liyiB the distance of the centre of mass of 
the curve from OX, and L is the length of 
the curve, we have 

Ly = Siyi + ««y9 + . . . = 2sy. 

Hence 

LyO = O^sy = A. 

That is, the area Generated by the revolution of a line about a 
fixed axis equals the length of the line multiplied by the distance de- 
scribed by its centre of mass. 

These properties are known as the theorems of Pappus and Chil- 
dinus, 6y means of them, the volume, or the centre of mass, in 
many cases, may be very simply determined. 

EXAMPLES. 

(1) The surface of a sphere is 4nr^y and the length of a semi-cir- 
eumference is nr, tHnd the centre of mxxssfor a semi-circle, 

2r 
Ans. On the radios of symmetry at a distance from the centre of — . [See 

(2), page 20.] 
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4 

(2) The volume of a sphere is f^^N ^^ ^^ <^^'^<* of a semi-eircle 

1 
is 2^' Find the centre of mass of the sufface of a semi-eirde. 

At 
Ans. On the radius of symmetry at a distance from the centre of ^ . [See 

(8), page 24.] 

(3) An ellipse revolves about a line in its plane^ the perpendicular 
distance of which from the centre is equal w c. Find the volume of 
the ring generated by a complete revolution. 



Ana. Let a and b be the semi-axes of the generating ellipse. Then the 

Smerating area is ^ = nab. The path described by the centre of mass is 2iee, 
ence the volume is 27t^abc, This volume is the same whatever the position 



or direction of the axis of revolution with respect to the axes of the ellipse, 
provided that the perpendicular distance c from the centre to the axis is the 
same. 

[Determination of Centre of Mass by Calcnlns. — When a body is 
of such form that we know the relations between its oo-ordinates for any 
point, and its density is a function of the oo-ordinates, we may write (1) 
and (2>. page 19, in Calculus notation: 

fsxdV _^ fSydV _ fsgdV 

/ 6dV I ddV I ddV 

where 6 is the density for any elementary volume dV, If the body is 
homogeneous, ^ is constant and / dV =V=the entire volume, and 

X = :^ — , y = ^^r — , 2r = p? . ... (4) 

From these equations the co-ordinates of the centre of mass are found 
by integrating between the limits which determine the volume. 

From these general formulas we can readily deduce special formulas 
for special cases. 

[Cfentre of Mass of lanes. — ^Thus if « is the length of a line and a its 
transverse section at any point, then ds \a sji element of length, and dV 
= ads, and (3) becomes 

/ aSxds I aSyds I adsfds 

/ aSds I adds j aSds 

If the line is homogeneous and the transverse section constant we have 

« = -7— . y = -7— • « = —;—• • • <«) 

If the line is a plane curve, we can take its plane that of xy. Then z = 
0, and the first two of (5) and (6) are insufficient. If the line is^ straight 

Une, we may take it coinciding with the axis of x. Then y and z are zero, 
ds^dx, and the first of (5) and (6) are sufficient. 



zds 
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(1) Mnd ike enUer of mass of a homogeneous atraighi line. 

Ans. In this case we have 9 = — = ^r, which is also evident from 

the principle of symmetiy. 

(2) Find the center of metes of a straight fins wire of uniform 
section, in which the density varies directly as the distance from one 
end. 

Ans. If ^1 is the density at a distance unity, and the axis of m coincides 
with the line, and the oriigm is taken at the end of the line, the density d at 
any distance x is proportional to 6xX, and d» = <29 ; hence from equation (5) 



X = — r- 



dix^dx 



f 



Sixdx 



2 
8 



Cob. If the density is constant but the section varies directly as the dis- 
tance, we have the same result. The wire in tills case would become a homo- 
geneous triangular plate of uniform thickness. Hence the centre of mass of a 
triangle is on the axis of symmetry at a distance from the vertex of two thirds 
the length of that axis. [See (4), page 21] 

(8) Find the center of mass of a straight fine wire of uniform sec- 
tion^ in which the density varies as the square cfthe didance from one 
end. 



In this case we have 



- r 



dii/^dx 



s 



Si^dx 



8 



Gob. If the density is constant but the section varies as the square of the 
distance, we have the same result. The vrire then becomes a homogeneous 
cone or pyra/mid, whether rif ht or oblique, or whether ^ 
the base be regular or irregular. [See (15), page 26.] 

(4) Find the center of mass of a homogeneous 
cydoid. 

Take the origin at and let the axis OX be the 
axis of symmetry. Then if » is the length of the curve 
and r the radius of the generating cirde, we have for o 
the equation of the cycloid 

«« = 8»«. (1) 

Hence 

d» = (2r)*a5""*(to. 




From equation (6), theref ore» 



= 



(8iwy 



X 
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When 2 = 2r, we have the carve corresponding to one complete revolation 

That is, the centre of mass for the 



of the generating circle, and x = -^r. 



curve is on the axis of symmetry at a distance 08 from the vertex eqnal to one 
third of the diameter of the generating circle. 

(5) Mnd the centre cfmase of a homogeneotis circular arc. 

Let ABO be a drcnlar arc, with centre at 0. Take the origin at O and let 

the axis of x coincide with the axis of symmetry 
OB, Let AO^ chord = c, and the length of arc 
ABO = «, and r = radius. Take an indefinitely 
small element Pi^ = ds, whose centre of mass is 
at a, so that aN = y and the horizontal projection 
iiB-dx. 
Then 

deidxixriy^ or d« = — . 




Hence xdt = 
circle is 



rxda 



Bat the equation of the 



and, therefore, xiM = — rdy. From equation (0) 



r- 



T6 
I 



Hence the distance 08 of the centre of mass from the centre of the circle is 
a fourth proportional to the arc, the radius, and the chord, or [see (3), page 
20] 



9\r\l6lX. 



[Centre of Massof Plane SnrflMes.— Let the plane of xy coincide with 

the surface. Then ^ = 0. If we consider the surface as a thin material 
plate of density S at any point and thickness r, we have the elementary 
area docdy and the elementary Yolame rdxdy = dVj and equation (8), page 
80, becomes 



/ / rSxdoDdy ^ j I rdydxdy 
I I rSdxdy I I rSdxdy 



(7) 



If r is constant and the material homogeneous, or S constant, we have 
the entire area 



and 



A = J J dxdy = / xdy = / ydx^ 



(8) 



« = 



y = 



A 



w 
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If the axis of a; is an axis of symmetry, ^ = 0, and the value of a; is 
sufficient. 

The student will note that ydx is any elementary area aMc, Hence 



/ 



ydx is the entire area A. Also ydx x x 



is the moment of the elementary area with 
reference to the axis of F; and since the 

centre of mass of this area is at a distance - 

2 
1 
above the axis of x^ ydx x - ^ is its moment 

with reference to the axis of x. Hence we 
have equations (9). 

If we take polar co-ordinates, we can replace dVm equations (8), page 
80, by TpdpdO; and since x = p cos B, y = p sinQ, where 6 is the angle of 
the radius vector p with the horizontal, we obtain 




/ f rdp^dpcoBBdQ j Trdp^dpfA 



sinOdO 



X = 



/ / rSpdpdB / / rdpdpdB 



(10) 



If the thickness is constant and the material homogeneous, r and 6 
disappear and 



/ J p*dpco&BdB . / J p^dp Bi 



Bin BdB 



X = 



y = 



(11) 



XXAHPLE8. 

(1) Mnd the centre of mass of a homogeneous semi-parabolic area 
whose length is a and Tieight 6. 

The equation of the parabola referred to the vertex is y' = fipx. When 

B ^ x=:a, we h*ve y = 6 ; hence 2p = — , and the equa- 

— ' a 

tion becomes 

From equation (8) 




"X"*'/-^ 






Therefore, from equation (9), we have for the distance of the centre of mass A 
from 0, upon OX, 






* 1.1 



a = 



3 

gOft 



8 
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and for the distance above OX 



- M„ - 



For the entireparabola we hare two equal elementary areas ydx, one above 
and one below OJT. The centre of mass 8% is then in the axis of symmetzy OX 
at a distance from the vertex 

- Jq ^ 8 

«= =•««• 

3 o 

ax goft 

For the paraboUe area OBOwe have for origin at (7 the equation 

y =:b — by- , and A = jdb. 

Hence, from equation (9), we have for the centre of mass 8% 

rb # 
bxdx -=ardx 
w= J— il? = laframOO; 

1 /» 26* * 6* 

y = J = J d from S(7, 

8^ 

or f of 0(7 from OA. 

These last two values can be readily determined from the first two by the 
application of the principle of moments. 

Thus the area OB A = --ab, and area 0B0= ^ ab, and the sum of the mo- 

o o 

ments of these areas with reference to the axes of x and y must equal the mo- 
ment of the rectangle OABC. Hence 

2 8 1 — 1 - 8 

•^abX ^a+-^abXx = abX'^a, or « = jg«; 

jdbX^b-\-^abXy = abx\h, or y = |&. 

(2) Find the centre of mass far the area cfa quadrant of a circle in 
which the density increases directly as the distance fratn the centre. 

If Sx is the surface density at a units distance, the density at any distance p 
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is proportional to dip. Patting this in the place of d in equation (10) we have, 
if r is oonstant, 



*, 



» = y = 



w 
c/o «/0 



^'//^^^ 



4^ 8r 



1 . "2* 
6 



If the denaltjr is constant, we have from equation (11) 



«=y = 



f.fp^apcosm ^ 



4 



Sit' 



(8) Find the centre cf mass €f the area cf a homogeneoue circular 

segment. 

Let the origin be at the centre of the circle, and the A 

axis of X the axis of symmetry. Let the chord AO = e 
and the radius r. Then the equation of the circle is 
(B* -(. ys =s r*. Hence xdas = — ydy. From equation (9) 



X = 



8 



-y^dp 




_^ 

L "■ 12A' 

The centre of mass of a homogeneous circular segment is on the radius 
drawn to the middle of the arc, at a distance 08 from the centre of the circle 
equal to the cube of the chord divided by twelve times the area of the seg« 
ment. [See (9), page 24.] 

<» y^ (4) Find the centre of mass of the area cf a 

Thomogeneous quadrant of an eUipse, 

The equation of the ellipse referred to its centre and 
axes is aV + ft'JC* = «'^. 




J 



Hence xdx = — zj-ydy, and 
From equation (9) we have 
-6 



Am 



-^t/^dp 



inab 



Sir' 






45 
8** 



If a = d| the ellipse becomes a circle, and tke co-ordinates of the centre of 

mass of a circular quadrant referred to its centre are x = p = 53, as in ex- 
ample (2). 



•i 



36 



DYNAMICS— IlSiTBODUCTlON. 



[chap. IIL 



[Centre of Maaa of Cnrved Sttrflftces. — If the sarfaoe is one of revolu- 
tion, let the axis of x coincide with the axis of 

da revolution, which is also an axis of symmetry. 

The surface can be divided by planes perpen- 
dicular to the axis into a series of circular 
rings. Let ds be the length element of the 
.X generating curve. The elementary surface 
generated by its revolution will be 2ityd8. If 
the thickness of the surface is r, the element- 
ary volume }adV=:2r7cyd8, and equation (8) 




becomes 



/ 2m8xyds I rdxyds 



X = 



(12) 



/ 



i^Tfcdyds I rSyds 

If r is constant and the surface homogeneous, S is constant, and 
27tyd8 s: ^ =s the entire area of the surface, and 



X=i 



2n I xyda 



(18) 



For curved surfaces in general we have dF= rda and equation (8) be- 
comes 



./ 



rdxda 



I rSyda I 



rdzda 



y = 



= 



frdda JTdda jr^da 

If r Is constant and the surface homogeneous, we have 

/ xda I yda 1 1 



(14) 



zda 



a: = 



y = 



z = 



The elementary area 



cosG 



(15) 



(16) 



where 6 is the angle which the tangent plane to the surface makes with 
the plane xy^ and is given by 

dL 

dz 
cos =-• ± ,^ _ , (17) 



./dU dL^ , dU 



rfy' ■ dz" 
where L =/(d?, y, ;?) = is the functional equation of the surface. 

EXAMPLES 

(1) Find the centre of mass of one eighth of the mrface of a spTieri- 
cal sTieU cf uniform thickness and density. 

The eqaation of the sphere, if r is the radias, is 
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Hence — = 2x, -j- = 2y, -^ = 29, and equations (17) and (10) become 
co89 = — ==^==- ^^ rcfady ^ rdxdy 

Theiefoie from equation (15), if we put f« — a^ = «^, since ^ = „ ««^, 



/ / rxdx dy f^ 

- Jo Jo ^^^^ Jo 






Also 



— •/o 



Jo Jo 4/^"^^ ^0 ^4^5=^^^^^ 1 



/ / rdxdy I r 4/1^ — z^dx 



= 



ijrr* "" ijrr* ""a^* 



If the thickness of the shell varies as the ordinate s» then r = m, and from 
equation (14) 



/ / r(2iV(fy 

«/0 I/O 



f Jo'^^ " *' " ^''^^^^ 3r 

t/o t/o 

(2) ^^ ^7^6 centre cfinasa of a thin aJiell of uniform dens&y and 
thickness, generated by the revolution of a quadrant of a cirde about 
one radius, 

xdx 
The equation of the generating curve is «• + y* = r*, hence dy = , 

(fo = ^da^ + ^ = — and yefo = fY20. Since A = 2«r*, we have from equa- 
tion (18) 

23r / rswto 
^" 2^r« "2' 
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(3) Find the centre (^ mase of a right conical surface of uniform 
thickneae and density. 

Let the altitude be h and the radios of the base r. Then 

equation of the generating line is y = ^. Henoe 



V h " rfy=T 



da 



= ^<te. and A = f^+^= X ♦^^+^- 

< rl 

If { is the slant height OB, then d» = ^^, ^ = ^»ir. 



W 



and ^9x21 = ^dv. The area ^ rr ;rW. Hence from equation (18) 



23r 



« = 



yo ^'*'*' 



xrl 



= §■*• 




Or the centre of mtts of a right conical surface Is on the axis at a distance 
from the vertex of two thirds the altitude (page 35). 

(4) Find the centre of mass of the surface of a spherical segmenty 
zone or hemisphere^ of uniform thickness and density. 

The equation of the generating curve is fl^ -f- ^ = r', — ^a, 

Qjdoi raoi 

hence dy = - — and d« = ^^^^ = — . 

The area of the surface is then 

Arz I \ierdm = 2ier{xt — »,) = 2iera, 

UXy 

where a is the altitude AB of the segment or zone, and x% r= OBt »i = OA, 
From (18) we have 

2jr / rxdx 
- t/jPj «« + «i 

2«ra 2 

Hence the centre of mass is at the middle of its altitude (page 26). 

(6) Find the centre of mass of the surface qf a paraboloid ofrewh 
lution, €f uniform density and thickness. 

We have for the equation of the generating 
curve ^ = 2px, hence dy = ^-^ and 

4i^ y 




d.=l/^^=ll/^+p». 



Therefore 



yds = dxV^+p^. 



^ = ^^J^yds = 0/(%»+pV 



and 



= 



2« fyxde 2k jxdm V^px+p 



_ 2jr(3pg - p«) i/(2pg+p»)» 



or 
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(0) Find the centre (^mass of a thin aheU cf uniform thickness and 
density foTtned by the reodution cfa semi-cychid about its base. 

The equation of the generating curve is 



Hence 



—1 y 
x = r versin - — {2ry — 

dx dy _ ds 



^ atry-^)^ 



0^y 



w = 



I ^dy 

Jo (gr-y)^ 

I ydy 

Jo (2r-y)* 



20r 

15- 



[Centre of Mass of Bodies. — Let ns consider first a solid of revolution, 
and take the axis of revolution as the axis of x. Take a slice at right 
angles to x, whose thickness is dx. Take a particle of this slice at a ^- 
tanoe r from the axis, and let the plane which passes through x and the 
particle make the angle B with the plane of xy. Then the volume of an 
element is <2F= rdBdrdx. If d is the density, the mass is drdSdrdx, 

If the density is symmetrical with respect to the axis of revolution, the 
centre of mass is on this axis, and we have 



X = 



/// 



SrxdBdrdx 



/// 



8rd$drdx 



If we perform the B integration between 6 = and B = dir, since the 
symmetry of the body renders S independent of 0, we have 



X = 



// 



Sroodrdx 



•If 



(18) 



drdrdx 



If the density is uniform throughout a complete slice, we may perform 
the r integration between r = and r z=zy^ where y is the ordinate of the 
generating curve, and we have 



^ jr / Sf^xdx 



X = 

itfsy^dx 

If 9 is uniform, the total volume is 



a«) 



= *y y^dx, 



(20) 



and we have for homogeneous solids of revolution 



It I xj^dx 



X := 



(31) 




We see at once from the figure that iey*dx is the volume of a slice, and" 
the moment of this slice witti reference to the axis of y is ity*dx x x. 
Hence (20) and (21). 
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For a body in general we have dVss daodydM, and hesee equationB (8) 

beoome 

T 




III SxdaodydB 

- J J J ^y^^y^ 

I J I Sedxdyda 
J I I 9dxdyd» 



» • 



(22) 



If the axis of a; is an axis of symmetry, x is sufficient. 
For polar co-ordinates let <p = AOX^ 9 =r dOA^ p = Oh. Then hd = 
4/9, hg = pdB, he=:pcosOd<f>, dV=hd x hgx he = p*dp qor BdBd0. 

Also, a; = p cos 6 COS ^, y = p sin 6, « = p cos sin 0. 

Hence, from equations (8), 



X = 



.. 



(28) 



III ^P*^^ ^^ ^ ^^^ ^^ 

III ^/^'^^ ^^ BdBd0 
III Sp*dp cos B sin 046<2^ 
III Sp^dp cos e<Ze<?0 

I J I ^P*^P c<»* ®^5 sin 0{Z0 

I J I Sp*dp cos 040<f ^ 

For a homogeneous body S disappears in (23) and the denominator 
becomes the totiu volume V, 

SXAKPLE8. 

(1) Find the centre of mass cf a right cone cf uniform density. 

r 
The equation of the generating line iay = j-x, where A 

is the altitude and r the radiuB of the base. The volume is 

V = — :7— . Hence from equation (21) 



8 




X = 



./o 



8 



>rr»A 



_8, 



n 
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That is, the centre of mass is at a distance from the vertex eqnal to three 
fourths of the axis. [See (15), page 26.] 

(2) Mnd the centre of mass of a paraboloid of revolution of uniform 
density the length of whose axis measured from t?ie vertex is h. 

The equation of the generating curve is y* = ^ a;, where r is the radius of 

ItT^h 

the base. The volume is F = —a— Hence from equation (21) 



'/ 



V 



2^ 

That is, the centre of mass is at a distance from the vertex equal to two thirds 
of the axis. 

(8) Find the centre of mass of a semi^reidar spherical wedge^ of 
uniform density ^ and radius r. 

From equation (23), integrating between the limits p = 0, /> = r, and 
6 = + ^.e = -g, wehave, since V ^ -^ -g ' 

- T-I^^ ,8;rr sin 

2n 8 
If the angle is small, sin ^ = and w = ---•. 

If = ---, we have for the hefinisphere x =^ ^r (page 28). 

(4) Find the centre of mass of a portion of a spheroid of uniform 
density, the length cf whose axis measured from the vertex is h. 

Let the equation of the generating curve be the ellipse rof erred to its vertex, 

y» = ~-(2r»-««), 

whero r is the semi-major axis and b is the semi-minor axis. 
Then from equation (19) 

- X'^"^ >^_A8r-8A 
^ = ^~^ 4 8r-A' 



r\2rx-a^)diD 



For a hemispheroid A = r and x = -^r from the vertex, 

o 

As b does not enter into these values, they aro the same for a spherical seg- 
ment and for a hemisphere. 

For the distance from the centre we have 

4 8r-A* 
as already fonnd in (18), page 28. 

(5) Find the centre of mass of an octant of a sphere of uniform 
density. 
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From equation (28) we have, since d disappean and V = T^^» 





/•v 


/•I 


^ 




/ 


/• 


/ p^ oofi* OdS ooe ^^ 


ZT *• 


/o , 


i/O ft. 


/o _8 


X —- 




# 


1«4 » 




/l^ 


z,^ 


/i!L 




r 


f 


/ fMp COS 6 ain OdSd^ 


•T— i 


/o . 


t/O c 


/o _8 


y — 






1 ^ "8*^' 



e = 



s / s 

p*dp COB* OdO sin ^^ 
>/o ft/0 8 




6 



3rr» 



8 



(6) Xet t^ density in ^le preceding example vary as the nthpower ef 
t?ie distance from the centre. 

Let d = cp^. Then from equations (28) we have 

t /»^ 

2 / 8 

p*^+'dp cos' OefO 006 ^0 
ft/o •/© n + 8r - - 

= — T— - -r = If = «. 



= 




T /•- /^ « + 42~^ 



2 / 2 




pn + ^poos6dO<{0 



(7) ^fu2 the centre of mass of one eighth cf the volume (^ an ellipsoid 
of uniform density contained within the three principal planes. 

Let the semi-axes of the ellipsoid be a, b, c. 

4 

The volume of the ellipsoid is ^ttabe. The volume of one eighth is there- 

o 

fore V^^nabe. 

The equations of the curve on the three principal planes are 

aV + JV = a«ft», a^ + <?(^ = a^<?, ft»*" + «^y« = ftV. 
Therefore we have 



« = ^ft»-y»)*, »=j^c'-*»)* 



h 
h 



c 

The volume of a slice parallel to TZ, of thickness dv, is -^^dx, 

4 



<f 



<< 



«< <« (I «< 



(( f« l( <« « 



<( 



<( 



<« (« 



, is -j-d^. 

4 



4 
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Hence 

1 1 1 8 

-g-jTote 6^^*^ ^^oAc 



i*«*' 8 



y= ^ =: !^^^ r=tl = ---6; 

11 1 B 

^Kobc ^leabe a*^*** 



CHAPTEE IV. 

LINE REPRESENTATIVE OF A FORCE. COMPOSITION AND 

RESOLUTION OF FORCES. 



FOBCB OF ORAYTTATION. ATTRACTION OF A HOMOOENBOU8 SHELL OB BPHBRB. 
CENTRE OF GRAVITY. YALUE OF CONSTANT OF GRAVITATION. ASTRO- 
NOMICAL UNIT OF MASS. VALUE OF «' FOR PLANETARY MOTION. ATTRAC- 
TION OF A CIRCULAR ARC. ATTRACTION OF A STRAIGHT LINE. ATTRACTION 
OF A CIRCULAR RING. ATTRACTION OF A CIRCULAR DISK. ATTRACTION 
OF A CYLINDER. ATTRACTION OF A CONE. VALUE OF g ABOVE SEA-LEVEL. 

Line Representative of a Force.— We have seen (pa^e 2) that 
the force on a particle acts in the direction of the acceleration it 
causes, and that the magnitude of the force is proportional to the 
acceleration. 

Force then has magnitude and direction, and is therefore a 

vector quantitj^, and ccm he represented, like 

^ LzmL ^B linear acceleration, by a straight line. 

Thus the length of the line AB represents the 
magnitude of the force F = mf (page 6). Its point of application 
is A, and its direction of action is mdicated by the arrow and is 
always the same as that of the acceleration/. 

Composition and Resolution of Forces.— The principles, therefore, 
of pa^ 35, 43, 49 (Vol. I, Kinefmatica) hold good for forces as well as 
for displacements, velocities and accelerations, and we can resolve 
and combine forces and have the '* triangle and polygon of forces " 
as well as the triangle and polygon of displacements, velocities or 
accelerations. 

An important case of the composition of forces is the determina- 
tion of the attractive force exerted on a particle by an extended 
body. The attraction on the particle in such case is the resultant 
of all the attractions exerted upon it by the particles of the body. 

Force of Gravitation. — The **law of gravitation" as formulated 
by Newton asserts that every particle of matter aUraxita every other 
particle with a force which acta in the straight lineioining the par- 
ticles and whose magnitude is directly proportional to the product 
of the masses of the particles and inversely proportional to the 
square of the distance between them. 

If then Jf and m are the masses of two particles and r the dis- 
tance between them, the mutual force of attraction i^is given by 

i^=-^, (1) 

where k- is a constant to be determined by experiment. 

For absolute accuracy and universal generality, as well as for 
far-reaching consequences, this statement is without parallel in the 

44 
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history of science. The facts that by means of it the motions of all 
the bodies of the solar system are explained completely ; that their 
past and future positions can be told ; that the existence of Nep- 
tune was deduced from the assumption that certain disturbances 
in the motion of Uranus were due to the attraction of an unknown 
planet according to this law, all go to prove that the law holds with 
absolute accuracv, so far as the action upon each other of large 
masses a^mratea hy distances which are great compared with their 
linear dimensions is concerned. 

The terms of the enunciation of the law expressly confine it to 
such cases, since only when the linear dimensions of the attracting 
bodies are insignificant compared to the distance between them can 
we consider them as particles and speak of the distance between 
them. 

We shall, however, show in the next Article that if bodies are 
homoeeneous and spherical, this limitation may be removed and 
the '* oistance between them ^^ is the distance between their centres. 

Attraction of a Homogeneous Shell or Sphere.— Let the circle 
ADA\ with centre at C, represent a uniform thin homogeneous 
spherical shell whose surface density (page 10) is 6. Suppose a 

particle at P whose mass is m. Join 

C and P. Take any point A of the y/^ >::vA 

shell and draw CA and AP, Let / ^l^'^^-^-*^. 

AP make tiie angle 9 with CP^ and / /f I \ ^'^'""'^^^^iZIl 

draw a line AB through A, making p| c^( ' ] jgU^ P 

the same angle 9 with CA. I NA [ J ^^^-^r?--— i* 

Then in tne two triangles CAB \ '"^/-^"^^^^ 

and CAP we have the side CA and \^ ^y^ 

the angle at C common to both, and 

the angles at A and P equal by construction. These triangles are 
therefore similar and we have 

AB _CA 
AP" CP' 

Now let As represent an^ small elementary area of the spherical 
surface, and An ite projection normal to AB. 

Let 00 square radians (Vol. I, page 7) denote the conical cmgle 
subtended at B by An. Then the area denoted by A n is equal to 

-AJS*. <», and the area denoted by As is equal to '—, since the 

angle nAs = BAC = 6, and the angle snA is a right angle. 

The mass of the elementary area denoted by As is then ^, 

cos 

and the attraction of this mass for the particle of mass m at P is, 

by Newton's law, 

m . SA&. 09 
AP^cosO 

and acte in the line AP. 

If we draw AA' perpendicular to CP, we have evidently the 
same attraction between the e^ual elementary mass at A' and the 
particle of mass m at P acting in the line A' P. 

We can resolve each of these equal forces into a component 
along the line CP and at right cmgles to CP at P. Since the angles 
APC and A' PC are each equal to 0, the two components at right 
angles to CP at P are equal and opposite and therefore produce no 
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effect upon P. The resultant attraction of the two elements at A 
and A' upon the particle of mass m at P acts then in the line CP 
and is equal to 

m . SAB^. « ^ « w . SAff. a> 

2k'=^ 7 cosd=2ic ==j — , 

APoose AP 

or since -jp = -t^' ^^ resultant attraction is 

^ m . 6CA . 09 

But CA* . flo is the area of the elementary area at A or A', and 

2ic^=r is constant for all pairs of elements A and A\ The total 

CP 
attraction of the shell for the particle of mass m at Pacts then in 
the line CP and is equal to 



Zk^SCA*. 



09. 



where the summation is to he taken for an entire hemisphere. But 

2CA*. CO for a hemisphere is 2y:CA\ and hence the attraction is 
equal to 

^ 4it8CA\ m ^I^. 
^=^— g^— = ''CP' 

where M= 4ie8 Q3l is the total mass of the spherical shell. 

We see, then, that the spherical shell attracts a mass m at any 
outside point P, iust as if its entire mass were condensed at the 
centre or the shell. 

If instead of a homogeneous spherical shell we have a solid 
homogeneous sphere, we may consider it as composed of an indefi- 
nite number of concentric homogeneous spherical shells, each of 
which attracts the mass at P as if its entire mass were condensed 
at its centre. 

Hence, the attraction of a homoaeneous spherical shell or of a 
homogeneous sphere upon a particle at any outside point is the 
same as if the entire mass of the shell or sphere were condensed in a 
point at the centre. 

We can therefore consider a homogeneous sheU or sphere as a 
particle of e^uaJ mass at the centre, so far as its attraction upon an 
outside particle is concerned. 

Cor. If the sphere is not homogeneous, but the density of every 
point at the same distance from the centre is the same, we may still 
consider the sphere as composed of homogeneous spherical con- 
centric shells, each one of wnich attracts an outside mass as if its 
entire mass were condensed at the centre. Hence the same holds 
true for tiie sphere. 

Centre of Gravity. — ^When a body attracts and is attracted by 
all external bodies, whatever their distance and position, as though 
its mass were condensed in a single point fixed relatively to the 
body, that point is properly called the centre of gravity (see page 

18). 

A body which has a centre of gravity is said to be centrobaric or 
barycentric. In general, bodies are not centrobaric if the law of at- 
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traction follows Newton^s law — ^that is, if the force is inversely pro- 
portional to the square of the distance. 

As we have just seen, a homogeneous spherical shell or a homo- 
geneous sphere is centrobaric, and the centre of gravity is at the 
centre. So also for a non-homogeneous sphere whose density at 
every point equally distant from the centre is the same. The 
centre of gravity in each of these cases coincides with the centre of 
mass (page 16). In general, if a body has a centre of gravity at 
all, it must always comcide with the centre of mass, because the at- 
traction upon it of an infinitely distant bodjr constitutes a system of 
p€urallel particle forces (page 18), eaid the point of application of the 
resultcmt of such a system coincides with the centre of mass. 

But while all bodies have a centre of mass, only homogeneous 
spherical shells eaid spheres, or spheres whose density at any point 
equally distant from the centre is the same, possess a centro of 
gravity. 

If, then, the term ** centre of gravity" is used to denote centre 
of mass, as is often done, we should denote the centre of gravity 
proper by some other term, such as harycentric point or centrobartc 
point. 

It is, however, much preferable to restrict the term centre of 
CTavity to the definition here given, and use centre of mass as 
defined (page 16). 

Cor. If we consider the earth as a sphere whose density is 
either constant or the same at all points at the same distance from 
the centre of mass, then, as we have seen, we may consider it as a 
particle of equal mass at the centre of mass so far as its attraction 
upon any outside particle is concerned, and the centre of mass is 
the centre of figure. 

The earth is not strictly spherical, but its deviation from sphe- 
ricity is insignificant. Also, the density is not strictly constant nor 
strictly the same at all points at the same distance from the centre 
of mass. But the small distance between the centime of mass of the 
earth and that point at which in any case of attraction we may con- 
sider its mass condensed is insignificant compared to its radius. So 
far as its attraction for anv outside particle is concerned, then, we 
may consider it as a particle of equal mass at its centre of mass, 
and the centre of mass as the centre of figure. 

Also, since the dimensions of any body with which we experi- 
ment at the earth's surface are insignificant compared to the earth's 
radius, we may consider any such body as a particle. 

Value of Constant of Gravitation. — We have seen (pa^e 44) that 
if JIf and m are the masses of two particles and r the distcmce be- 
tween them, the mutucd force of gravitation is given by 

F=K-^, (1) 

where k- is a constant to be determined by experiment. This con- 
stant K- is called the constant of gravitation. We are now able to 
determine it. 

Since force is always equal to mass multiplied by the accelera- 
tion in tiie direction of the force (page 5), we nave the acceleration 

of the particle whose mass is m equal to — = --^-, and the accel- 

m r 

oration of the particle whose mass is M equal to -^ = >— -. Hence 

accel. of m M 
accel. of M^ m' 



48 DYNAMICS — INTBODUCTION. [OHAP. IV. 

that is, the (xccelercUiona are inversely ae the maaaea. The accele- 
ration, then, of one particle relative to the other considered as fixed 
is equal to the sum of the accelerations of each, or 

relative acceleration = ^ J^ (3) 

We have just seen (page 47, Cor.) that we may treat the earth 
and any body with which we experiment on its surface as particles, 
and can take the mass of the earth as condensed at its centre of 
mass, and the centre of mass as the centre of fierure. Equation (1) 
therefore applies to an^ body on the earth's surface. 

Now when we experiment with a body at the earth^s surface, we 
know that the observed acceleration g due to gravity is the accel- 
eration of the body relative to the earth. We have then from (2), if 
m' is the mass of the earth and h the mass of the body, and if r' is 
the radius of the earth at the locality for which g is observed, 

ic(in'+b) 
0= ipi— • 

But the mass of the body is insignificant compared to the mass 
of the earth; or what is the same thing, since the accelerations are 
inversely as the masses, the acceleration of the earth is insignificant 
relatively to that of the body. We accordingly find by experiment 
that g is constant at the same locality /or om bodies, and neglect- 
ing 6, this value of g is given by 

^ = ^. or . = ^ (3, 

If we substitute this value of k* in equation (1), we have 

F=K.^ (4) 

m' r^ ^ ^ 

Equation (4) gives the force of attraction between two particles 
of mass m and £'at a distance r, the mass of the earth being m\ its 
radius r' at the locality where the acceleration of gravity is g. We 
see that equation (4) is homogeneous, and we have force equal to mass 
multiplied by acceleration. 

If we take mass in pounds and distance in feet and acceleration 
in ft.-per-sec. per sec, we have F in x>oundals. If we take mass in 
grams and distance in centimeters and acceleration in cm.-per-sec. 
per sec, we have F in d^iies (page 5). If we divide out the gr, we 
nave F in gravitation units (page 6). 

Astronomical Unit of Mass. — The astronomicdl unit of nuiss is 
that mass which at units distance attracts an equal mass with unit 
force. 

From equation (4) of the preceding Article, if we take m and M 
each eaual to mo, and take r equal to one unit of distance [Zr], and 
F equal to one unit of force [F\ we have 



f^"ir^r ^'-r — ^-T— • • • (1) 

Equation (1) gives by definition the astronomical unit of mass. We 
see that it is homogeneous. 

If we insert the mean radius of the earth r' in feet, the corre- 
sponding value of g in ft.-per-sec. per sec. and the mass of the earth 
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m' in pounds, we have very nearly, for the astronomical unit of 
mass, 

m« =29063 lbs. 

If we insert r* in centimeters, g in cm.-per-sec. per sec. €uid m' 
in grams, we have very nearly, for the astronomical unit of mass, 

m« = 8928 grams. 

If we take m and ilf in equation (4) of the preceding Article in 
units of astronomical mass, we have 

This equation we see is homogeneous. If, then, we adopt the astro- 
nomical unit of mass instead of the ordinary unit of mass, we have 
simply the numeric equation 

F=^, (2) 

where m and ilf are the number of astronomical units of mass in the 
two attracting particles, r the number of imits of lengtii in the dis- 
tance between them, and Fihe number of units of force in the at- 
traction, 

Value of a' for Planetary Kotion. — ^The sun and planets may be 
considered like the earth, so far as mutual attraction is concerned, 
as i>articles of equal mass condensed at the centre of mass. From 

equation (2), page 48, if we insert the value of ^ =:-^, already 

found, we have then for the relative acceleration of a planet of 
mass m with reference to the sun of mass AT, considered as a fixed 
point, when the distance is r, 

relative acceL ^M+^ . ?!:1, 

where m' is the mass of the earth, r' the mean radius of the earth, 
and g the corresponding acceleration due to gravity at the earth's 
surface. 

At the distance r = r' = radius of the earth the relative accelera- 
tion of the planet with reference to the sun regarded as fixed would 
be then 



relative accel. = f -, — ]g. 



Now in all our equations for planetary motion (Vol. I, Kine- 
matics, page 139) we denoted by a' the known acceleration of a point 
at a known distance r' from a fixed point. If, then, we take this 
distance r' equal to the earth's radius, we have 

a' = ^L±«tg (1) 

ThiB is the value for a' given on page 144, Vol. I, Kinematics, which 
must be inserted in all our equations for planetary motion (page 
139), where M and m are the mass of sun and planet, mf the mass of 
the earth, and g the acceleration of gravity at the earth's surface. 
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Ck)B. If A[= m' = the mass of the earth and m is the mass of a 
body at the earth's surface, we have 

or if m is insignificant compared to m\ 

a' = p. 

Attraction of a Circular Arc. — ^The attraction of a circular arc 
ADB of uniform density ^ upon a particle at the centre C is thj& 
same as the attraction of a mass equal to the chord with the arc's 
density concentrated at tne middle of the arc at D, 

Take any element of the arc a5, and let it 
subtend the angle aCb = oo radians. Then if 
r is the radius of the circle, ra> is the length 
of ab ; and if ^ is the linear density of the arc, 
Sroo is the mass of ab. If JIf is the mass of the 

Sroo 
particle at C, then kM --^ is the attraction 

iC = ^ — 




of ab for the particle at C, where 



m' 



(page 48). The attraction of the element aV at the same distance 
on the other side of D will be the same. Each of these can be 
resolved into components along CD and at right angles to CD at C. 
The latter components will balance. The sum of the two former is 



kM. 



2dra)COBB 



in the direction CD, where 6 is the 6mgle aCD. 

But rto cos B is the projection of ab upon the chord, and if the 
line^ density of the chord is also S, the mass of the chord projec- 
tion of a& is Sroo cos 0. The sum of the attractions of all the pairs of 
elements will then be 

A = kM. — ^ , 

or the attraction due to the mass of the chord AB concentrated at 

^• 

Since AB = 2r sin ACD, we have for the attraction 

-. 2^ sin ACD 

A = KM, . 

Using the astronomical unit of mass (page 48), we have for the 
attraction upon a imit mass at C 

, 2^ sin ACD 
A^s . 



Attraction of a Straight Line.— A limited straight line A'B of 



uniform density S attracts any external 
particle at C with the same force and in the 
same direction as the corresponding arc of a 
circle AB, of the same density, which has the 
point C for centre and is tangent to the 
straight line. 

Let A'B be the straight line of uniform 
linear density 8. Draw the arc AB with the 
centre at C, tangent to the line AB\ 
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If CpP be drawn cuttii^ the circle at p 6aid the line at P, and we 
take ejoj element at p bxhSlP, subtending the angle a>, then if the 
angle F\}D = 0, we have for we length oi the element at p, Cp . <», 

CP oo 

and for the length of the element at P, ^r . The masses of these 

^=* ' cose 

elements, if the linear density of arc and line is d, are 6 .Cp.ost and 
. Cp . 00 f^Q^ attractions for a mass AT at C7 are 

cos 6 

kM 7T-i = ^-ffl 7T" and KMy^rS h = KM-ps^ St 

Cp* Cp CP* COS 6 CPcosfi' 

where if = ^ (page 48). But CP cos 6 = C2> = Qp = r. Hence 

the attractions of 6m element at p and P are equal. The arc AB 
then attracts C aa the line A'B does ; and by the preceding Article, 
using the astronomical unit of mass (page 48), we have for the 
attraction upon a unit mass at C 

^_ 2Swi\ACB 
r 

in the direction CF which bisects the angle A'CB. 

Attraction of a Cironlar King. — ^Let r be the radius of the ring, 
and d the distance of a particle at C of mass M 
in the perpendicular CO to the plane of the ring 
throu^ its centre. Take 6m element of the c 
ring at b which subtends the angle a>. The 
length of this element is roo ; and if 5 is the 
linear density, the mass in the element is dra>. 

The attraction on C is then kM-^ — ^r, where k = -^ (page 48). 

The attraction of the element at b* at the scune distance at the 
other end of the diameter is the same. Each of these can be re- 
solved into components at right 6mgles to CO at C, which balance, 
and along CO, The sum of the latter is 

where B is the angle bCO. But cos 6 = - = . Hence we 

^ r |/^+ d* 

28TaDCl 
have for each pair of elements the attraction kM -• 

(r* + d«)« 
For the entire ring oo = ^r, 6md we have, using the astronomical 
unit of mass (page 48), for the attraction upon a unit mass at C 

A _ 2itrd8 
^ (r> + d«)* 

Attraction of a Circular Disk.— If the line A'D revolves about 

CD it will generate a circular disk. The arc AD 
with centre at C 6md tangent at D to A'D will gen- 
erate a spherical surface. Then, as we have seen, 
the attraction of an element atp and Pwill be equal. 
If the element atp subtends oo square radians (Vol. 
I, page 7), its area will be roo^ its mass Sr^oo^ 
where S is the surface density, and its attraction 
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upon a mass JIf at Cwill be k M . = KMdm^ where k ^-t (page 

48). 

The attraction of the disk whose radius is A'D = RiB then the 
same as the attraction of the spherical surface generated by AD. 
The number of square radians subtended by the disk of radius B at 

a disttuice r from Cis2^ ( 1 — — V The attraction of the 



disk is then 



A^kM.2x8(i ^ V 



Using the astronomical unit of mass (page 48), we have for the 
attraction upon a unit mass at C 



= *** (^ - v^)- 



[Attraction of a Cylinder.] — For the attraction of a cylinder of 
length I and radius a upon a particle of mass if in the axis at a dis- 
tance d from its nearest end, let d be the volimie density. Then for 
the attraction of one of its circular slices of athickness dx^ at adis^ 
tance as, we have, from the preceding Article, 

kM. %icb Tl , ^ Ida?. 

If we integrate this between the limits d + ^ and d, we have 
A^KM.2n8\l- V(d + D* + a» + i^cTTa*]. 

If we suppose d = 0, so that the particle is on the end surface of 
the cylinder, we have 

A = kM. 2x6[l - f'rTo? + a]i 



we have as before kM. 2x81^1 ^ ^ \dx. If 6 is the semi- 



where k = ?^ (page 48). 
m' 
Using the astronomical unit of mass (page 48) we have for the 
attraction upon a unit mass on the end surmce of the cylinder 

A = 2n6[l — 4/FTa* + a]- 

[Attraction of a Bight Circular Cone.]— For any circular slice 

OR w 

vertical amrle of the cone, we have cos 6 = —. . Hence the 

^ V^ + o* 

attraction for a particle of mass M at the vertex is 

kM . 2je8[l - cos 0] y* dx = K]li. 2it8(l - cos e)A, 

where h is the height of the cone. 

Using the astronomical unit of mass (page 48), we have for the 
attraction for a particle of unit mass at the vertex 

A = 2x8(l'-QOBB)h. 
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Value of a abore Sea-l6TeL — ^Let r' be the mean radius of the 
earth, x the height on a mountain above sea-level, and g the accel- 
eration of gravity at sea-level. Then since the acceleration is in- 
versely as tne square of the distance, the acceleration at a distance 
X above sea-level, if we disregard the attraction of the mountain, 

would be 7-; r, g. To this we must add the acceleration due to 

the mountain. 

Suppose the mountain of uniform density 6 and cylindrical in 
shape, and the particle at the centre of its upper surface. Then the 
resultant attraction of the mountain for a particle of mass m is, 
from page 52, if we use the astronomical imit of mass (page 48), 

A = f» . 2ic8[x — Va^ + a* + a], 

where a is the radius of the cylinder. If we divide the force by m, 
we obtain the acceleration due to the mountain 

2jrd[»-. 4/aB*-f-a*+ a] = 2*5 x - a|/l + -, + a . 

at? 
If a is so large compared to x that -^ can be neglected, this reduces 

to %n6x. If we tise the ordinary imit of mass, we have, multiplying 
hf K^ ^-r (page 48), for the acceleration due to the mountain 

2jtdx,^. 
vn! 

Let ^' denote the mean density of the earth, so that the mass of 

4 
the earth is m' = r ^r^'r^, then the acceleration due to the mountain 

is, if we substitute this value of m\ 

S dx ^ 

We have then for the acceleration g' at the height x above sea-level 

^ ^Ur'+xy^2d'r'J 
The mean density of the earth d' is about 5i times that of water, 
and ^, from what we know of the density of matter at the earth's 

surface, may be taken equal to g. Also we may write 

r^ 2x 

(f^ + xr = ^ ■" F approximately. 

Hence we have approximately 

. f^ 2x^Sx\ r 6x\ 

where x is the height above sea-level, / is the mean radius of the 
earth, and g the corresponding acceleration due to gravity. 

The assumptions made in tziis investigation are more applicable 
to elevated table-land than to a mountain. The equation obtained 
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is the accepted formula for estimating the difference in the value 
of g at two places so far aa dependent on the heights ahove sea- 
level. 



(1) If the mass of the earth is 6.14 x 10" grams, the mean radius 
of the earth 6.37 x 10* cm,, and g = dSl cm.-per-sec, per sec,, find the 
astronomical unit of mass. 

Ans. 8928 grams. 

(2) If the mass of the earth is 11920 x lO*' lbs., tJiemean radius of 
the earth 21 x 10* ft, and g = d2ft.'per'Sec.per sec., find the astro- 
nomical unit of mass. 

Ans. 29068 lbs. 

(3) Show that the attraction of a thin spherical shsU of uniform 
thickness and density upon a particle instde is zero. 

Ans. Let P be the particle of mass Jf. Take anj point A on the spherical 
surface. Join AP and produce to A*. If from all points of a small element 

©of the surface at A lines be drawn through P, they will mark 
off a corresponding element at A'. Both these elements sub- 
tend the same conical angle (VoL I, paffe 7), oo square radians. 
^ The area of the element at ^ is then AI^. oo (Vol. I, page 7), and 
the area of the element at A' is A'F^ .op. If ^ is Ihe uniform 
surface density, the mass of the element at ii ism = 6AP^. oa 

and the mass of the element at A' ism' = dA'F^ . a>. The attraction of the 
element at A for a particle of mass Jf at Pis then (page 44) 

kMSAP^. 00 __, 

: — = Klf5oo 

2p* 

and acts in the line PA. The attraction of the element at A' for the partide 
of mass Jf at Pis 

KlfdAfP . 00 ,-, 
rj =K2idao 

AP* 

and acts in the line PA'. The resultant attraction upon the particle at P of 
the pair of elements at A and A' is then zero. The whole shell consists of 
such pairs of elements. Hence the resultant attraction of the shell on a par- 
ticle at P is zero. 

(4) l^iow that the attraction of a homogeneous sphere on a particle 
within it is directly proportional to its distance from, the centre. 

Ans. Let P be a particle of mass Jf situated within a homogeneous sphere 
at anj distance PG from the centre G. Then from the preceding example we 
know that the attraction upon the particle at P due to the shell 
outside of the sphere whose radius is PC7 is zero. The attrac- 
tion upon the particle of mass JTat Pis then due to the attrao 
tion of the sphere whose radius is PG. The volume of the 

4 , 

sphere is -^itPG*. If ^ is the uniform densitj, the mass of 
o 

this sphere Is -g^ir^*. Its attraction for a particle of mass Jf at Pis (page 
46) the same as if the entire mass of the sphere were condensed at the centre, 

^icPG _ 

or (page 44) icJ f° = #fJf . ^die.PG. 
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The attraction is therefore directly proportional to the distance PC of the 
particle from the centre. 

(5) Assuming the earth to he a homogeneous sphere^ compare its 
attraction on a given mass at a distance from its centre equalto one 
half its radius, with the attraction when the given mass tsata dis- 
tance equal to twice the radius. 

Ans. 2 to 1. 

(6) Find in dynes the attraction of two homogeneotis spheres, each 
of 100 kilograms mass, with their centres 1 metre apart. 

Ans. 0.0648 dynes nearly. 

(7) How far would a body fall toward the earth in one second 
from a point at a distance from the eartWs surface equal to the 
radius of the earth > 

Ans. The acceleration is inversely as the sqoare of the distance. We have 
then s^ igiif^i 4f^, or ^ = -jg- That is, the acceleration is one fourth of the 
acceleration at the surface. 

The distance is then s = •aff'^* o'« taking ^ = 82 ft-per-sec. per sec. and 
t = l, « = 4ft. 

(8) The moon^s mass is 136 x 10** lbs.: the moon's radius, 5.70 x 
10*/t./ the mass of the earth, 11920 x 10" fcs.; the radius of the earth, 
21 X 10* ft. Find how far a stone at the moon's surface would fail 
in a second, the attraction of the earth being neglected. 

Ans. If Jf is the mass of the moon and m that of the stone, the force of 
attraction, if r is the radius of the moon, is, from equation (4), page 48, 

j^_ ffr'*mM 

The acceleration of the stone is then 

.__F __gf^ Jf _ 82 X 21* X 10" X 186 X 10" _ ^ ^ 
^'■m""^*iS-- 11920 X 10«» X (6.7)« X 10" - ^ "••P«'-s«5. per sec. 

The distance then is -r^<*> or, taking t = 1 sec., $ = 2.6 ft. 

2 

(9) Suppose the earth to contract until its diameter is 6000 miles, 
what would be the effect on the weight of an inhabitant f The di- 
ameter of the earth to be taken at 8000 miles. 

Ans. Increased in the ratio of 16 to 9. 

J 10) If the mass of the sun is 300,000 times the mass of the earth, 
its radius is 100 times the radius of the earth, find the attraction 
at the surface of the sun of a mass which at the surface of the earth 
is attracted by the force of one pound weight. 

Ans. ^Og poundals, or the attraction of the earth for 30 lbs. 

(11) The diameter of Jupiter is 10 times that of the earth, and its 
mass 300 times. By how much per cent of his former weight wovld 
the weight ofaman be increased by being removed to the surface of 
Jupiter % 

Ans. By 200 per cent. He would weigh by a spring-balance three times as 
much as before. The same number of standard poun& would, however, bal- 
ance him in a lever-balance. The standard pound at Jupiter would be attracted 
by a force three times as great as the earth's attraction here. The lever-bal- 
ance weight which gives his mass is unchanged. 
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(12) If the intensity of gravity at the eurfoAie of Jupiter is about 
2.6 times as ffreat as at the surface of the earth, find approximately 
the time which a body uxnM take infoMingfrom a height of 107 fi, 
to the sufface of Jupiter, 

Ana. 2«ee. 

(13) Find the intensity of the earWsoMraction at the distance of 
the moon, taking 32 ft.-per-sec. per sec, o» its value at the surface of 
the earth. Hie diameter of the moon^s orbit is 480,000 mUes^ the du 
ameter of the earth 8000 miles. 

Ans. 0.0089 ft.-per-sec. per sec. 

[(14)] Tux> particles of mcus M and m are placed a distance s 
apart. Find the time it would take them to come together by reason 
o/ their mutual attraction^ if uninfiuenced by any extemalforee, 

Ans. The Moelention of one pnrtiele with ref eienoe to the other is (pe«e 
48) 

d^__ (ir+«L) 

Integrating (Vol. I, page 102), we have 
When 9 = «, t = 0; when « = 0, we have 



= i^, r L_1i 



If the particles are spheres of density d and radii B and r, and the density 
of the earth is S', we have (page 48) 

•ad 

1 r ««•'<' I t 

If the spheres are of the same density as the earth, d = 6* and 

The last ciaation, then, gives the time of coming together of two spheres 
of radii R and r, of same density as the earth, if c<Misidered as eancentrated 
cU their centrsi. If the spheres are equal. 




If, for instance, « = 1 ft. ^ = 82^ ft.-per-sec. per sec., r = i ft., r* = 20.850,- 
000 ft., 

t = 1788 sec., or 29.8 minutes nearly. 
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staucs-concurrino forces. 



P0B0B8 or BquiuBitnnc. statics, ufx sbfbbsbntatiyb of a fobcii. com- 

FOSmON AND SBSOLUnOK OF FOBCB8. SIGN OF OOMPOHSNTB OF A FOBCB. 
OOHCUBBINO F0BCB8. STATIC, HOLAR Ain> DTNAMIC BQT7IUBBIUM. OOH- 
FOBinON AND RBSOLUTION OF OO-FLANAB F0BCB8. CONCUBBINO FOBCB8 
NOT IN THB 8AMB FLANB. CONDITIONS OF BqUILIBBIUlC FOB CONCUBBINO 
FOBCBS. 

Porces ill Eqnilibxium. — ^When all the forces acting iipon a par- 
ticle mutuallv balance, so that the particle moves as if no lorce acted 
upon it, the forces are said to be in equilibrium. In such case the 
particle is either at rest or moves with uniform speed in a straight 
line (pafse 2). 

Statics. — ^That portion of Dynamics which treats of those prin- 
ciples which are necessary for the discussion of forces and bodies 
in equilibrium, and generally of forces without reference to the 
chaiu;e of motion caused bv them, is called Statics. That portion 
which treats of forces with reference to the change of motion 
caused by them is called Kinetics. 

[Many writers employ the term Dynamics in the sense in which 
we have used Kinetics, and use the term Mechanics for what we 
have ctdled Dynamics. They thus have Mechanics divided into 
Statics and Dynamics, instead of Dynamics divided into Statics and 
Kinetics.] 

Line Bepresentative of a Poroe.— We have seen (page 2) that 
the force on a particle acts in the direction of the acceleration it 
causes, and that the magnitude of the force is proportional to the 
ma^iitude of the acceleration. 

Force, then, has magnitude and direction, and is therefore a vec- 
tor <)uantity, and can be represented, like linear acceleration, by a 
straight line. 
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Thus the length of the line AB represents the magnitude of the 

force F=mf (pa^ 5). Its point of application is 
^_L=22L_^B -4., and its direction of action is indicated by the 

arrow and is always the same as that of the Imear 
acceleration/. 

Composition and Besolntion of Forces.— The principles, therefore, 
of pages 35, 43, 49, (Vol. I, Kinematics) hold good for K>rces also, 6md 
we can resolve and combine forces and have the *^ triangle emd poly- 
gon of forces*' as well as the triangle and polygon of displacements, 
velocities or accelerations. 

We have also the same rule for the signs of the horizontal and 
vertical components Fx, Fy^ Fz of a force as for the corresponding 
components /2,fy, fz of its acceleration. Thus (+) signifies in the 
directions Ox, Oy, 0«, and (— ) in the opposite 
directions. 

If polar co-ordinates are used, the compo- 
nent force along the radius vector is (+) when 
it acts away from the pole, (— ) when it acts 
towards the pole. 

Eviden tly, then, we must measure angles in 
the plane JTr, from OX around towards 0Y\ 
in the plane FZ, from OY around towards 
OZ; in tne plane ZZ, from OZ around towards 
OX. 

Concurring Forces, etc. — Forces which act at the same point are 
called concurring forces. Forces acting at different points are non- 
concurring. Forces acting in the same direction in the same line 
may be called conspiring forces ; when they act in opposite direc- 
tions in the same line or in parallel lines they are opposite forces; 
when in the same or opposite direction in parallel lines they are 
parallel forces. Forces whose line representatives lie in the same 
plane are co-planar. Two equal and opposite forces applied at the 
S£une point mutually balance^ so that the point moves as if no foroe 
were applied. (Compare Vol. I, Kinematics, page 178.) 

Static Equilibrinm. — ^When all the forces acting upon every par- 
ticle of a rigid body mutually balance, so that every particle of the 
body moves as if no force acted upon it, the body is said to be in 
static or molecular equilibrium. AH points of the body in such case 
are either at rest or they all move with the same uniform speed in 

Parallel straight lines, and the body has a uniform motion of trans- 
ition (Vol. I, Kinematics, page 91). 

The motion of a body is then the same as that of any one of its 
points, and the body, whatever its size, may be treated as a particle 
BO far as its motion is concerned, and represented by a i)oint. 

All the forces acting upon the body itself may then be consid- 
ered and treated as a system of concurring forces in equilibrium, 
and all the forces acting upon any one particle of the body also 
constitute a system of concurring forces in equilibrium. 

Molar Eqiulibrinm. — When the centre of mass only of a rigid 
body moves as if no force acted upon it, that is, is either at rest or 
moves with uniform speed in a straight line, we have equilibrium 
of the body as a whole, or molar dqnihbrinm, as distinguished from 
molecular or static equilibrium as just defined. 

Now the centre of mass of a rigid body always moves as if the 
mass of the body were condensed into a i>article of equal mass at 
the centre of mass, and all the forces acting upon the entire body 
were transferred to this particle without chcmge in magnitude and 
direction (page 18). 
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When there is molar equilibrium, then, all the forces acting upon 
the body if appliedat a pomt would constitute a system of concur- 
ring forces in equilibrium. Also all the forces acting upon any 
particle at the centre of mass of the bodv constitute a system of 
concurring forces in equilibrium. But all the forces acting upon 
any particle not at the centre of mass are not in equilibrium, and 
we have rotation of the body about the centre of mass. 

So far as translation of the body alone is concerned, however, we 
may consider it as a particle of equal mass at the centre of mass, 
acted upon by a i^stem of concurring forces in equilibrium. 

Dynamic or &inetic Equilibrium. — When one point only of a 
rigid body not at the centre of mass moves as though no force acted 
upon it, the body is said to be in d3rnamic or kinetic eqnilibriam 
about that point. 

In such case all the forces acting at this one point constitute a 
systemof concurring forces in equmbrium. But the forces acting 
at any other point oo not constitute a system of forces in equilibri- 
um, and we have instantaneous rotation about this point. 

Compoftition and Besolation of Co-planar Forces.— Let the forces 
Fij Ft, Ft, etc., be all in the same plane and act either at a common 
point, P (Fig. 1), or at different points, A, -B, C (Fig. 2), of a rigid 
ix)dv. 

In either case, lay off the forces so as to obtain the force poly- 
gon A Fi Ft Ft (Fig, 3). Then the line AFt necessary to close 
this force polygon, taken as act- p 

ing the other way round, gives _ . , yf\^ ^ ? v »,« o 

the direction and magnitude of ^^' Vv \ / / X^^' ^ 

the resultant Fr in the plane of ' ^ \ * tf t fj 

the forces (pages 36, 36, Vol. I, ^ h ^t 

Kinematics). 

If the forces are concurring, 
or all act at the same point F, 
Fig. 1, the resultant i^V must 
act at this point also, in the 
plane of the forces. /hi pio. a. 

If the forces are non-concur- 
ring, or act at different points 
Jl, B, C, a Fi?. 2, the magni- 
tude and direction of the result- 
ant Ft will still be given by AFt in the force polygon. Fig. 3, but 
its position in the plane of the forces is as yet unknown. 

Cor. 1. If the forces are all parallel, the force polygon Fig. 3 
becomes a straight line, and the resultajit Fr is equal to the alge- 
braic sum of the forces, or Fr = 2F. 

Cob. 2, The component AN or NFt of the resultant -FV, Fig. 3, in 
any direction is eaual to the algebraic sum of the components of 
the forces in that airection. 

Cor. 3. Any number of forces acting upon the same point, 
whether in the same plane or not, can be reduced to a single result- 
ant force. For the resultant of any two is a force in their plane. 
This resultant can then be combined with another force, and so on. 

CoR. 4. If the algebraic sums of the components of the forces in 
any two directions, as A^and NF» , are zero, the points A and Ft 
in the force polygon Fig. 3 conicide, and the resultant Fr is zero. 
The forces are then in equilibrium. 

Analytical Determination of the Besnltant for Concurring Co- 
planar Forces.— We have evidently the same expressions for the 
magnitude and direction of the resultant for concurring forces 
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for ooncurring accelerations (page 50, Vol. I, S^inemat- 

ics). 

Thus let any number of co-planar forces, J^i 
Ft, etc., all act at the same pomt O. Take this 
point as the origin and draw tne rectangular axes 
OX, OF in the plane of the forces. Let Ft make 
the angle ai with OX, and fii with 0Y\ let Ft 
..^ make the angle as with OX, and fit with OY; 
and so on. 

Denote the algebraic sum of the horizontal oomx>onents of all 
the forces by Fx , and the algebraic sum of the vertical components 
of all the forces by Fy. Then 




(1) 



Fx = ^FcoB a: = Fi cos «! + Fi cos a« + F« cos a, + etc. ; ) 

Fy = SFcoB fi ^ FiCOB fii + FtCoe fit + Ft COB fit + etc, > 

II Fr IB the resultant and cl b the angles which it makes with 
the axes of x and y respectivelv, we have for the horizontal and 
vertical components of Fr (Corollary 2, page 69). 



Hence 



FrQOBa = Fi 
FrCOBb 






(2) 



cosas: 



Fr' 

COS& = r=^, 

Fr 



(8) 



Squaring and adding, since COS 6 = 8ina, and cos* a + cos*& = 1, 

Fr=VFx^ + Fy* (4) 

The equation of the line of direction of the resultant, when all 
the forces act at the origin, is 



Fy 

y Fx 



(5) 



If the co-ordinates of the point at which the forces act are xf and 
jf, the equation of the line of direction of the resultant is in general 



y-j^ = ^(a?-a:'). 



(6) 



Equations (1) give the values of Fx and Fy , by which we obtain 

a, h and Fr from (3) and (4). 

The algebraic sums in (1) are foimd by taking components act- 
ing towards the right or upwards as 
positive, towards the left or downwards 
as negative (psge 58). 

Analytical JBxpression for the Magni- 
tude and Direction of the Besnltant of 
Any Number of Concurring Forces not in 
the Same Plane.— Let Fi, Ft, Ft, etc., 
be any number of forces eil acting at the 
same point O. Take this point as the 
origin for three rectangular axes OX, 
Ox, OZ, Let Fx make the angles ai 
fix, Yx with these axes respectively, ana 

Ft make the angles at^ fit,rt, and so on. 




CHAP. I.] CONCURRING FORCES NOT IN THH SAKE PLANE. 



61 



Denote the algebraic sum of the components of all the forces 
along OX by Fx ; along OFby Fy ; along OZ by Fm. Then 



Fx = ^Fcos a = -Pi cos oTi + Ft cos at + i^» cos «■ + etc. ; ' 
Fy=^2FQOHfi — FxCOBfix -i-FtOO&fit +FtCX>Bfit + etc.; 
Fm = 2FcoBr = FiCOBri + FtCOBy% + F%coQr* + etc. 



(1) 



If Fr is the resultant and a,byC the angles which it makes with 
the axes of x, y and z respectively, we haye 



FrGOBa = Fx; 1 
i^r cos 6 —Fy; 

FrCOBC =Fm. 



(2) 



Hence 



C0flO = ^; 




F 

COSC=p^. 


►•• •••••• 



(8) 



Squaring and adding, since cos* a + cos* h + cos*c = 1, we have 

Fr= VTvTTVTF? (4) 

The equations of the projection of the resultant upon the planes 
of ZZ; 77 and FZare 



Fx 



Fy 



Fk 
Fy 



Hence from (3) we have for the equation of the line of direction 
of the resultant, when aU the forces act at the origin, 



X __ y _ 
cos a cos h 



cosV 



or 



a? _ y _ 2; 

Fx Fy Fm 



(5) 



(6) 



If the coordinates of the point at which the forces act are af^ 
y'y zfy we have for the equation of the line of direction of the result- 
ant in general 

x^od _ y^\f _ z— 9i x — af _ y^j/ ^ z — sf 

cosa "" cos 6 "" cose* Fx " Fy ^ F% ' 

When z and Ft equal zero, these equations reduce to the equa- 
tions of the preceding Article for co-planar forces. 

The aleebraic sums in (1) are foimd by taking components acting 
towards tne ri^ht along OX, or upwards along OF, or in the direc- 
tion OZas positive. The opposite directions are negative. 

Conditions of Equilibrium for Concorring Foroes. — A point is in 
equilibrium when its acceleration is zero. In order that the accel- 
eration may be zero, the resultant force acting upon the point must 
be zero. Hence, the ixinMhing of tJie resultant is the necessary and 
sufficient condUian far equilwrium of any number of concurring 
forces. 

We have then, in general, the algebraic conditions 

Fx — 2Foo&a — % Fy^SFcoB fi=0, FM=2Fco&y =0. 
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That is, the algebraic sum of the components of the forces in each 
of any three rectangular directions must be zero. This is equiva- 
lent to saying that all the forces acting upon the point reduce to 
two forces equal in magnitude and opposite in direction. 

It is also evident tnat if anynumoer of forces acting upon a 
point are in equilibrium, any one of the forces must be eqtuu and 
opposite to the resultant of cul the others. 

Conditions for Equilibrium for Concurring Forces in Special 
Cases. — ^We obtain llien the following obvious results from the 
condition for equilibrium of concurring forces, which will be found 
useful in spedal cases : 

(1) If two concurring forces are in equilibrium, they must be 
equal in magnitude and opposite in direction. 

(2) If three concurring forces are in equilibrium, they must all 
act in the same plane. For the resultant of any two must act in 
their plane and be equal and opposite to the third. 

(3) If three concurring forces are represented in magnitude and 
direction by the sides of a triangle taken the same way round, the 
resultant is zero and the forces are in equilibrium. 

(4) Hence, if three concurring forces are in equilibrium, each one 
is proportional to the sine of the angle between the other two. 

(6) If three concurring forces are in equilibrium and their direc- 
tions are represented by the sides of a triangle taken the same way 
round, their mamitudes will also be represented by the sides of 
that triangle, and vice versa, 

(6) If any number of concurriog co-planar forces are represented 
in magnitude and direction by the sioes of a plane closed i>olygon 
taken the same way round, they are in equilibrium. If their mag- 
nitudes are given hj the sides of the polygon, their directions are 
also given by the directions of the sides. 

But if the directions only of the forces are given by the sides of 
the plane polygon, it does not follow that the sides of this polygon 
represent the magnitudes, because any number of plane polygons 
with parallel sides may be drawn, the magnitudes of the sides 
varying. 

(7) If three concurring forces in different planes are represented 
by the three edges of a parallelopipedon, tne diagonal taken the 
opx>osite way roimd will represent tne resultant in direction and 
magnitude. This is called tne parallelopipedon offerees. 



EXAMPLES. 

(1) Find the resultant offerees of 7, 1, 1, 3 units, r^fyresented by 
lines drawn from one angle of a regular pentagon towards the other 
angles taken in order. 

Ans. y74 units. 

(2) Pand Q are two component forces at right angles, whose re- 
sultant isR. 8 is the resultant of R and P. 1/Q = 2P what is 
Sf 

Ana. 8 = 2Pi/2. 

(3) Component forces P, Q, R are represented in direction by 
the sides of an equtlaterdl triangle taken the same way round. Find 
the magnitude of the resultant. 
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(4) Three component forces are repreaented by lines drawn frovn 
the vertices of a triangle to the middle points qf the opposite sides. 
Show that the restUtant is zero, 

(5) Three component forces are represented by lines drawn from 
the vertices A^ B, C qf a triangle to the midcUe points of the opposite 
sides^ and have maanitudes equal to the cosines of the angles at Aj 
B and Crespectively, Find me restUtant. 

Ans. |/1 ~ 8 cos A cob B cob C units of force. 

(6) The centre of the circumscribed circle of a triangle ABC is 
O, and the intersection of the perpendiculars from anmdar points 
on opposite sides is P. Prove that the resultant of forces repre- 
sentea in magnitude and direction by OA, OB, OC wiU be repre- 
sented by OP. 

(7) Three forces are represented by the sides AB, AC, BC of a 
triangle. Show that the restUtant has the direction AC ana is 
represented in magnitude by 2AC. 

(8) ABCD is a parallelogram. From AB, AEis cut off equal to 
one third AB. Prove that the resultant of forces represented oy AC 
and 2 AD is equal to three timss the restUtant of forces represented 
by AD and AF!. 

(9) Four forces of 24, 10, 16, 16 dynes act on a particle, the angle 
between the first ana second being 30% between the second and third 
W, and between the third avid fourth 120**. Calculate the resultant. 

Ans. 17.4 dynes. 

(10) A weight of 10 tons is hanging by a chain 20 feet long. 
Find how much the tension in the chain is increased by the weight 
being pulled out by a horizontal force to a distance of 12 feet from 
the vertical. 

Ans. By 2.5 tons. 

(11) A weight of A pounds is suspended by a string, and is acted 
upon by a horizontaf force. If in the position of equilibrium the 
tension of the string is 6 pounds, what %s the horizontal force f 

Ans. 8 lbs. 

(12) A mass of 10 lbs. is supported by strings of lengths 3 and 4 
feei attached to two points in the ceiling 5 feet apart. What is the 
tension of each string % 

Ans. 8 lbs. and 6 lbs. 

(13) A particle is acted on by a force whose magnitude is un- 
knotvnj but whose direction makes an angle of 60"" witn the horizon. 
The horizontal component of the force is 1.35 dynes. Determine the 
total force and its vertical component. 

Ans. 2.7 dynes and 2.34 dynes. 

(14) Three forces proportional to 1, 2, 3, act on a point. The 
angle between the first and second is 60"*, between the second and 
third 30% Find the angle which the resultant makes with the first. 

Ans. About 67''. 

(15) Three cords are tied together al a point. One is pulled in a 
northerly direction with a force of 6 pounds^ and another in an 
easterly direction with a force of S pounds. With what force must 
the third be pulled in order to loeep Ihe whole al restf 

Ana. 10 pounds, at an angle with tlie horizon whose tang = -j-. 

4 
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(16) If P and Q are tux) oancurring forces and the angle made 
by their directions is 0, find the magnittuie of the resultant R when' 
fi = and B = ie. 

Anfl. (P+C)M<i(-P-«). 

(17) Find R whenP= QandB^ 60% 135% and 120*. 

Ana. B = P ^8; B = P ^2 - 4/2; JJ = P. 

(18) If three concurring forces 8, 4 and 5 are t n equilibrium, find 
the angle between the first two. 

Ana. go^ 

(19) IfP^^, Q = ll,units, and the angle between P and Q is S0\ 
find the resultant R, and the angle between Pond R and that be- 
tween Q and R. 

Ans. B = 16.47 units; 19* 80'; 10* SO'. 



(20) A cord is tied round a pin at the fixed point A, and its two 

ends are drawn in different directions hy the forces P and Q. If 

P •\- O 
the pressure on the pin is — g-^, fi/nd the angle 6 between theforess. 

(21) A cord whose length is 91 is tied to the points A and B in 

the same horizontal line, whose distance isZa. A smooth ring upon 

the cord stutains a weight W. Find the tension in the cord. 

w 
Ana. r= Z 

24/1 -? 

(22) Given the four concurring forces Fi =1, 2?^ = 2, F% = 8, 
^4 = 4, and the angles FiFt = 90% Fti^4 = 90% and i^iF. = 60\ 
Find the magnitude of the resultant and its inclination to Fi. 

Ans. B = 6.889; 102** 16'. 

(23) Two rafters making an angle of 120' support 112 lbs. at the 
apex. Find the compressive force on each rafter, 

Ans. 112 lbs. compression. 

(24) Resolve a force of 120 lbs. into tivo rectangular components,, 
(a) of which one is 75 lbs.; (6) one ofwhichmakes an angle ofM" 7' S" 
with the resultant. 

Ans. (a) 98.65 lbs. making an angle of 88** 40' 56".26 with resultant. 
lb) 99.848 lbs. adjacent to the given angle and 67.306 lbs. 

(25) T?ie mutually rectangular forces of 35, 67 and 98 lbs. act on 
a jpoint. Determine the magnittuie and direction of the resultant. 

Ans. 128.766 lbs. making angles of 78** 84' 24", 57" 18' 80", 87" 88' 42" with 
the forces respectiyelj. 

(26) A force of 550 lbs. acts on a point. Resolve it in three rect- 
angular directions, (a) when two of the components are 100 and 230 
Z&8. : (b) one of the components is 120 lbs. ana the given force makes 
unth one of the other two components the angle 15** 6' 14"; (c) the 
given force makes with two of ihe components the angles ST 13' 12" 
and 64" 17' 8". 

Ans. (a) 489.49 lbs., angles 79** 81' 27", 65" 16' 49" and 27* 7' 48". (6) 120 
lbs., angle IV 28' 51"; 581.02 lbs., angle 15' 6' 14"; 78.2 Iba, angle 81' 49' 82", 
with resultant, (e) 445.7 lbs., 821.06 lbs. . 26.676 lbs. 
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(27) A farce in space makes vnth the three co-ordinate axes the 
angles a, p^ y. Show that (page 12, Vol. I, Kinematics) 

cos' a+ cos* fl + cob' y = 1; 

cos (a + /3) COS (a — /5) + cos* ^ = 0. 

(28) Tuoo forces acting on a point make the angle e, and make 
with the co-ordinate axes the angles ^i, Ai, yi^ and a*, /$,, ^a. 
Show that 

cos € =z COB ai COS at + cos fti cos fi% 4- cos;^i cob yt. 

(29) Three forces P, ft JJ, oc^in^ on a point O, are inclined at 
angles a, /S,y toa given tine passing through O. A'nd the magni- 
tvde and direction of the resultant. 

Ans. If is the inclination of the lesnltant to the given line, 

Pcos a + Q 008/6^4* i?cos^* 
and the resultant is the square root of 

P* + e» + iP + 2ei?cos(/J- r) + 2-BPcos(r - a)4-2Peoos(a - /J). 

(80) Three forces, each equal to P, act at a point O in directions 
OA, OB, OC ; tfie angle AOC being a right angle, and the line OB 
bisecting the angle AOC. Find the magnitude of the resultant. 

Ans. I\l + V2) making an angle of 46' with OA. 

(31) A force P is applied at the hinge A of the knee-joint BAG, 
B making the angle a unth AB and AC Show that 

the pressure at C and Bis -P tan a, and that if 

P= 60 Ws. and a = 16°, 36% 66% 86% 90% the press- 
c " ure is 6.7, 17.6, 63.6, 286.76 lbs. and «- 

(32) A force P is applied to the compound 
knee-joint shown in the accompanying figure. 
Show that the pressure exerted at B, Vand 

Bi , Ci is jP tan a tan fi. 

(33) Find the resultant for a system of 
eight forces acting upon a point, given as follows 



^ 




Fl = 75 lbs. 
Ft= 80 lbs. 
F,= {^ lbs. 
F^ - 185 lbs. 
^. = 670 lbs. 
^a = 87 lbs. 
i^T = 95 lbs. 
F. = 140 lbs. 



a, = 68'' 27', /?! = 48" 86', y^ acute; 
a. = 158*' 44', /?, = 67*13', ;', obtuse; 
«• = 76' 14', A = 147' 12*. y^ obtuse; 
a4 = 116'' 7', A = 187- 9', r« obtuse; 
a. = 76'' 8', /?. = 85' 8', r. acute; 
a. = 145° r. A= 78° 8', r.wute; 
an = 62' 10', fi, = 149'' 8', y, acute; 
a'a = 128°58'. /?, = 127' 56', r a obtuse. 
Ana. The angles ^ can be found (page 12, Vol. I, Kinematics) from 

co8(« + /8)cos(a - fl) + coa*y = 0. 
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Hence 

r I = 52" 57' 82". rt = 102' 22' 10".85, r • = 11»* T 18". 
r4 = 122* 6' 48", r»= 58*25', x« = 5r2r54", 

rT= TT 48' 22".7, r. = 188" 4^44 '.2. 
^« = +24.8081bs., Fy = + 280.29 Ibe., ^s = +221.205 Ibe., ^r = 865.84 Ibe. 

Hi soft dOO 20 

«*« = S " • - M- la W; co-6 = ^. or * = ST ^ 14": 

221 206 
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HOK-OOKCUBBIHO FOBCB8. MOMBNT OF A FOBCB. LIKB BBPfiBSBNTATITB 
OF MOlfBNT OF A FORCB. BB80LUTI0N AND OOMPOSITION OF MOMENTS. 
TWO NON-CONCUBBINO CO-FLANAB FOBCB8. TWO PARALLEL F0RGB8. 
MOMBNT OF A OOUPLB. LINB BEFBESBNTATTVE OF A COUPLE. COM- 
POSITION AND BBBOLUTION OF COUPLES. CENTRE OF PARALLEL FORCES. 
PROPEBTIES OF CENTBB OF MASS. CONDITIONS OF BQUILIBBIUM FOB 
PARALLEL FOBCBS. 

Hon-conourruig Forces.* — In the preceding Chapter we have 
considered concurring forces, that is, forces which act at a common 
point. We shall now consider non-concurring partdlel forces, that 
IS, parallel forces which act at different points of a rigid hody. 

Moment of a Force. — Since force is proportional to the acceler- 
ation it causes, the moment of a force relative to any point or axis 
is defined precisely like moment of acceleration (page 60, Vol. I, 
Kinematic^. 

Hence the product of the magnitude of a force by the magni- 
tude of the perpendicular let fallfrom any given pomt upon the 
direction of the force ^ves the magnitude of the momeni of the 
force relative to that pomt. 

The point is called the centre of moments. The perpendicular 
is called the lever-arm of the force. 

The imit of moment of a force is then one poundal-f oot, or one 
poimdal with a lever-arm of one foot, or in gravitation units one 
pound-foot, or the weight of one pound with a lever-arm of one 
toot. 

The same conventions as to sign are adopted as for moment of 
acceleration (page 60, Vol. I, Kinematics). Thus rotation counter- 
clockwise is positive (+) and clockwise negative (— ). 

The same principles must evidently hold for the moment of a 
force as for the moment of its acceleration. Hence 

A force may he considered as acting at any point in its line of 
direction. 

The algebraic sum of the moments of any number of forces is 
equal to the moment of their resultant (page 62, Vol. I, Kinematics). 

Line Bepresentative of Moment of a Force. — Since the moment 
of a force has thus magnitude and direction, it is a vector quantity 
and can he represented hy a straight line like moment of acceler- 
ation. 

* The student should constantly refer in this portion of the work to the 
references in the text to Kinematics of a Rigid 8y8tem (pafe 169, Vol. I), and if 
he has omitted that portion of the work should now take It in connection with 
Static: 
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Thus the line AB represents by its length the mag[nitude of the 
,g moment. The plane of rotation is at right angles to 
this line. The direction of rotation is clockivise in 
^ this plane when we look in the direction of the arrow. 

^ When we speak of direction of a moment we mean 

the direction of its line representative. 

Resolution and Gompotttion of Moments. — The principles of pages 
35, 36, Vol. I, KinemaiicBy hold good then for force moments as well 
as for acceleration moments (page 62, Vol. I, Kinematiea)^ and we 
have the triangle and polygon of moments. 

The signs of tb» line representatives of 
the components along the axes of X, F, Z 
of a force moment f oUow the same rule as 
for cotoponents of acceleration (page 68, 
Vol. I, Kinematics). Hence components in 
the direction OX, OTy OZare positive (+), 
in the opposite directions negative ( — ). If 
then we look along the line representatives 
of the components towards uie origin O, 
the rotation is always counter-clockwise. 
Therefore rotation from JT towards F, Fto- ^ 
wards Z, Ztowards X is positive, in the opposite directions negative. 

For polar co-ordinates directions awjay from the pole are positive^ 
towards the pole negative. 

Evidently, then, we measure angles in the plane XY, around 
from OX towards OF; in the plane FZ, around from OY towards 
OZ; in the plane ZX, aroxmd from Oz towards OX, as shown by 
the arrows in the figure. 

Besultant of Two Kon-cononrrlng Go-planar Forces.*— Let the 
two forces -Pi , -P. act in the same plane at the points A, B of a 
rigid body, Fig. 1, in different directions, and let OFr be the direc- 
tion of the resultant Fr, 






Fte.l 



Take a point P anywhere in the J^aa« of the forces and draw 
the lever-arms Pni = pi , Pn^ =p%, Pn = r, 

Then, since the moment of the resultant with reference to any 
point is equal to the algebraic sum of the moments of the compo> 
nents, we nave in general 

FrT = Fipi -^ Ftpt (1) 

[Regard must be paid to the signs. Thus if the forces are as repre- 
sented in the figu re, we have + Fipi — Ftpt.] 

* Compare page 179, for cononning angular accoleratioiifl, KinemaHa qfa 
Rigid dygUm, 
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Sittoe this holds good wherever we take the point P in the plane, 
let us suppose the point P at the intersection O of the given lorces. 
For this point, the lever-arms pi and pt will be zero, the moments 
F>pi and Ftp% will be zero, and hence FrV must be zero, or the 
lever-arm r is zero. We can therefore take the point O as the com- 
mon point of application of Fi and Ft and the system reduces to 
two forces acting at the point O or to a system of concurring forces. 
Hence — 

(1) A force acting at any point of a rigid body can he considered 
€18 acting at any point in iteiine ofdireczion, 

(2) The resmtawt of two non-concurring co-planar forces lies in 
the plane of the forces and passes through the point of intersection 
of the forces. 

Position of the Resultant. — Draw the line AB intersecting the 
resultant Fr at the point C 

Let av be the angle of Fx with AB^ and a, the angle of Ft with 
AB, If we take moments about the point C, we have for the lever- 
arm of Fi , AC sin ai, and for the lever-arm of Ft^ BC sin a^ 
From equation (Ij, 

Ft . AC sin at = i^t . BC sin at. 
But AC + BC = AB. Hence 



. p _ Ft . AB sin at »^ _. Fi . AB sin ai 

"* Fi sin ai + Ft sin at' Fimnai + Ft Bin at' 



(2) 



We thus know the position of the residtant in the plane of the 
forces. (Compare page 179, Kinematics of a Rigid System.) 

Magnitude and Ilirection of the Be8iiltant.--The magnitude and 
direction of the resultant ccm now be found, precisely as for con- 
curring forces. 

Thus if we lay off Fi and Ft in the force polygon Fig. 2, AFt 
gives the magnitude and direction of the resultant Fr. 

Take the rectangular axes OX and OF in the plane of the forces 
and let OX be parallel to AB. Let Fi make the angle ai with OX, 
and /Ht with Ox, and Ft make the angle at with OX, and fit with 
OY. Denote the algebraic sum of the comx>onents parallel to OX 
by Fx and parallel to OF by i^y. Then the equations of page 61 
hold, and we have 

Fx^^Fi cos ai + Ft cos at; ) 

Fy — Fi COB fix + Ft cos /3t.) 

[Regard must be paid to the signs. Thus in the figure Ft cos at 
is positive, all the otner terms are negative.] 

If the resultant Fr makes the angles a and b with the axes of x 
and y, we have 

coBa = Y^, cos 6 = -^ (4) 

Squaring and adding, 

Fr = VFx* + Fy*. (6) 

In taking the summation indicated by (8), components in the 
direction OX or OF are positive, in the directions aO or YO nega- 
tive. 

If Oi is the angle of Ft with the resultant, and Bt the angle of ^t 
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with the resultant, and B the angle between Fi and Ft , we have di- 
rectly from the force polygon, £ig. 2, 



Ft . « . ^ F\ 

sm oi = 

and 



sin Oi = -^^ sin 0, sin ds = -=^ sin 6, . . . . (6> 

x'r Fr 



Ft = VFi^ + jp;' ± 21?'iF. COS e, (7) 

where the (+) sign is used when d is less then 90*", and the (— ) sign 
when is greater than 90°. 

The tangent of the angle a which the resultant makes with AB 
orOXiB 

tan a = 5^ (8) 

From (6) and (7) we can find the magnitude and direction of the 
resultant directly if is known. If ai and at are given, (3) and (5) 
give Fr , and (4) or (8) the direction. 

From (1) we have also 

r = E£i+J:^, (,^ 

where regard must be had for the signs of Fipi and Ftpt in any 
case. 

From (9) for any given point P, for which pi and pt are known, 
we can locate the resultant by describing a circle with centre P 
and radius r, and drawing Fr tangent to this circle in the direction 
given by (6). (Compare page 180, Kinematics of a Rigid System.) 

Example.— 2Ym)/orce9 Pi = 20 lbs. and Ft = 80 lbs, act at points A, 
o^ B of a rigid body, in the directions shoitm in the 

=z 2 ft, and the angles 

Find the point of ap- 

^ V ^.n^^^,, ^ ^j^, v,r«. , «.M«.n«,»v, and its magnittide and 

^ \ direction, 

1 ^Fi Ans. Cob ai = sin fli = 0.5, cob at = sin fft = 0.866, 

Tr e = 90^ Hence 

80X2X0.6 _nnnoft 

^^ ■" 20 X 0.866 + 30 X 0.5 " "'^"^ "' 

P«,= -20X0.6 +80X0.866 = + 16.98;) 32.32 ^^^ 

tan a t= — t^-^s = — 2.022. 



_o B of a rigid body, in tTie 

/^"y^F^ figure. The distance AB = 

y^^ -^ FiAB = 120% FtBA = 150^ 

^/^ >w plication C cf the resultant, 



= + 16.98;) 
= - 82.82. ) 



Py=- 20X0.866-80X0.5 =-82.82.) " 15.98 

Or BCFr = 68** 41'. 

Fr = V(15.98)« + (32.32)« = 36.05 lbs. 

We obtain the same result from equation (7) directly. Thus 

Fr = i/20» + 80» = 86.05. 

We also obtain from equation (6) 

SO 
8ii^ 0« = ^kk = 0-^32, or Bi = 66** 19'. 

Therefore OOA = 180 - (60' + 56* 19) = 68' 41', as before. 

Besultant of Two Parallel Forces.— This is but a special case of 
the preceding Article. Thus if two non-concurring forces are 
paraUel, their intersection is at an infinite distance and ai and at 
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become equal, and = 0. We have from equations (6) or (7), page 
70, 

Fr = Fi + Ft 9 

where the forces Fi and i^t are to be taken with proper signs (+) 
in one direction and (— ) in the opposite. From equation (2), page 
69, we have 



^<"K- 



Fr 



(1) 



Multiplying the first by Fi and the second by Ft^ we have 

F^.AC^Ft.BC, o'5=;^- • • • 



(2) 



To prove this independently, take C as centre of moments. 





Fko. a. 



Then, whether the forces act in the same or in opposite direc- 
tions, we have 

Fipi — Ftp% = 0, or Fipi = Ftpt, 
where pi and pt are the lever-arms. But from similar triangles 
P> - 1^ Hence 

Ft_BC 
Ft AC 

We see from (1) that the distances AC and BC depend only upon 
the magnitudes of Fi and Ft and the distance AB between their 
points of application, and not at all upon the common direction of 
Fi and Ft. Therefore if the forces Fi , Ft are turned about A and 
B preserving their parallelism, or if the body is turned, the forces 
Fi and Ft having always the same direction and the same points of 
application, the resultant Fr will always pass through C The point 
C; IS then the point of application of the restdtant. 

Hence, thUe reeultam of two parallel forces acting at the ex- 
tremities of a rigid straight line is in their plane and equal in 
magnitude to their algebraic sum* It acts parallel to the forces 
in the direction of the greater forcCy and its point of amlicaiion is 
on the straight line or the straight line produced^ and divides it into 
segments inversely as the forces. Or tKe products of the forces into 
the adjacent segments are equal. (Compare page 181, Kinematics 
of a Rigid System.) 

This principle is known as the '' law of the lever.^' 

If we take the centre of moments at B and at A, we obtain di- 
rectly equations (1). 

Cor. 1. When tiie forces act in the same direction, the result- 
ant lies within the components. When the forces act in opposite 
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directions, the resultant lies without the components and on the 
side of the larger. 

Cor. 2. When the forces are equal and oi)po6ite, Fr = 0. Also, 
from (1), AC = oo , BC = oo , or the resultant is eero and acts at an 
infinite distance. That is, two equal and opposite parallel forces 
cannot have a single force as a resultant. 

Such a system is called a force couple. (Compare page 182, Kine- 
matics of a Rigid System.) 

Since the resultant is zero, there is no force of translation, and 
the effect on AB is to cause rotation only. All tendency to rotation 
can be referred to forces forming such couples. 

Moment of a Conple.* — From the last corollary, we see that a 
couple consists of two e^ual and parallel forces acting in opposite 
directions at different points of a rigid body. 

The perpendicular distance between the directions of the forces 
is ccdled the arm of the couple. 

The product of the arm by one of the forces is the moment of the 
couple. This moment represents tendency to rotation of the rigid 
body. 

Let the two equal, parallel and opposite forces, +F, —F, act at 
1 .^F the points A and B of a rigid bodv. 

Draw any line CidbCt at right 
angles to the direction of the 
forces. 

Take any point C\ on the left as 
' a centre of moments. Then we 

have for the resultant moment 

^« about Ci,F,Cia — FXda + a6) = 

'^ F . ah. 

For any point C% on the right, we have 

F. C.6 — F{C^ + ab——F,ab. 

For any point C between the forces, 

— F. Ca-F.Cb= "F.ab, 

The minus sien denotes clockwise rotation. 

In genei^ the moment of a couple about any paint in its plane 
is constant and equal to the prodtict of the arm by one of tJie forces. 
(Compare page 186, Kinematics of a Rigid System,) 

Cor. 1. A couple may be turned round in any manner in its 
own plane without altermg its effect, the arm ab l>Bing unchanged. 

CoR. 2. A couple may be removed to any position in its own 
plane without altering its effect, the arm ab being unchanged. 

CoR. 3. A couple may be transferred to any other plane parallel 
to its own plane without altering its effect. 

QovL. 4. All couples whose planes are parallel and moments 
equal, are equivalent. 

CoR. 6. Any couple may be replaced by another which shall be 
equivalent and have an arm of any given leneth. 

CoR. 6. We have for any point Ci the resultant moment 

jP . Cia — F{Cxa + a5). 

If da =■ 00 , then, since ab is insignificant with respect to Cia, we 
have Fco — jPqo = 0. The algebraic sum of the forces or the result- 
ant force is also zero. The moment of a force is the algebraic sum 
of the moments of its components (page 67). The resiutant there- 

* Compare page 186, Kinematics of a Rigid System. 
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fore acts throufl^ anj point where the moment sum of the compo- 
nents is zero. The resultant of a couple is therefore zero at an m- 
finite distance in any direction in the plane of the couple. 'This is 
Cor. 2, page 7t, 

Cioii. 7. A couple cannot be replaced by a ^ngle force, but only 
by another equivalent couple. 

CoR. 8. A couple cannot be held in equilibrium by a single 
force, but only by another equivalent couple. 

Line Bepresentative of a Goaple. — ^A line perpendicular to the 
plane of a couple is called the axis of the couple. 

A couple can then be completely represented by a straight line. 
The length of the line represents the moment of the couple. The 

5 lane of the couple is at right angles to its line representative. The 
irection of rotation may be indicated by an arrow, so that looking 
alon^ the line representative in the direction of the arrow, rota- 
tion 18 seen to be clockwise. Thus the line AB represents the mag- 
nitude of a couple causing rotation as indicated in >-•. 

a plane at right angles to the axis AB. The line ^ { ■ ) ^ b 

representative coincides with the axis of rotation. ^ 

A couple is thus a vector quantity, like displacement, velocity, 
acceleration, moment, force, and the same principles apply as to 
composition and resolution of forces. 

When we speak of the ** direction of a couple'' we mean the 
direction of its line representative. 

Composition and Besolution of Couples. — ^We have then the 
** parallelogram and polygon of couples." 

When couples are in the same plane, or i)arallel planes, their 
line representatives are all parallel. Hence the resultant of anv 
number of couples in the same or in parallel planes equals the al- 
gebraic sum of the component couples. 

The resultant of two couples in different planes is given by the 
diagonal of the parallelogram constructed on the line representa- 
tives of the components, taken the other way round. 

The resultant of any number of couples in different planes, the 
axes being all in the same plane, is given by the line which closes 
the polygon formed by the line representatives taken the other 
way round. 

The line representatives can then be combined and resolved just 
like forces in general. 

The action of a couple acting upon a rigid body is to cause an- 
gular acceleration of tne body about an axis perpendicular to its 
plane. 

Centre of Parallel Forces.* — Let i^i , F* , F, , etc., be any num- 
ber of p£urallel forces acting at the 
points Ai , At , At , etc., of a rigid 
body. 

Then the resultant Fr must be 
parallel to the forces and e<iual in 
magnitude to their algebraic sum, 
or 

Fr = X'l + Ft + Ft + . . . = ^x'^ 

In taking the summation, all 
forces in one direction are (+), in 
the opposite direction (— ). 

Take anv two of the parallel 
forces, as ini , F« , and draw a line 




* Compare page 192, Einematica of a Rigid System. 
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AiAt through their points of application and produce it to intersec- 
tion E' with the plane of ZX, Drop peri>endiculars AiBi , AtB% to 
this plane and draw the line £01^9 in tnis plane. 

Mow, from page 71, the resultant of Fi and Ft is Ri = Fi + F% 
and its point of application is at A on the line AiA% , such that 

F_^AtA 
Ft AxA' 

Drop the perpendicular AB to the plane ZX Then we have by 
similar triangles 

AtA _BtB 

AxA " BBx' 

Denote the distances AxBx , AtB% by yx , y^ respectively, and the 
distance AB^ or the ordinate of the point of application of the re- 
sultant Rx of Fx and F% , by yx. Then we have by similar triangles 

BtB _ y« — yi 

BBx y^^y,' 

Hence 

F^ _ y^-y» ^y. z ^ Fxyxj^^y^ 
^^ yi — yi i'l + i't 

In the same way for three forces Fx, Ft, Ft we can combine 
the resultant Rx of Fx and Ft acting at the point A, with Ft. We 
thus obtain for the ordinate of the point of application of the 
resultant of three forces 

__ Fiyx + Ftyt + Fty, 

^* " Fx + Ft + Ft • 

In general^ then, for any number of parallel forces we have for 
the ordinate y of the point of application of the resultant 

»=^- m 

In precisely similar manner, if we denote the distances AC and 
AD of the pomt of application of the resulteuit from the planes of 

FZand XFby x and «, we have 

^= 2F' ^^> 

- ^Fz 

^=w ^»> 

Ekjuations (1), (2) and (3) give the co-ordinates of the point of 
application of the resultant for any number of parallel forces, 
lliis point is called the centre of parallel forces. 

We see that its position depends only upon the ma^itude of 
the forces and the position of their points of application, and is 
independent of the common direction of the forces. 

Cob. 1. If 2? is zero, then Zi, Zt, etc., must be zero, and the i)aral- 
lel forces are co-planar and all lie in the plane XF. The centre is 

then given by (1) and (2). If z and y are zero, the points of applica- 
tion are all in the axis of X, and the centre is given^by (2). (Com- 
pare page 192, KiviemaHcs of a Rigid System.) If x, y €md z are 
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jsero, the centre is at the origin. If x and z are zero, the centre is 
in the axis of Fand the points of application are all in the axis of 
F, etc. 

Ck>R. 2. If a force equal and opx>osite to the resultant is applied 
at the centre of parallel forces, we have a system of parallel forces 
in equilibrium. 

Cor. 3. If a body has a motion of translation only, all the points 
of the body move in parallel paths with the same acceleration, if 
any, in the same direction at any instant. Let / be this conmion 
acceleration. Then if we consider the body to oe composed of an 
indefinitely large number of indefinitely small particles of mass 
mi , nit , ms , etc., the parallel forces on each of them are Fi = m/. 
Ft = m^, Ft = m^f^ etc. The toted resultant force in the common 
direction is then 

R = mif+ mif + m^f + etc. =/(mi + f?i« + !»• + etc.); 

or if the total mass M= mi + m« + mt + etc., 

R=fM. 

Also, if the co-ordinates of the particles mi, m», ms, etc., are 
(Xi , yi , Zi)^ {Xt , y^ , 2;s), etc., and the co-ordinatesjof the point of 

application of the resultant are denoted by x, y, z, we have, since 
tne moment of the resultant is equal to the algebraic sum of the 
moments of the components, 

Rx =fJli^ = mifxi + m^fxt + etc. =f2mx^ 
or 

— Smx ,^. 

'"=-jr ^^> 

In the same way we have 

y = ^ (2) 

-z = ^. (3) 

The point given bv equations (1), (2) and (3) coincides with the 
centre of mass of the body (page 17). 

Hence, the centre of mass of a body coincides with the point of 
application of the resultant of that system of parallel forces which 
acts upon all the particles of a translating body ; that t8, when each 
parallel particle force causes in the particle on which it a^ts the 
same acceleration in the sam^ direction (page 18). 

Properties of the Centre of Mass. — ^We have then the following 
properties of the centre of mass : 

1. The centre of mass coincides with the point of application of 
the resultant of that svstem of parallel forces which acts upon all 
the particles of a translating body. 

2. Hence, inversely, if aU the forces acting upon a rigid body 
reduce to a single resultant force acting at the centre of mass, the 
motion of the body is one of translation only. 

3. The algebraic sum of the moments of the masses (page 19) 
of aH the pcu-ticles with reference to the centre of mass is zero (page 
17). 
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If, then, the origin of co-ordinates is taken at the centre of massi 
we have 

Smx = 0, 2my = 0, Smz = 0. 

If polar co-ordinates are taken, and the pole is taken at the 
centre of mass, we have 

Smr ss 0, 

where r is the distance of any particle from the centre of mass. 

4. Since the attraction of the earth for a body at or above its 
surface, whose longest dimension is insignificant compared to the 
earth^s radius, is practically an ec^nal and parallel force on every 
equal particle of the bodv, the weight of the body in such case acts 
at its centre of mass, ana a body acted upon only by its weight has 
a motion of translation only. 

Hence the centre of mass is often erroneously called the ''centre 
of gravity " (pa^es 18, 46). 

5. In all positions of a rigid body about the centre of mass, the 
weight then passes {>ractically through the centre of mass, because 
changing the direction of a system of parallel forces does pot, as 
we have seen (page 74), change the pomt of application of the re- 
sultant, provided the points of application of we forces and their 
mfi^itudes are unchanged. 

Hence if a rigid body free to move is supported at its centre of 
mass, it will be at rest m all positions about this centre, because in 
all positions we have two equal and opposite forces acting at the 
same point. 

We can therefore locate the centre of mass of a rind body by 
suspending it successively in two different positions. The two di- 
rections of the suspending string relative to the body must inter- 
sect practically at the centre of mass, since in each case, if the 
body is at rest, the centre of mass must be vertically under the 
point of suspension. 

6. If a rigid body free to move is supported at a point vertically 
below the centre of mass, it will then be in equilibrium. But if the 
body be moved in any direction, however slightly, around the point 
of support, we shall nave the weight of the boay and the upward 
pressure on the support forming a couple causing the body to rotate 
away from its former position of equihbrium. 

A body in such a position is said to be in unstable equilib- 
rium. 

If a rigid body is supported at any point vertically above the 
centre of mass, it will be m equilibrium also. If the body is moved 
in any direction however slightly around the point of support, we 
shall nave a couple causing rotation towards the former position of 
equilibrium. 

A body in such a position is said to be in stable equilibrium. 

If the Dody is supported at the centre of mass, it will remain in 
equilibrium in any position about the point of support. It is then 
said to be in indifferent equilibrium. 

7. The centre of mass may lie outside the limits of the body, as 
for example in the case of a circular ring or a spherical shell. 

8. The motion of the centre of mass of a rigid body is the same 
as if the body were replaced by a particle of equal mass at the 
centre of mass, and all tne forces acting upon the oody were trans- 
ferred to this particle without change in magnitude or direction 
(pages 18, 83). 
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Besnltant Force and Couple for any Nvmber of Parallel Forces. 

— Take the axis of F parallel to the com- 
mon direction of the parallel forces JP'i , 
i^9 , jPs , etc., and let tnese forces be ap- 
plied at the x>oint8 of a rigid body whose 
co-ordinates are {X\ , 2^1 , Zi)^ {x%yy%, z%\ 

Then the resultant will be the alge- 
braic sum of all the forces, or 

all forces actiixg in the direction OY / y^ 

being positive, and all in the opposite ^ 
direction being negative in the algeDraic sum. 

The point of application (a;, y^ z) of this resultant, or the centre 
of force, is given oy 

-_2Fx - _2Fy -^SFz ^ 

■" SF • ^ " '2F ' ^ "" ^2F ^ 

Taking positive rotation in each co-ordinate plane as indicated 
in the figure from iT to F, F to ^ Z to X, we have for the moment 
about the axis of Xin the plane YZ 

Mx=^z2F = 2Fz, (3) 

and for the moment about the axis of Zin the plane XY 

MM = xSF=:2Fi)c (4) 

There is no moment about the axis of F, or li^ = 0. The line 
representativeB of these moments are positive in the direction OX 
and OZ, negative in the opposite directions. 

The resultant moment is then 



Mr = VMx^ + Mz\ (5) 

The line representative of the resultant moment makes angles 
d, e and/ with the axes of X, Fand Z whose cosines are given by 

cos<i = ^=^, cose=^^ = 0, cos/ = ^. . . . (6) 

Mr Mr Mr 

Looking alon^ this line representative towards the ariginy the 
direction of rotation is always seen counter-clockwise. 

Equilibrium of a Eigid Body.— If a ri^id body acted upon by 
any number of forces applied at different points is in static equilib- 
rium (page 68), all the forces must evidently reduce to two equal 
and opposite resultant forces acting in the same straight Ime. 
That 18, tfie algebraic sum of the momenta of all the forces about 
every point in space must he zero. Or, any one of the forces must 
be equal and opposite to the resultant of all the others and act in 
the same straignt line with it. If any one of the forces is equal 
and opposite to the resultant of all the others, but does not act in 
the same straight line with it, we have molar equilibrium (page 
68). 

Conditions of Equilibrium of a Bigid Body acted upon by Paral- 
lel Forces. — If all the forces acting at different x>oints of a rigid 
body are parallel, we have then for the necessary and sufficient 
conaitions of static equilibrium: 
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l8t The algdyraic 9um of the forces muBt be zero, or 

2F=^0 (1) 

When this condition only is complied with, there is no resultant 
force, or any one of the forces is equal and op^site to the resultant 
of all the others, but does not necessarily act in the same straight 
line with it. We have then molar equilibrium. 

2d. The algebraic eum of the momenta of the forces with refer- 
ence to any two co-ordinate planeSy paral- 
lel to theforceSj must be zero. 

That IS, if we taJce the common direc- 
tion of the forces jparallel to the axis of F, 
and take the origin O as the centre of 
moments, we have the resultant moment 
-flfi- = 0, or 

2Fx^0, 2Fz = 0. . . , (2) 

When this condition only is complied 
^ with, there is no rotation about the origin 

O, or about any point in the axis OT. 

The resultant then coincides with the axis OT. If this resultant 
is not also zero, there can be no static equilibrium. If it is zero, 
then the 1st condition is also fulfilled, and we have the algebraic 
sum of the moments of all the forces about every point in space, 
equal to zero. 

In order, then, that there may be static equilibrium, both con- 
ditions (1) and (2) must be satisfied. 

Cor. 1. If equilibrium, molar or static, exists for any one direc- 
tion of the parallel forces, it will exist whatever the common direc- 
tion, provided the magnitudes and points of application of the 
parallel forces are unchanged. 

Cor. 2. If the parallel forces are co-planar, let their common 

{)lane be the plane of XY, and let their common direction be paral- 
el to the axis of T. 

Hien we have for the conditions of equilibrium 

SF=^0; (1) 

2Fx = (2) 

If the first condition alone is satisfied, we have molar equilib- 
rium. 

If the second alone is fulfilled, the resultant coincides with the 
axis of F. 

If both are fulfilled, we have the moment about every point in 
the plane zero, and hence static equilibrium. 



EXAMPLES. 

(1) Show that the centre of mass of the perimeter of a triangle 
cannot coincide with the centre of mass of the triangular area, ex- 
cept in the case of an equilateral triangle, 

(2) A mass P at rest on an inclined plane is attached to one end 
of a string which passes over a pulley at the top of the plane and 
supports at the other end a mass Q. The pressure of the plane upon 
Pis normal to the plane. Show that when Q is movea veriicaUyf 
the centre of mass of P and Q will neither rise nor fall. 
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Ans. Let a be the an^leof the plane with the horizontal. Let the string 
make the anffle fi with the plane. 

The weight of P is the attraction of the earth for P. ^ 

The tension of the strinff is the same as the weight of 
Q. Since P is at rest, ue tension of the string Q, the 
weight P and the normal pressure i^are in eqnuibriam 
and concur at the centre of mass 0. Let I be the length 
of the string, and x the length of that portion of it, Ce, 
between the body and the pulley, and y that portion of it, cQ, between the 
puller and the body Q. Then x-\-y=^l,'no matter where the body P is on 
the plane. The distance of the centre of mass of Pand Q below the pulley is 
then 

i*p sin (g ± /g) + Qy 

where the (-f-) sip^ for fi is taken when fi is above and the (— ) sign when ft, 
as in the figure, is below the parallel to the plane through C. 

But since P is at rest, the component of its weight parallel to (h must be 
equal and opposite to the tension of the string Q, Hence P sin (a ± >^ = Q, 
and the distance of the centre of mass of P and Q below the pulley is 

^^f} = D-T^t ^^ch is indap&ndsnt of the positum of Q. 

(3) Three maasea of 2, 3, 4 ounces respectively lie in a straight 
line. The distance between the first and second is lOincheSy between 
the second and third 5 inches. Find the centre of mass. 

Ans. At the centre of mass of the middle mass. 

(4) Four masses of 1, 2, 3, ^pounds are placed in order at equal 
distances one inch aj^rt on a rod. Neglecting the rod, finathe 
point at which they will balance. 

Ans. At the centre of mass of the third mass. 

(5) At the comers of a square, taken in order , are placed masses 
Ij 3, 5, 7. Find the centre of mass. 

Ans. If « is the length of a side of the square, the distance of the centre of 
mass from the side (1, 7) is =- , and from the side (5, 7) j. 

(6) From a fixed horizontal rod are suspended a given number 
of equal masses by strings, the sum of the lengths of which is given, 
Pina the distance of the centre of mass from the rod. 

Ans. If n is the number of masses and I the whole length of string used, 
the required distance is — . 

(7) Two masses support ea^h other on two smooth inclined planes 
by means of a fine string passing over the common vertex of the 
planes, if the masses are moved, show that the centre of mass 
moves in a horizontal line. 

(8) A solid right cone stands on a plane inclined at an angle 
of SO** to the horizon and is prevented from, sliding. Find the 
height of the cone in terms of the radius of the ba^se, in order that 
it may he on the point of overturning, 

Ans. 4r ya 

(9) A circular table weighing w lbs. has three equal legs at equi- 
distant points on its circumference. The table is placed on a level 
floor. Neglecting the legs, find the smallest weight which, placed 
anywhere on the tcMe, unlljttst bring it to the point of overturning, 

Ans. to lbs. 
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(10) If tike tcMe has four lege a# equidistant points^ find the least 
weight that will upset it 

Abs. 2.4to. 

(11) The centre of mass of a ladder weighing 50 lbs. is 12 ft from 
one end, which is fiaced. What force must a man apply at a dis- 
tance of 6 ft. from this end to raise the ladder f 

Ans. 100 Ibe. 

(12) Two parcdlel forces, acting in the same direction, are 17 and 
33 As. resffectively, and their voints of application A, B are 8 ft. 
apart. BHnd the resultant ana its intersection C tcith the line AB. 

Ajds. jFt = 50 lbs. parallel to the f ones 

^(7=6.28 ft., BC= 2.12 ft. 

(13) Find the resultant and the point C when the forces in the 
preceding example act in opposite dtr^etions. 

Ana. Fr = 10 Ibe. In the directioii of the larger foree 

AC = 16.5 ft., BO = 8.6 ft. 

(14) Two parallel forces Ft, F% of 12.6 and 26 lbs. act inthesame 
direction upon two points. The resultant acts at a distance cf^ft. 
from F\. What is the distance between the forces f 

Abb. Oft. 

(16) Besoive a force Fr = fS2 lbs. into two parallel forces aettng 
in the same direction, Fx and F% : (a) when the distances from Frare 
2 and Sft^- (&) when Fi = 20lbs.ata distance of 2 ft. 

Ana. (a) Ft = 81.2 Ibe., Ft - 20.8 Ibe. 

(6) F, = 82 Ibe. at a distance from ^rof 1.26 ft. 

(16) Resolve a force Fr^20lbs. into two parallel forces Ft, F%^ 
one of which, Fx , acts opposite to F% : (a) when the forces are distat^ 
from Fr 8 and 3 ft.; (6) when Fx is 80 lbs. and distant from Fr ^ft. 

Ans. (a) Fi = 12 lbs., F^ = 82 lbs. 

(6) ^s = 60 lbs. at a distance of 8.6 ft. 

(17) A beam of length I is supported at its ends. Parallel foreee 
Fi, Ft, Ft act upon it at right angles to its length, dividina thebeam^ 
into the segments b, c, d and e. Find the pressures Rx and Rt at the 
supports cU the left and right ends, neglecting the weight of the beam. 

^ Fx{l^b) + F^d-¥e) + F,e „ Ft(l -- e) + Ft{b-\-c) + Fxh 
Ans. Ai = -z > Jm = 2 • 

(18) A table is supported by three legs at the points A, B, C. 
A load F is placed upon the table at the point F. Find the press- 
ures on the ^s. 

Ans. Let the upward pressaree on the legs be i^i , ^s , Ft. Then 

J^,4.^, + ^,-J^=0 (1) 

Let n% be the distance of F from the line AC» and As the 
distance of B. Then, tidying moments about AC, 

Fnt-Ftht=0 (2) 

Let fh be the distance of F from the line AB, and A« the 
distance of 0. Then, taking moments about AB, 

Fnt - .y./i. = (8) 

From these three equations we have 

«• Fn% „ Fnt „ Fnx 

where tti Is the distance of Fttom BC, and hx the distance of A. 
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If the sides of the triangle ABO are a, b, e, and the angles BFO, CFA, 
AFB are a, ft, y, and the distances of Ftram A, B and Otaep, q and r, we have 

1 

^ _^ _ 2^2 _ j^ grsma 

^ hi 1- ^rsina+l'^sin y^+l'ff^X* 

In the same way we can find F% and Ft. If there are four legs, we have 
four unknown quantities and only three oquations of condition. The problem 
is then indeterminate. 

(19) Find the resultant for a system of parallel co-planar forces 
given by 

ir, = + 88 Ibe., aji = +26ft., yi=+18a; 

i?*, = + 20 •• », = - 10 " y« = - 15 

^, = - 86 '• SB, = -f- 15 " y. = - 37 

JP4 = - 7a " aj4 = - 81 " y4 = +17 

^, = + 120 " «, = +28 " y, = - 19 " 

Ans. i?V=+Mlb8., 5 = +77.16 ft., S= -86.82 ft. 
If the forces are parallel to the axis of K Ifs = + 6091.9 Ib.-ft. 
If the forces are parallel to the axis of XMm=+ 2480.12 Ib.-ft. 
If we look along the line representative of the moment towards the origin, 
the rotation is seen counter-clockwise. 

(20) Find the resuUant for the parallel' force system given by 
l?"! = + 60 Ibe., 9i =0, yi- 0, d = 0; 

i?; = + 70 " «, = +lft., y, = +2ft., s, = +8ft; 

l?i = -90" «, = +2" y, = +8" s, = +4" 

i?'4 = -160" aj4 = +8" y4 = +4" S4 = +6 

l?V = +200 " «, = +4" y, = +6" «, = +6 

Ans. ^r = +901bs., 5'=: + 2|ft.. T=+8ft., 7= + 8ift. 
If the forces are parallel to the axis of x, we have 

J&=+8151b..ft., ifs = + 240 Ib.-ft.. ifr = 896 Ib.-ft. 

The line representative making the angles with the axes of X, T, Z given by 

^ . 815 ^ ^ , 340 

~^^ = + 896' ^' = ^' ««^= + S6' 

or 

d = 822' 41' 41". d = 90% / = 62* 41' 41". 

If we look along the line representative towards the origin, the rotation is 
seen counter-clockwise. 
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STATICS— NON-OONCUBBING FORCES IN GENERAL. 

OOMFOSmOK AND BEfiOLtmOlT OF F0BCB8 AlTD OOUPLBS. CBRTRAL AZIB OF 
A FORCE BT8TBM. CONDITIOH8 OF SQUIIilBBIUlf OF A RIOID BODY. 
AJTALTTICAL DETERMINATION OF RlBSULTANt FORCE AND COUPLE FOR 
ANT NUMBER OF NON-CONCURRING FORCES IN SPACE. BqUIVALENT 
WRENCH. THE INTARIANT. COMPOSITION AND BB80LUTI0N OF 
WRENCHES. 

In the preceding Chapter we have considered non-ooncurring 
forces when they are parallel. We shall now consider non-concur- 
ring forces in general, whatever their direction. 

Composition and Besolution of Forces and Couples. — Let a 
force AB = -^ F act at any point A of a ri^d body. 

If at any other point O of the body we introduce two equal and 

opposite forces, Ob= -^ F and Oa = 
»-B — ^* QS^^ equal in magnitude to AB 
and parallel to it, the motion of the 
body is obviously unaffected by such 
intI^oduction. We have then the 
force AB = + -F* acting upon the 
body at Ay reduced to an equal and parallel force 0& = + /*, acting 
at any point O we please, and a couple consisting of AB and Oa, 
The moment of this couple is the same for every point in its plane 
and equal to Fp^ where p is the perpendicular distance between the 
forces AB and Oh (page 72). The action of this couple is to cause 
angular acceleration of the body about an axis perpendicular to its 
plane (page 72). 

Since the motion of the x>oint O is not affected by the introduc- 
tion of the equal and opposite forces Oh and Oa, the axis of rotation 
passes through O. The motion of the body is therefore that of the 
point O at any instant, combined with rotation about the axis 
through O, i)erpendicular to the plane of the couple. 

Hence (compare page 189, Vol. I, Kinematics), A force F acting 
at any point of a rigid hody can he resolved into an equal and 
paraltel force at any point O of the hody at a distance pfrom the 
line of direction of is and a couple vohose moment is i7>, whose 
plane is that of the forces, and whose axis of rotation passes through 
the point O perpenaicudar to this plane. 

Conversely, Tlie resultant of a force F acting at any point O of 
a rigid hody and a couple whose moment is Fp and whose axis of 
rotation passes through the point O at right angles to the plane of 
the coupU, is an equad and parallel force acting at a distance p in 
the plane of the couple. 

Cor. 1. Any number of forces acting at different points of a 
rigid body in different directions can then be reduced to a system 

82 
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of ooneurring forces acting at any given point of the body, and a 
number of couples whose Tine representatives pass through that 
point. The forces can be reduced to a single resultant (page 58), 
and the couples can be reduced to a single resultant (i>age 73). 

Hence any number of forces acting at different points of a rigid 
body in different directions can be reduced in general to a single 
force It acting at that point and a couple whose une renree^itative 
passes through that noint. The couple will vary witn the point 
chosen. The force is the same no matter what pomt is chosen. 

Cob. 2. TMb resultant force R and couple whose moment is Rp 
can again be reduced to a single resultant equal and parallel force 
R at tbe distance^ in the plane of the couple. 

If this single resultant force 12 passes through the centre of mass, 
every point of the body has the same acceleration / in the same 
direction and the motion of the body is one of translation (pa^ 

76). The single resultant force is then R^fSniy or/^—— , 

2911 

where 2m is the mass of the body. 

If this resultant force R does not pass through the centre of 

mass, it can be reduced to an equal and parallel force R =f2m 

which does, and a couple whose plane is that of the forces and. 

whose axis of rotation p€U9ses through the centre of mass. This 

couple then does not affect the acceleration of the centre of mass, 

which is therefore in both cases in tiie same direction and equal 

to/ = 



2m 

Therefore, when a rigid body is acted upon by any number of 
forces applied at different points and acting in different directions, 
that is, whatever the motion of the body may be, the motion of the 
centre of mcisa is precisely the sam^ as if the body were replaced by 
a particle of equal mass at the centre of mctss, and all the forces 
were transferred to this particle without change in direction or 
maqnitude. 

Central Axis of a Force System. — ^Any number of forces acting 
at different points of a rigid body in different directions may be 
reduced to a single force and a couple whose axis is in the line of 
action of the force. 

Let OR bcv the line representative of the force R^ and OM the 
line representative of the couple M, passing +r 

through O, to which, as we have seen, any 
number of forces acting upon a rigid body 
may be reduced. Resolve OM into the com- 
ponents O^at right angles to OR, and OC 
along OR, The couple represented by ON can 
be replaced by the equal parallel and opposite 
forces — i? at O and -^ R at s, point Oi , the 
distance OOi being perpendicular to the plane of ON and OR and 

ON 
equal to -^. Then — R and + i2 at O balance, and the system is 

reduced to ^ at Oi and the couple ^presented by OC, whose axis 
is parallel to R (compare page 191, Vol. I, Kinematics of a Rigid 
System), The couple represented by OC causes rotation of the 
body about the axis OC with a certain angular acceleration a, and 
therefore Oi has the acceleration of translation OOi . a. 

But (page 190, Vol. I, Kinematics of a Rigid System) an angular 
acceleration a of a rigid system about any axis can be resolved into 
an equal angular acceleration about a parallel axis at any distance 
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OOi and an acceleration of translation Od . a in a direction at 
right angles to the plane of the axis. The axis through O can 
then be shifted to Oi. The entire system of forces reduces then 
to the resultant force B at d and a couple ^irhose axis is in the line 
OiB. 

When this reduction is made, the line of action of the force is 
called the central axis of the force sygtem, or Pointsot's central axis. 
(Ck>mpare page 191, Vol. I, Kinematics of a Rigid System.) 

Sir R. S. Sail has given the name wrench to the resultant force 
and couple to which a given system of forces may be reduced when 
the line of action of the resultant force is the central axis. 

Cor. 1. Since Olf is always greater than OC, it is evident that 
the magnitude of the resultant couple is less when its direction is 
that of the central axis than when it has any other direction. 

CoR. 2. If is the angle between B and M, then denoting ON 
by JV; and OC by C, 

^^ N If sin d>^ ^, 

OOi = »-== — ^g-^(7 = ilfcos0, 

and this value of C gives the least value of the resultant moment. 
This is called Paintsofs moment. 

Conditions of Equilibrium of a Bigid Body. — ^We have proved 
in the preceding Article that any forces acting on a rigid body can. 
be reduced to a single resultant force R and a couple whose axis is 
parallel to that force or whose plane is at right angles to it. 

In order, then, that static equilibrium may exist, R must be zero 
and the moment of the couple must be zero. Or, as we have stated 
4R (page 77), all the forces must evidently reduce 

B to two equal and opposite forces acting in the 
same straight line. Hence, the algebraic sum 
of the mcments of all the forces about every 
point in space must be zero. Any one of the 
forces, then, must be equal and opposite to the 
resultant of all the others and act in the same straight line with it. 
If any one of the forces is equal and opposite to the resultant of all 
the others, but does not act m the same line with it, we have molar 
equilibrium (page 68). 

We have then two necessary and sufficient conditions for static 
equilibrium:* 

1st. The algebraic sum of the components of all the forces in each 
of any three rectangular directions must he zero. 

If the forces i<^, i^s, i^s, etc., make the angles (ai, fii^ yi)^ 
(at, >5s, y%\ etc., with the co-ordinate axes, then we must have 



.ZZ7 



Fx^Fi cos ai + F« COS at + etc. = 2FcoA a = 0; ^ 

« 

Fy^Fi COS pi + Ft cos A + etc. = ^jPcos >S = 0; 
i?i = -Fi cos r 1 + -^« cos r« + etc. = 2F cos r = 0. . 



(1) 



When these equations only are complied with, there is no re- 
sultant force and any one of tne forces is equal and opposite to the 
resultant of all the others, but does not necessarily act in the same 
line with it. We have then molar equilibriiun. 

2d. The algebraic sum of the component moments in each of any 
three given planes at right angles must be zero. 

* Oompare page 199, VoL I, KuMmaticBqfa Bigid dystem. 
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If (xi , yi , zi\ (a?3 , yt , Zt\ etc., are the co-ordinates of the points 
of application of the forces Fi, i^s, etc., 
then 



Mx = 2Fy coBr ^ SFz co&/3 = 0; 
My = ^i?'^ COS a — 2Fx cos r = 0; 
Mg = :^i^a;cos fi — 2Fy cos a = 0. 



(3) 




The fig^ure shows the direction of posi- 
tive rotation in each j^ane and of positive 
components F cos a, F cos p, F cos y- 

when these equations only are satis- 
fied, there is no rotation about the origin O. The resultant then 
passes through O. 

If this resultant is not also zero, there can be no static equilib- 
rium. If it is zero, then the 1st condition is also satisfied and we 
have the algebraic siun of the moments of all the forces about every 
point in space equal to zero. 

In order, then, that there may be static equilibrium, both condi- 
tions (1) and (2) must be fulfilled. 

Cor. 1. If the forces are all co-planar, let XY be their plane. 
Then z = 0, cos y =0^ and the gener^ conditions of static equilib- 
rium become 

Fx^SFcoBa =0; 

Fy=^2FcoB/3 



= 0;) 
= 0;f 



(1) 



Mz = SFx QOBfi — 2Fy cos a = (2) 

That is, 

l8t. The algebraic sum of the components of the forces in each of 
any two rectangvlar directions in the plane of the forces must be 
zero. 

M. The algebraic sum of the moments of the forces about any 
point in this plane must be zero. 

If the first condition only is satisfied, we have molar equilib- 
rium. 

If the second only is satisfied, there is no rotation about the axis 
OZ. The resultant then coincides with this axis. 

When this resultant is also zero, we have the algebraic sum of 
the moments of the forces about every point in the plane zero; both 
conditions are satisfied and there is static equilibrium. 

CoR. 2. If three non-concurring forces acting at different points 
of a rigid body are in equilibrium, their lines of direction produced 
must intersect in a common point and the forces must be co-planar. 

For the resultant of any two must pass through their point of 
intersection and lie in their plane. The third force must be equal 
and opposite to this resultant and act in the same straight line. 

Cor. 3. If the forces are parallel, take their common direction 
parallel to the axis of Y. Then cos a = 0, cos r = 0, cos )5 = 1, 
Fx = 0, Fz = 0, Fy = 2F, and we have 

2F = 0; (1) 

2Fx = 0, SFz = (2) 

That is, 

1st. The algebraic sum of the forces must be zero. 

2d. The algebraic sum of the moments of the forces with reference 
to any two co-ordinate planes parallel to the forces must be zero. 

These are the same conditions given on page 78. 
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If the first condition onl^ is sadsfied, we have molar equilib- 
rium. If the second condition only is satisfied, the resultant 
passes through the origin and coincides with the axis of F. 

Cor. 4. If the forces are pcurallel and co-planar, let their common 
plane he the plane of XF, and let them all oe parallei to the axis of 
v. Then we have 



2F = 0\ 



(1) 

(2) 



2Fx = 

That is, 

lat. The algebraic sum of the forces miMt be zero. 

2d. The algebraic sum of the momenta of the forces about any 
point in th^r plane must be zero. 

Analytical Determination of Sesnltant Force and Coaple for Any 
Hiunber of Non-cononrring Forces in Space. — (Compare ^age 197, 
Vol. I, Kinematics of a Rigid System,) Let an^^ number oi forces 
Fly Ft f Ft, etc., acting at different points of a ri^id body be given 
by (xi , pi , Zi), (Xi , Vi , Zi), etc., the origin being taken at some point 
of the rigid body. Let Ft make with the co-orainate axes of IT, F, Z 
the angles (ai , fii, yi) respectively; Ft , the angles (as , fit , yt), etc. 
Then we have for Uie algebraic sum of the components parallel to 
the axes 



Fx^FiCOBai + FtCOBat + .. . =:2FcOBa; 
Fy = FiCoa fii + Ftcoafit-^ . .. = 2Fcoe fi\ 
F» = -Fi cos x> + -^« cos r« + • . • = S-Pcos y. , 



. . (1> 



Resultant Force. — If the resultant Fr makes the angles a, b^c 
with the axes, we have 

FrCOBa — Fx, FrCO^b^Fy, FrCOSC = i?i, 

and hence the direction cosines are given by 

Fx 



cosa=~^, cos6 = ^, cosc=^ 



(«> 



Squaring and adding, since cos' a + cos' b + cos' c = 1, 



Fr = yFx* + F^ + Fg . 



(8> 



The 



itude and direction of the resultant force are thus 



mi^mi 
determined. 

There are precisely the same equations as for concurring forces, 
pa^ 60. 

oesnltant Couple.— We can resolve each force, Fi , jFi , etc. (page 

82), into an equal and parallel force 
acting at the origin O, and a couple 
causing a moment about O. Each 




couple can be resolvedjnto^mponent 

positive rotf 
indicated by the ngure in each plane, 



coiipies in the planes XF, FZ, ZJ 

Taking, then, positive rotation as 



we have for the component moments 
in each plane about each axis (compare 
page 198, Vol. I, Kinematics of a Kigid 
iSystem): 
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about axis of X 
in 



The moment of the resultant couple is then given by 

Mr = VWTWTW, .... 
and its direction cosines are given by 

Mx 



(4) 



cosci = 



Mr' 



Mv 

cose = —^ 



JUr Jttr 



(5) 



(6) 



The axis passing through the ori^n is thus known in direction. 
The line representative coincides with this axis and is given in 
magnitude by (5). Looking along the line representative towards 
the origin, the direction of rotation is seen coimter-clockwise. 

The magnitude and direction of the resultant couple are thus 
known. 

We have thus reduced the forces acting upon the'bodv to a re- 
sultant force Fr acting at any point of the Body taken as tne origin 
O and a couple whose moment is Mr. The resultant force Fr is tne 
same in magnitude and direction whatever point be taken. The 
moment Mr depends upon the point. 

If r is the lever-arm of l^e resultant with reference to the origin 
O, we have 

FfT^iMr, or r = ^. 

J?r 

Conditions of Eqnilibriiixn.—If the body is in static equilibrium, 
we must have 

JPi = 0, JFy = 0, J^»=0, andalso Mx=^Oy My = 0, Mm = 0. 

We see from (S) that the first condition is fulfilled when Fr = 0, 
or the resultant force is zero. Therefore all the forces must reduce 
to two equal and opposite forces, or any one of the forces must be 
equal and opposite m direction to the resultant of all the others. 

We see from (5) that the second condition is fulfilled when 
Mr = Oj that is, the two equal and opposite forces must act in the 
samelme. 

We have then for the equations of condition for equilibrium, 
from (1), 

2Fooaa = 0; 

(7) 



<■* 



and from (4), 



2Fco& p — 
2Focmx = 

2JPVcosr — 2^2fcos/5 = 0; ^ 
2Fz cos a — SFxcoBy = 0; 
2Fxco&fi — 2FycoBa^0. ^ 



(8) 



If equations (8) only are fulfilled, the two opposite resultant 
forces pass through the origin O, but unless CT) is also fulfilled they 
are not equal. (Compare page 199, Vol. I, Kinematics of a Rigid 
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System.) If (7) only is fulfilled, we have molar equilibrium (page 
58). These are the same equations as on page 85. 

Condition that there shall be a Single Beanltant Force only.— If 
all the forces intersect at a single point, the moment at that point 
is zero, and all the forces acting upon the rigid body reduce then 
to a single resultant force at this point. 

There is, however, one case m which the forces may not all 
intersect at a single point, and yet we mav have a single restdtant 
force. In this case all the forces must reduce to three, any two of 
which intersect, while the other, although it does not pass through 
their point of intersection, yet intersects their resultant. 

Thus let the resultant forces parallel to the plane XY, Fx and Fy , 
intersect in a point A, We can then take them as acting at cmy 
point in the line of their resultant AC. Now suppose that the 

resultant force Fz parallel to the axis 
OZ intersects this resultant AC at B. 
Then we can take all three as acting 
at By and thus have a single resultant 
force passingjhrough B, 

Let x^y^ 2? be the co-ordinates of 
the point -S. Then considering Fx^ Fy^ 
Fz acting at this point, we have 

Mx^Ff^" FyZ\ 

My = Ftj^-- Fiac\ 

Mz = F^ — Fxy. 

If we multiply the first of these by Fx , the second by Fy . and 
the third by Fz and add, we have (compare page 200, Vol. I, Kine- 
matics of a Rigid System) 

FxMx + FyMy + FzMz = (9) 

Equation (9) gives the condition which must be satisfied in order 
that all the forces may reduce to a single resultant. 

We have evidently for the projection of the line of this resultant 
on the co-ordinate planes 

Mx_ 

Fy 

Co-planar Forces. — If the forces are all co-planar, take their plane 
as the plane of XT, Then z = 0, cos r = 0, and, from equations (1), 

Fx = Fi cos cti + Fi cos n-j + . . . = SFCOB a; 
Fy = Fi cos fit +FtCoa/3t + .., = 2Fcob ft; 
Fz=0; 
and from equations (4), 

Mx — 0, My = 0, Mz = 2Fxco8/3 — 2FyooBa, 

We see, then, that equation (9) is satisfied. When the forces 
are co-planar, therefore, they reduce to a single resultant. 

The equation of this resultant, if the plane of the forces is the 
plane of XV, is 

Fy Mz 

Fx Fx 
The magnitude of the resultant is 



Fy Mz 

y = — -X -, 

Fx Fx 



Fx My 

X = — ~-z — 

Fz Fz 



Fz 



Ft = VFx^ + Fy\ 
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The resultant moment is JKr ; and if r is the lever-arm of the 
resultant with reference to the origin, 

Mz 

Parallel Forces.* — If the forces are all parallel, we have a, ft, y 
constant for all the forces. Hence from (1) and (2) 

Fx = cos aSF = i?r cos a; ] 

Fy = COS fi:^F = -Pr COS 6; > (10) 

^ Fz = COS x2F = Fr cos c. j 

The resultant Fr must have the conmion direction of the pcur- 
aUel forces, or 

a = a, b = fi, c=zy, and Fr=^2F. 

That is, the resultant Fr is equal to the algehraic sum of the forces 
and is pcurallel to them. 

If we transfer the origin to any other point of the body whose 
co-ordinates are x\ y*, z\ we have from (4), by putting y — y\ 
x — x, z — s^ in place of y, x, z, and taking a, /3, y constant, 

JM'x = COS yZFXy-yO - a» f^XB^z - arO = coe y[2 JV -y'SJl - cob fi>\XFz — tfXF\ ; \ 

M^ = cos aXF{z -«0- cos yXHx -x') = cos a[%Fz -«'XP]- cos yilFx— x'lF] ; I , (H) 

Ji; = 006 pSJT[«-ar')- cos oSKy-y') = cos p[5^lc-a?'2F] - cos a[^Fy- y'2^. ) 

If we substitute (11) and (10) in equation (9), we see that equa- 
tion (9) is satisfied. All the forces reaiice then to a single resultant 
force. The point of application of this force is given by the values 
of xf^ y\ ^ which make Mx^MyyMz zero. Hence the co-ordinates 
of the point of application of the resultant force are 

- 'SFx - 2Fy - 2Fz .^^^ 

This point is the centre of parallel forces (VQ^ 73). 

Equivalent Wrench. —(Compare page 201, V of. I, Kinematics of a 
Rigid System.) We have seen (pages 83, 86) that all the forces act- 
ing upon a rigid body may be reduced to a resultant force Fr acting 
at any point of the l>ody taken as the origin and a couple Mr causing 
rotation about an £txis through that point. The resultant force 
Fr is the same in magnitude and direction no matter what point is 
taken. The couple Mr varies with the point. We have also seen 
(page 83) that this force and couple can be reduced to the resultant 
force Fr at a certain point and a resultant couple Cr whose axis is 
in the line of direction of Fr. The name wrench is ^ven to this 
resultant force and couple; the axis is the central axis; the mag- 
nitude of the resultant force F^ is called the intensity of the 

Cr 

wrench; the ratio of the moment cv to the force Fry or -=-, is 

evidently a linecu* magnitude and is called the pitch. It is the 
lever-arm of the couple which gives the moment Cr when the forces 
of the couple are equal to Fr. 

A single force may thus be regarded as a wrench of zero pitch, 
a couple alone as a wrench of infinite pitch. 

* 0>mpare page 200, Vol. I, Kinematiea of a Rigid System. 
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(1) The resultant force along the central axis is given by (3) 

(2) The direction-cosines of the central axis are given by (2) 

Fsf -M Fv Fm 

C0Sa=:r=p, cos&«^, cosc = ^. 

Jfr JPr J^r 

(3) The moment at every point resolved in a direction parallel 
to the central axis must be the same and equal to that in the direc- 
tion of the central axis. Let Cr be the resultant moment along the 
central axis and let its components along the co-ordinate axes be 

Take an^ point for which Fx, Fy, Fz and Mx^ Myj Mm are given 
as the origin, and let the co-ordinates of any point of the central 
axis be (otf\ ^\ s^'). Then the components m^, my, m« of the 
moment at the origm due to the couple in the plane at right angles 
to the central axis are from equations (4), page 87, 

my = Fx2"~-FVa"; > (18) 

m, = F^' - F«y". ) 
We have then 

Mx = C« + IWaf , My := Cy + 1% , Mg =: C* + Ills , 

or 
Cx = Mx— w* I Cy = iify — 1% , c« = ilfji — m«. . . (14) 

Hence 

Ct = {Mx — tiisr) cos a + {My ^ my) cos 6 -I- {Mm — ms) cos o. 

Inserting the values of the direction-cosines of the central axis, 
we obtain 

CrFr =^{Mx- mx)Fx + {My - my)Fy -K-Mi - m,)F«. 

But since nixFx H- myFy + nhFM = 0, this becomes 

CrFr = FxMx + FyMy + FzMm (15) 

We also have from (14) 

Cr cosas=c» = JMij — m«, CrC0s5 = iIfy — my, Cr cos c=Jlftf—m«. (16) 

Hence from (13), inserting the values of the direction-cosines, 

Cr Mx+Fy2f'-F^' My + Ftaf' -Fxsf' Mm + Fxy" - F^' .-- 
F;= K "= F-y - Fm ' ^''^ 

Equations (17) give the equation of the central axis. 
From (15) we have 

Cr ^ FxMx + FyMy -^-FzMm ^g. 

Fr Fx* + Fy + Fz 

This we have called the pitch (compare page 202, Vol. I, Kine- 
matics of a Rigid System). It is the lever-arm of the couple which 
gives the moment Cr when the forces of the couple are equal to Fr. 
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If we insert (17) in (16) and reduce, we have f <»r the equation of 
the central axis 



1 / ., jyjfe - FzMy \ _ _!_/., _ FzMx-^ 
YxV ^ B"^ J^FyW Ft* 



FzMx — FxMz \ 



1^/ ., FxMy — FyMx \ 



OS) 



Therefore the central axis passes through a point whose co- 
ordinates are* 



(20) 



„ _ FyMs - F zMy ^j, _ FzMx - FxMz ., _ FxMy - FyMx 

U we substitute these values of af\ \/\ «" in (13) and (16), we 
have 

JIfe = Cr cos a - -FV(2f" cos 6 - y" cos c), F« = Fr cos a; j 

Jlfy = Cr cos 6 - Fr{d' COS C - 2f" COS a), Fy = Fr COS 6; \. (21) 
ilf« =: Cr COS C — Fr('^* COS a — 0?" COS 6), F« = i^r COS a. ) 

When, therefore, MxyMy^Mz^FxyFy^Fz are given for any point 
of the body, we can find the equivalent wrench, that is, the result- 
ant force Fr , the direction of the central axis, and from (20) its 
position with reference to that point as an origin. We have also 
the couple Cr in the direction of tae axis from (18). 

On the other hand, if the position {pc!\ y'\ z") of the central ems 
is given, together with Cr and Fr , we can find MxyMy^ Mz and Fx > 
Fy , Fz for tne origin. The quantities Fx , J^, Fz and Mx^ My^ Mg 
are called the components of the wrench. Ilie wrench is known 
when these six quantities are known. 

The Invariant.-— (Compare page 203, Vol. I, Kinematics of a Rigid 
System,) From (15) we see that the quantity 

FxMx + FyMy + FzMz 

is always equal to FrCr , and is therefore invariable no matter what 
point is taken and whatever the values of Fx, Fy^ Fz, that is, 
whatever the direction of the axes. This quantity is therefore 
called the Invariant of the components. Since Fr is also invariable 
whatever the direction of the axes, it may also be called the inva- 
riant of the couple. 

If the invariant is zero, it follows that either Fr is zero or Cr is 
zero. The condition 

FxMx + FyMy + FzMz = 

is therefore the condition that there is no resultcmt force, or rota- 
tion only, or that there is no rotation and therefore a single result- 
ant force only (see equation (9)). 

Composition and Beaolntion of Wrenches. — (Compare page 203, Vol. 
I, Kinematics of a Ri^id System,) If two wrenches are given, then by 
(21) we can find the six components of each wrench. Adding these 
two and two, we have the six comnonents of the resultant wrench. 
Then by equations (2), (8), (15) ana (20) the resultant wrench may 
be found. 

* If the perpendiealAT from the origin to tbe central axis is p, then 9f\ ff\ 
s" are the projections of p upon the axes of X, T, Z, 
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Conversely, we may resolve any given wrench into two 
wrenches in an infinite numher of ways. Since a wrench is given 
by six components at any point, we have in the two wrenches 
twelve quantities at our disposal. Six of these are required to 
make the two wrenches equivalent to the given wrench. We may 
therefore in general satisfy six other conditions at pleasure. 

Thus we may choose the axis of one wrench to be any given 
straight line we please. 

Special Cases. — All cases are included by the general formulas 
(1) to (21) of the preceding Article. 

(a) For concurring forces in space^ take the origin as the point 
of concurrence. Then Mx =0, Jfy = 0, Mz = 0. If the concurring 
forces are in equilibrium, we have also Fx = 0, Fy^ 0, Fz = 0. 

(6) For concurring co-planar forces^ take the origin as the i>oint 
of concurrence. Then Jlfi = 0, Jtfy = 0» -^^ = ^» and ine = 0, z = 0. 

(c) For non-concurring cO'planar forces^ take XF as the plane. 
Then 2 = 0, i?i = 0, Jlfx = 0, M^ = 0. 

(d) If one point of the hoay is fixed, take that i>oint as origin. 
Then since there can be no translation, Fx =- 0, i^'y = 0,i^« = 0. 

(e) If an axis parallel to X is fixed, there can only be translation 
along this axis and rotation about it. Hence Fy = 0, i^^ = 0, My = 0, 

(/) If tvx) points are fixed, there can be no translation, but only 
rotation. If we take the axis of X through the points, we have 
Fx = 0,Fy = 0, Fz = 0, ifj, = 0. Mz = 0. 

(g) If one point is always in the plane XY, the body can have 
no translation parallel to z. Hence Fz = 0. 

(h) If three points not in the same straight line are confined to 
the plane XY, we have rotation about Z only fuid no translation 
along Z. Hence Fz = 0, Mx = 0, My = 0. 

(t) Ifttoo axes parallel to X are fixed, we can only have transla- 
tion parallel to X Hence Fy = 0, Fz = 0, and Mx =0, My=^ 0, 
Mz = 0. 

U) If the forces are all parallel to Y, there is translation paral- 
lel to Y only, and rotation only about Z and X Hence Fx = 0, 

Fz = 0,Fy = 0. 

EXAMPLES. 

(1) Let a rigid body he acted upon by the co-planar forces 

F, = 50 lbs., Ft = 30 lbs. , i?; = 70 lbs., -P* = 90 lbs.. Ft = 120 lbs. 

acting at the points given by 

a;, = + 5 ft., y, = + 10 ft.; jr, = + 9 ft., y, = -f. 12 ft.; 
Xt- + H ft., y, = + 14 ft.; a;4 = 4- 20 ft., y* = -f 18 ft.; 
Xt = -f 15ft.,y, =+ 8ft. 

Let the forces make angles ivith the axes of X and Y, given by 

CTi = 70% fit = 20°; a, = 60', /Ja = 150'; a, = 120', /5, = 80'; 
a, = 150', fi, = 120'; a, = 90'. /?. = 0'. 

Find the resultant, etc. (Compare Ex. (13), Vol. I, page 207.) 

Ans. We have (page 86) for the components parallel to the axes of X and 
Y: 

J7!e= 50 COS 70' + 80 cos 60' - 70 cos 60' - 90 cos 80' = - 80.842 lbs.; 

i?V=50cos20' - 80 cos 30' + 120 -f 70 cos 80' - 90 cos 60' = 4-156.626 lbs.; 

Fz = 0. 
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The resultant is given in magnitude by 



Ft = '^Fx^-\-Fy^ = 176.259 lbs., 
and its direction-cosines by 

^^ —80.842 AAno <t\t Alt 

^^ = ^ = 176:259' ^' ^ = "^ ^^^' 

^^^+156^ 6 = 27-18'r. 

Ft 176.259 ' 

We have from equation (4), page 87, 

'2Fx co8/5 = + 50co8 20'x5-80coe30'x9 + 70cos80° 

X 17 - 90 cos 60' X 20 + 120 X 15 = + 1981.670 Ib.-ft.; 

^Fy cos a = + 50 cos 70' X 10 + 30 cos 60' X 12 - 70 cos 60' 

X 14 - 90 cos 30* X 18 = - 1152.245 lb. -ft. 
Mx = 0, Jfy = 0, Mz = 'SFx cos/3 - 2Fy cos a = + 8088.915 lb.-ft. 

Since, then, equation (9), page 88, . 

FxUfx -|- FyMy ~\~ FjtMx = 0, 

is satisfied, the forces reduce to a single resultant force. 

The moment of this resultant force relative to the origin is 



Mr = VM^ -f Jfy* + JG» = Jf, = -f 8088.915 Ib.-ft 
Its lever-arm is 

Mr 8088.915 ,.^,^ 

^ = 7r=m269=^^-^''- 

The equation of the line of direction of the lesnltant (page 88) ia 

y = ^-^ = - l.flto + 88.14. 
jrx Jpx 

The co-ordinates of the point of application of the resultant are given from 
equations (12), page 89 : 

- 2^fco»£_+miJ7_ 

*- Ft - +156.628- +^^"" 

- SFyeoBec - 1152.245 ,.-„-„ 
y= Ji = -80.842 = + t*aSft- 

(2) Find the resultant^ etc., for the force system acting on a rigid 
body given by 

JP; = 50 lbs. ; ai = 60'. fit = 40% yi acute; 

Ft= 70 " a, = 65% yj, = 45% y, obtuse; 

2?*,= 90 " a, = 70% )5, = 50% y-, acute; 

-^4 = 120 " a* = 75% ^^4 = 55% >'4 obtase. 

Xi =0, yi = 0, 01 = 0; 

«, = -flft., y. = + 4ft., f, = + 7ft.; 

flj, = + 2 " y, = -f 5 " «, = +8 " 

aj4 = + 8-' y4 = -f6** f4 = -f9" 

(Comparo Ex. (15), Vol. I, page 208.) 
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Ans. We find the angles y ^7 ^^ fonnula, Vol. I, page Id, 

ooe' x' = ~ cos (a -f- )9) 008 (a — /^. 

Then from page 86 we have 
. ^« =+ 116.428 lbs., JPV=+ 314.480 lbs., ^s = - 61.007 lbs. 

Therefore the resultant is 

Ft = l/J?TT?TW = +a4».8» Iba, 
and its direetion-oosines are g^ven by 

OOS<l==r. OOS^rr^g?-, 008 = -^=-, 

Jpr Jer Jfr 

or 

a = 68' 9' 48", h-WWW*, c = 101* 4St, 

We also have for the moments from equation (4), page 87, 

Mx^- 1888.604, Jfy = + 028.947, JG = - 86.908 Ib.-R 

The resultant moment about the origin is 

Mr = |/ Jfx« + ify» + Jfi* = + 2061.789 lb.-ft.» 

and the direction-cosines of its line representatiye are given by 

- Mx My . Jtfs 

«»<'=lF-. 008*=^, oos/=^. 
JKr JHr Mr 

or 

tf = 158'' 5' 40". « = 68* 14' 15", / = 92*24' 56". 

Looking along this line representative towards the origin, the direction of 
rotation is seen counter-clockwise. 

The equations of the projection of the resultant on the co-ordinate planes 
are 

y = 1.885aj -f 0.746, « = - 2.28* + 18.19, « = - 0.23% - 8.57. 

We see that 

JPxMx "T" FyMy -|- FzMt 

does not in this case equal zero. Hence, page 88, the forces do not reduce to 
a single resultant force, but to a resultant force along the central axis and a 
couple whose axis is the central axis. 

The resultant force along the central axis is, as already found, Fr == 249.825 
lbs., and its angles with the co-ordinate axes are as already found. 

The co-ordinates of the central axis are given by equation (20), page 91, 

The resultant couple 6r is given by equation (15), page 90, 

Ifr 

The direction, cosines of its line representative are the same as for the re- 
sultant Fr , and looking along this line representative towards the origin the 
rotation is seen counter-clockwise. 

The components of Or are given by equation (16), page 90, 

60 = 0r cos a = — 19.481 Ib.-ft., <^ = (v cos 5 = — 85.806 Ib.-ft., 

fl« = Cr cos c = -f 8.5288 Ib.-ft. 
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(3) In the preceding exampie find what the eiH)rdmatee fl;« , y 4 , 
z* of the force F* = 120 U>8. must be in order that all theforeee may 
rodtkce to a single resultant. (Compare Ex. 16, page 362.) 

Ans, We eyidently have Fx* Fy, Fz,Fr and the angles a, b, e unchanged, 
sinoe chan^^g the point of application ol Fa without chaoging its direction or 
macndtude lias no effect on the magnitude of the resultant or its direction. 

we have then 

J&=- 659.671 ~98.26%r«- 68.829^4; \ 

Jfy = + 800.620 + 31.060»« + 02*262fl;4; V (1) 

Mm-- 107.086+ 68.820»« - 81.06^4. ) 

We have as the equation of condition for a single leBultaat, equation (9), 
I«ge88, 

or 

ii6.«»j& + 2i4.48jry - 6i.o<prjr« = o, 

or 

ieE + 1.842Jfy~0.4886Jfs=:0. (2) 

Fnom (1) we obtain 

(J&+ 659.671)81.0I» + (Jfy - 869.629)68.889 ==: (jr«+ 107.086)98.262, 

or 

iCs + 2.216Jfy - 8.008JG = + 481.084, (8) 

From (2) and (8) we obtain 

0.874Jry - 2.564irs = +481.084 

If we retain for My its value in the preceding example, + 928.947 lb. -ft., 
we shall have 

Mk = - 62.108 lb..ft., 

JGj = - 1788.96 

If we substitute these values in (1), we obtain 

98.26^4 + 68.82004 = + 10744; 
81.06924 + 98.262«4 = + 669.308; 
68.82994 - 81.06^4 := + 64984 

a;« = - 0.888s« + 6.997; 
tf« = - 0.788s« + 11.620. 

If thien we aamme «4 = 0, we have 

04 = + 6.997, tf« rs + 11.620. 

(4) Using the values of the preceding example^ find the point of 
application of the resultant. (Compare Ex. 17, Vol. I, page 210.) 

Ans. We have 

^« = + 116.428 lbs., J^y = + 214.480 lbs., J^s = - 61.067 Iba, 

J^r = + 249.826 lbs.; 

a = 62'* 9' 48". ft = 80'89'20". « = 101*49'; 

JCb =: - 17B8.976 lb..ft., Jfy = +928.947 lb. .ft., JKe= - 62.1081b.-ft., 

!& = + 1967.828 lb..ft.; 

d = 161*47', « = 61*49' 68", f = 91* 81' 8". 



96 



STATICS— NON-COKOUBBINQ FOBOBS. [OHAP. III. 



The co-ordinates «, y, i of the point of appUcation of the resultant are 
given (page 89) by 

- 1783.975 = J^4^ - i?ii = - 61.057y - 214.480i; 
+ 928.947 = Fai - Ai = + 116.428e' + 51.067«; 

- 52.108 -F^^F;^= 214.48(S - 116.42^. 
Hence we obtain 

« = - 2.2802« + 18.194, 
y = -4.2006 + 88.961. 
If we assume iT = 0, we have then 

5 = +18.194 ft., y= +88.961 ft. 

If we introduce, then, a fifth foice, F» = + 249.825 lbs., whose diroctioa 
makes with the axes the angles 

a, = 117" 50' 12", A = 149- 20^ 40", r. = 78' 11', 

acting at a pofait whose co-ordinates are i = + 18.194 ft. and y = 88.961 ft., 
s = 0, we have a system of forces in equilibrium. 

(5) Find the resultant, etc., for the parallel-force system given bff 
Fi=:+ eO lbs.; », = 0, yi = 0, • «, = 0; 

jp;=:+ 70 - », = +lft., y, = +2ft., «. = +8ft.; 

Ft = -W*' a?» = +2" y. =+8" s, =+4" 

J^4 = -150" a?4 = +8" y« = +4" «« = + 6" 

-F. = +200 " «. = +4*' y. = +5" f. = +6" 
Ans. Fr = 2F= + 90 lbs.; 

«= ■5r- = + 2»ft., y = _*^=+8ft.. , = :^= + 8Jft. 

(6) A rigid body is acted upon by two forces i^i = 40 lbs. and 
Ft = 80 lbs. applied at points whose co-ordinates are oji = 2 ft. , 
Vi = 3/f., Zi = 0, and Xt = 0, y, = 0, z^ = 0, and making angles witA 
the axes given 6y a, = 0% fii = 90% ^» = 90% and at = 90% fit = 90% 
Xt = 0. Find the equivalent wrench. 

Ans. (paf e 89). We have the components 
of the wrench 

J« = +401bs., Fy=0, i?l = + 801b8.; 

JCc = 0, Jfy = 0, JG = - 120 Ib.-ft. 

The resultant force is ^r = 50 lbs., and its 
direction-cosines are 

+ 40 -1-80 

COB a = -g^, cos 6 = 0, cos c = -igg-, 

a = 86*62', d = 90% c = 68* 8'. 

The central axis coincides with Fr and makes the same angles with the 
axes. It passes through the point whose co-ordinates are 

«"=0, y" = + 1.92 ft. = 00„ «^ = 0. 




or 



CHAP, iil] examples— kon-concubbinq fobcbs. 



97 



The moment of the couple whose axis coincides with the central axis is 

<jr= -721b.-ft. 

The minus sign indicates that the line representative acts opposite to Ft • 
that is, its components in the direction of the axes are 

Cxz=- 57.6 lb. -ft., cy = 0, Ca = - 120 Ib.-ft. 

Its line representative acts then in the opposite direction from Fr and 
makes angles with the axes given by 

a = 143' 8', 6 = 90". c = 126** 2'. 

Looking along this line representative towards the origin, rotation is seen 
counter-clockwise. 

The moment Cr can be replaced by the two equal and opposite forces P, P 

fir 72 

acting at Oi and as shown in the figure, each equal to -77 = r-^ = 87.5 lbs. 

If is the centre of mass, then since the motion of the centre of mass is 
the same as if the entire mass of the body were concentrated at the centre of 
mass and all the forces acted at that point (page 83), the motion of is the 
same as if Fr acted upon the entire mass M concentrated at 0. The accelera- 

- Fr 

tion of is then / = -^ . The motion of the body is then a motion of trans- 
lation due to Fr acting at the centre of mass and an angular acceleration a, 
due to the moment Cr , or the two equal opposite forces P, P acting at Oi and 
about an axis through coinciding with the direction of Fr> 

c 72 

If we divide cr by Fr , we obtain ^ = =77 = 1.44 ft. That is, we can re- 

jpr OU 

place the moment Cr by two equal and opposite forces Fr , Fr acting at Oi 
and Ot. The distance OiOs is then the pitch. 

(7) All the forces acting upon a rigid body reduce to a resultant 
force Fr = 10 ihs. acting at a given point and a coujple whose moment 
w JfcTr = 8 Jb.-ft. causing rotation about an aons through the point, 
which makes an angle of 46° urith the direction of Fr* Find the 
equivalent urrench. 

Ans. Take the direction of Fr as the axis of X, and the plane of Fr and 
the axis as the plane of XZ, and the point as 
origin. Then the components of the equi- 
valent wrench are 



J^irz + lOlbs., 
Mx = + 

Jfy=0, 



Fy=zO, Fz = 0; 



8 



4/2 



ilb..ft.. 



8 



- lb. -ft. 




V2 

We have then for the intensity of the 
wrench 

Fr = 10 lbs., 

making the angles with the co-ordinate axes 

a = 0. 6 = 90% c = 90\ 

The central axis passes through the point Oi whose co-ordinates are 

8 



aj' = 0, y" = + 

104/2 

and coincides with the direction of Fr. 



ft. = OOi, z" = 0, 
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The momant of the oonple whose azUi ooiaddee with the centnl azUi is 

er = + -^lb..a = J&. 

The (+) sign indicatoB that the line representatiye acts in the same direc- 
tion as Fr » that is, its components in the direction of the axes are 

Cc = -| — lb. -ft. , ^ s 0, 6s = 0. 



Its line representatiye acts then in the same direction ss Fr and makes 
the same angles with the axes as Fr. Looking along this line representatiTe 
towards the origin, rotation is seen oounter-cloaEwise. 

The moment er can be replaced by two equal and opposite forces each equal 
to Fr acting at a distance gi^en by 

— =— ^ft 
Fr 10 Va 

Since this distance is equal to ^' = OOi , the pUeh is in this case OOi. 



CHAPTEB IV. 
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<X)NDFnOK8 OF BQUILIBRnTH OF A RIGID BODY ACTED X7F0K BT KON-CON- 
CT7RRINO CO-PLANAB FORCES. DBTERMIKATION OF THE REACTIONS OF 
A FRAKSD STRUGTURB. DETERMINATION OF THE STRESSES IN A 
FRAMED STRUCTURE. SUPERFLUOUS MEMBERS. CRITERION FOR SUPER. 
FLUOUS MEMBERS. 

Conditions of Eqoilibrinm of a Bigid Body Acted TTpon by Bon- 
ooncnrring Co-planar Forces.— We have seen (page 84) that when 
a rigid body is acted uj^on by any number of non-concurring co- 
planar forces, the conditions of static equilibrium are two. viz.: 

let. The cugebraic sum of the components of the forces in each of 
any tux) rectangular directions in the plane of the forces must be 
zero. 

Hence if the forces Fi^Ft, etc., make the angles (ai , /Si), (at, 
fl^)^ etc., with the co-ordinate axes, we must have 



Fi cofl ai + Ft cos as + Ft cos at + . . . = 2F cos a = 0; . 
Fi cos ytfi + Ft cos /Jt + JP'a cos /Sft + . . . = 2FC0B fl = 0, . 



(1) 

(2) 



When these equations are complied with there is no resultant 
force, and any one of the forces is equal and opposite to the result- 
ant of all the others, but does nob necessarily act in the same 
straight line with it. We have then molar 
equihbrium (page 58), but not necessarily static 
equilibrium. >^ 

In taking the algebraic sum, 2F cos a, or / 
2F cos fi, components acting in the directions ^____ 
OX and OY are positive (+), in the opposite 
directions negative (— ). Also angles with OX 
and OF are measured from OJTana OF around towards the left 

2d. The algebraic sum of the moments of the forces about any 
point in their plane must be zero, 

Hence if pi , p« , pt , etc., are the perpendiculars from any given 
point in the plane upon the directions of the forces Fi^Ft^Ft, etc., 
then 

Fipt + Ftpt + Ftpn + . . . = 2Fp = a .... (3) 

When this condition is complied with, there is no rotation about 
the point selected. But there may be rotation about some other 
point. In order, then, that there ma^^ be static equilibrium, botii of 
Ihese conditions must be complied with. We have therefore three 
equations of condition. 
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In taking the algebraic sum 2Fp of the moments of the forces, 
rotation counter-clockwise is taken as positive (+), and clockwise 
as negative (—). 

CoR. If three co-planar forces act on a rigid body at different 
points, and the bodv is in equilibrium, the line representatives of 
these three forces, if produced, intersect in a common i)oint. For 
the resultant of any two of them must pass through their point of 
intersection and be equal and opposite to the third and in we same 
straight line with it. 

Framed Structure — Stress, etc. — A framed or jointed structure 
or "tmss" is a collection of straight members pinned or jointed 
together at the ends so as to make a rigid frame. 

The simplest rigid frame is obviously a triangle, because that is 
the only figure whose shape cannot hd altered without changing 
the length of the sides. All rigid frames must consist, therefore,, 
of a combination of triangles. 

Any point where two or more members meet is called an apez 
of the frame. 

The force in any member which resists change of its length is 
called the stress in that member (page 7). If the stress resists 
elongation, it is called tensile stress. If it resists shortening, it is 
called compressive stress. Any member in tensile stress is called a 
tie; in compressive stress, a strat. A vertical strut is called a 
post. An inclined member generally is called a brace. 

Determination of the Reactions of a Framed Structure. — In 
general a framed structure rests upon supports. The pressures 
exerted by these supports are called the reactions of the supports. 

These reactions usually have to be 
detormined. 

Thus if the co-planar forces i^'i , JPa , 
i^3 act at the apices a, c, d of a rigid 
framed structure, and if JJi , JJ» , i2» 
are the unknown reactions or press- 
ures in the same plane exerted by the 
supports at the apices A^ By and e, 
then if there is equilibrium of the 
frame, the algebraic sum of all the ver- 
tical components must be zero ; the al- 
febraic sum of all the horizontal components must be zero ; the alge- 
raic sum of all the moments about any point in the plane of ihe 
frame must be zero. 

If ai , aa , as are the angles made by the forces i^i , Fa , F* with 
the horizontal, and ai , aa , as the angles made by the reactions Ri , 
jRa , E» with the horizontal, we have then 

Fi cos ai +F9 cos tta +i^s cos ccz+Ri COS ai -h JJa cos at+R» cos a8=0. (1) 

In this equation components towards the right are positive (+), 
and towards the left negative (— ). 

If /3i, fia, fia are the angles made by the forces i^, , JPa , Ft with 
the vertical, and &i , 6, , 63 the angles made by the reactions Ri , 
R2 , R» with the vertical, we have 

FiCOQfii+F2CO8fii+FiCO8/3»-{-RiCO&bi+R9COsbi-{-RaCOsb»=0, (2) 

In this equation components upwards are positive (-h), and 
downwards negative (—). 

Again, if we take any point, as for instance the point B, €U3 a 
centre of moments, and let jpi , p* , pt be the lever-arms of the forces 
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Fi, F^, Ft^ and Li, Lt, L» be the lever-arms of the reactions) we 
have, since in this case Xn = 0, 

JRiIri + Rtln + J^'ipi + F^pt + Fzpt = (3) 

E^h moment in equation (8) must be taken with itA proper sign 
(+) for counter-clockwise rotation, and (— ) for clockwise rotation. 

If the directions of all the forces and reactions are known as 
well as their points of application, and if the forces Fi, Fty F% are 
also known, we have then three equations between three unknown 
quantities, i^i , i2s , and R% , and can therefore determine them. If 
tnere are more than three reactions unknown, we cannot deter- 
mine them. There are then more unknown quantities than equa- 
tions of condition. 

If there are but two reactions, R\ and R%^ that is, if R% then is 
zero, we can determine Ri and R% from the equations (1) and (2). 

We can also in such case determine Ri directly from equation 
(3), and thus have, since Rt s 0, 

RiLi+Fipi-\-Ftp% 4- FtP% = 0. 

B^ taking moments about A, we can in the same way determine 
R% du-ectljr, when Rt = 0. 

Determination of the Stresses in a Framed Structure. — As soon 
as all the external forces acting upon a framed structure, including 
the reactions, are known we can proceed to find the stresses in the 
various members. We can make use of two methods. The first 
method is based upon the fact that the algebraic siun of vertical 
and horizontal components is zero. We call it the ** method by 
resolution of forces. ' The second method is based upon the fact 
that the algebraic sum of moments is zero. We call it tne ** method 
by moments," or the ** method by sections." 

1. Method by Resolution of Forces.* — Since the frame is in equi- 
librium there must be equilibrium at every apex of the frame. 
Hence all the forces acting at any apex must form a system of con- 
curring forces in equilibrium. 

But the necessary and sufficient condition for equilibrium for a 
svstem of concurring forces is that the resultant shaJl be zero. 
That is, the algebraic sum of the horizontal components of all forces 
acting at an apex must be zero, and the alge- 
braic sum of all the vertical components 
must be zero. 

Take for instance the apex a of the pre- 
ceding figure (page 100). At this point we 
have acting the force F\ and the stresses in 
the members Aa, a&, and ac. These four 
forces form a system of concurring forces in 
equilibrium. 

Hence if ai, ora, as are the angles made 
by the members Aa, ab and ac with the 
horizontal, and ai the angle made by Fx 
with the horizontal, and we denote the 
stresses in the corresponding members by aA^ ab, ac, we have 

JP'i cos ax + aA cos ai -\- ah cos a%-\-a^ cos at = 0. . . (1) 

If fli, fit, fia are the angles made be the members Aa, ab, and ac 
with the vertical, and &i the angle made by Fi with the vertical, 

* For corresponding graphic method see page 185. 
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and we denote the stresses in the corresponding members by aA^ 
aby acy we have 

Fi cos &i + aA cos fii + ab cos flt + ac cos /^s = 0. . . (2) 

Components towards the right or upwards are x)ositiYe, towards 
the left or downwards negative. Angles are measured from the 
horizontal a!' and vertical a F around towards the left. 

Since we have thus two equations of condition, this method can 
be applied at any apex when all the forces except two are knoivn. 

If more than two are unknown at any apex, it cannot be applied 
at that apex. 

If the value of a stress as found by (1) and (2) comes out positive 
(+), it shows that the stress in the member is away from the apex 
or tensile. If it comes out negative, the stress is towards the apex 
or compressive. (See Example 2, page 104, for illustration.) 

2. Method by Moments, or the " Method of Sections. " *— Suppose the 
frame completely divided into two partB W a section cutting any 
member the stress in which is desired. Tnen the stresses which 
existed in the members before they were cut must evidently hold 
in equilibrium the external forces acting upon each of the two parts 
into which the frame is divided. 

Thus if we wish to find the stress in any member ac (see figure, 
page 100), take a section cutting ac^ he and oe, thus completely divid- 
ing the frame into two portions, and consider the left- 
hand portion only. Then the stresses in oc, &o and 
be must hold in equilibrium the external forces JRi 
and Fi, 

Place arrows on each of the cut pieces as in the 
figure, always pointing towards the section. Now 
if we take moments about the apex &, that is, if we 
take the point of moments at the point of intersection of the other 
members cut by the section, whose stresses are unknown, their 
moments relative to this point will be zero. We have then the 
algebraic sum of the moments of the external forces Fi and Ri and 
the moment of the stress in oc, all with reference to &, equal to zero. 
Hence, denoting the stress in oc by oc £uid its lever-arm by p, we 
have 

ac X p + ^moments of external forces = 0. 

If then the external forces and their lever-arms are known and 
the lever-arm p of oo is known, we can find the stress ac. 

The moments in the algebraic sum must be taken with their 
proper signs, { + ) for rotation counter-clockwise, and (— ) for rota- 
tion clockwise, and the moment of ac with the sign indicated 1^ 
the rotation due to its arrow. Thus in our figure the moment of JRi 
is negative, of Fi negative, and of ac ne^tive. If the stress comes 
out positive, it indicates, as before, that it acts away from the apex 
of the cut member or is tensile. If negative, towards the apex or 
compression. (See Example 2, page 104, for illustration.) 

Tnis method is general and can always be applied when all the 
cut members whose stresses are unknown, except the one whose 
stress is desired, meet in a point. 

Thus if two of the cut pieces are parallel, their intersection is at 
an Infinite distance. 

Then if we wish to find the stress in cb, we take a section cutting 
abj be and cd. The intersection of ab and cd is at an infinite dis- 

* For corresponding graphic method see page 148. 
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tance. We therefore have the lever-arm for c&, oo cos fi^ where p is 
the cuigle of ch with the vertical. Hence 



or 



J2ioo— i^'ioo— i^'.oo +c&xqo cos /y = 0, 

c6 = - {Ri - JP'i - Ft) Becfi. 



The algehraic sum of the external forces (Ri — JP^i — Ft) is called 
in this case the shearias force. For horizontal chords and vertical 
forces we have, then, the stress in any brace equal to the shear 
multiplied by the secant of the angle which the brace makes with the 




vertical. This shear should always be taken as acting at the end c 
of the brace belonging to the left-hand portion. If, then, it is posi- 
tive, or if Ri is greater than Fi -\- Ft, it acts upward at c and hence 
gives compression in cb. Therefore we have the minus sign in the 
equation above for the value of the stress in cb, (See Example 4, 
page 106.) 

Saperflnons Members. — In general the external forces acting upon 
a rigid frame are always known or must first be found. The stresses 
in the members are required. Since every apex of the frame is in 
equilibrium, we have at every apex a system of concurring forces 
in e qu ilibrium. 

We have then two ecjuations of condition in order that the re- 
sultant shall be zero, viz., 

2Fcosa = 0, 

2 F COB fi = 0, 

or the algebraic sums of the horizontal cmd vertical components 
must be zero. 

If, then, all the forces acting at any apex except two are known, 
these two can be found. But if at every apex there are more than 
two forces which are necessarily unknown, the problem is indeter- 
minate, £uid the frame has superfluous members. 

Criterion for Saperflnons members. — The simplest rigid frame is 
a triangle, because that is the only figure whose sha^ cannot 
change without changing the length of its sides. All rigid frames 
must consist therefore of a combination of trianj^les. 

Any one member of the frame fixes the position of two apices, 
one at each end. Every other apex after the first two requires two 
members to fix its x)osition. If then, n, is the number of apices, 
3(n — 2) will be the number of members lacking one. Let m be the 
number of members. Then, if there are no superfluous members, 
we must have 

m = 2(n — 2) + 1 =: 2n — 3. 

If m is less than 2n — 3, there are not members enough. 
If m is greater than 2n — 3, there are superfluous members. 
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EXAMPLES. 



I 



A Flo. 1. /\^^' ^ 




Fio. a. 



(1) In the cases of the three frames represented by Figs. 1, 2, 3, 
each supporting a weight E at the apex, snow that in the first case 
there are not enough members ana the frame is not rigid; in the 
second case the frame is rigid ; in the third case there is a superflur 
ous member, 

Ans. From our criterion, m = ^ — 3, page 103, we have the number of 

apices in the first case n = 6. Hence 

1^ I the number of members shoald be 

\ 9» = 9. But the number of mem- 

bers is only 8, or less than the num- 
ber necessary. 

In the second case n = 6 and m 
should be 9, and the number of 
members is 9. 
In the third case n = 6 and m should be 9, but the number of members is 
10, or greater than the number necessary. 

(2) A rigid frame ABC, consisting of two rafters AB and AC 
and a horizontal tie EC, supports a load F at the apex A, If the 
angles made by the rafters tvith the horizontal are ai and ut at B 
and C, find the stresses Si, Sa, S* in the rafters AB, AC and the 
tie BCjfor equilibrium; also the pressures Rx and Rt of the sup- 
ports. The weight of rafters and tie neglected. 

Ans. Let the pressures or reactions of the 

support be Ri and 12, at B and 0, Fig. 1, and 

the stresses \)e 8x ^ 8^ and 8% in the rafters AB 

and A G and the tie BC. 

1ft Method: By Basolution of Forces.— 

(Page 101.) The forces acting at each apex 

must constitute a system of forces in equilib- 
rium. 

Let us take first the apex A as origin, Fig. 2. 

We have here the force ^and the two stresses 

8i and 8^^ constituting a system of concurring forces 
in equilibrium. Therefore the algebraic sum of the 
horizontal forces must be zero and the algebraic sum 
of the vertical forces must be zero. Hence giving 
the proper signs to F and the sines and cosines of 
the angles ai and a% (page 102), we have 





Fm. 2. 



- 5i cos oTi + /Si cos a, = 0; . . 

— 8i sin ax — /?« sin «« — J* = 0. 



From (1) and (2) we obtain 

Fcos a. 



i8i = 



sin (a I + a«)' 



a ^ ^cos a\ 



(1) 
(2) 

(8) 



In equations (3) the (— ) sign denotes direction towards the origin A as 
indicatea in Fig. (1). A negative remit then denotes compression. 

At the apex B we have the stresses 8x and 8^ and the reaction Rx in equi- 
librium. At the apex C we have iS«, 8% and Rx in equilibrium. Hence for 
the algebndc sum of the horizontal components at B we have, taking the 
origin at B, « ^ 

^ 8^ + 8xQOSax^ 0, 

and for the algebraic sum of the horizontal components at C we have, taking 

the origin at (/ , « « 

° _ 5, - 5, cos a, = 0. 
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From both equations we have, from (8), 

8» = — 8i cos oTi = — Ss cos 0^9 = -|- 



J'cos ofioos at 
sin (a, + a,) * 



(4) 



The jxwitive result denotes direction away from the origin in each case, or 
4e7mon, as shown in Fig. 1. 

At the apex B we have for the algebraic sum of the vertical components 

o . I T> A D I J^cosa, sina, 

5i sm ai + i?i = 0, or 5i = + 



At the apex C we have 

8t sin a, + i?a = 0, or B^ = + 



sin {a I 4* oct) ' 

Fcos ai sin or, 

sin (ofi +at) ' 



(6) 



(6) 



The positive result denotes upward direction for Bi and Bt. 
In all formulas the acute vcUttes of the cmglea <vre to be used, 

2d Method : By Moments.— Let the horizontal 
-distances of F from B and (7 be c and d. 
Let the length of the rafters be a and h. 
Then we have 

a cos ai = c, h cos «« = d, 6 sin ets = a sin au 

Since all the forces acting on the frame are in ^l 
equilibrium we have the algebraic sum of the ^ 
horizontal and vertical external forces zero. 
Hence 

Bx + Bt-F-O. 

Also taking moments about C, we have 
- Bi{c + d) + Fd = 0, or Bx = 
and taking moments about B, we have 

Btic + d) - Jfc = 0, or J?, = 




Fd Fco8 at sin ai 



c-^d sin (ai -f- at) * 
Fc Fcos ax sin at 



c + ^ sin (ai + a^) * 

If we conceive a section through AB and BC^ we have as on page 103, 
taking moments about (7, 

- 8x(c + (Q sin a. - Bx{c + d) = 0, or Sx = - -^ = - /"^"^^ 

The minus sign denotes eompresHon, If in the same way we cut AC and 
€B and take moments about B, we have 

— iSaCc + d) sin a, — Jfc = 0, or iS; = — 7 — , ^ . = r~7 r^-r- 

^ ' ' (<5 + d) sm or, sm (ai + a,) 

Again, cut AB and BO and take moments about A, and we have 

Bi Fcos ax cos as 



StX a sin ax — i^iC = 0, or 8t = 



tan ai 



sin (a, + at) ' 

(8) -4. roof 'truss has a span of 60 ft, and a centre height of 12.6 
L - ft. Each rafter is divided into 

-^ ' four equal panels, and the lower 

horizontal tie is divided into six 
equal panels. The bracing is as 
shown in the figure. Find the 
stresses in the members by tivo 
P methods, for a weight of 800 lbs. 
• ai each upper apex. 
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Ana. iJi = iJ, = + 2800 Iba. 

Stress iaAa^- 6260 lbs., a& = - 5813 lbs., &0 = - 4696 lbs., 

««=- 8577 lbs., iltf = + 5600 lbs.. <f= + 4803 lbs., 

/^ = + 40031bs., «! = -- 720 lbs., eb = + 720 lbs., 

bf= - 1081 lbs,, /c = + WO lbs., <v = - 1443 lbs., 

ffd=: + 2401 lbs. (See Example (1), page 104.) 



(4) A bridge-truss I ft. long is divided into five equal panels in 
JF jF iF If jF t?ie louder chord andfour equal panels in 
tA j« u f V the upper chord. The depth is constant 

and equal to d ; the panel length is p. 

The bracing is isosceles as^ shoicn in the 
\^ figure. Find the stresses for a load F lbs. 

at e<ich upper apex, 

Ans. ij, = i?, = + 2.5J'; 




- . -RiP 



Aa = + 



2d 



ab = 



I.6R1P — fl) 



be 



_ 2.5g,p -- SJj? 
d 



dtf = - 



RiP - 2^ 






-4d = - i?, sec A a« = - (iJi - -F) sec fl, bf= - (ij, - 2^ sec /J, 
da = + iJi sec A a6 = + (iJi - y ) sec A 

where /9 is the angle made by the braces with the vertical. 

(5) A weight of 6 Ihs, hangs on the cirmaf a safety-valve at a 
distance of 18 incites from the fulcrum. The valve-kindle is at- 
tached at 1 inch from the fulcrum. Disregarding friction and the 
weight of the arm^ find the steam pressure for equilibrium. 

Ans. 108 lbs. 

(6) In a wheel and axle the radius of the axle is r, and of the 
wheel R. A weight Q hangs by a rope wound about the axle. Find 
the force P adding tangent to tne wheel in order to hold Q suspended^ 
disregarding friction. 

B' 



Ans. P = 



(7) A shopkeeper has correct weights but an untrue balance^ one 
arm of which is a and the other b. He serves out to each of two 
customers J as indicated by his balance, Wlbs. of a commodity, using 
first one scale-pan and then the other for the commodity. i)oes he^ 
gain or Jose % 

Ans. Loses TT^— lbs. 

(6) Ihe arms of a balance are unequal^ and one of the scales is 
loaded. A body, the true weight of which is Plbs., appears, when 
placed in the loaded scale, to weigh W lbs., and when pUiced in the 
other scale to weigh W lbs. Find the ratio of the arms and the 
weight with which the scale is loaded. 



Ans. Ratio of arms = 



W-P 
P- W' 



weight required = 
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(9) A square and a rectangle of uniform thickness and density 
are joined in one plane at a common side. Find the length of the 
rectangle in order that the tico may balance about that side^ the 
density of the rectangle being one half of that of the square, 

Ans. The length of the rectangle = a diagonal of the square. 

(10) The inscribed circle being cut out of a right-angled trianqley 
the sides of which are 3, 4, h^fina the centre of mass of the remainder. 

Ans. Take side 8 as axis of X, and side 4 as axis of Y, Then 

(11) A cubical box half filled with water is placed upon a rect- 
angular board, so that the edges of its base are parallel to those of 
the board. If the board is slowly inclined to the horizon about an 
edge, and the box is prevented from sliding, at what angle will the 
box just tend to overturn f 

Ans. 45**. 

(12) Let the forces + 4, — 7, + 8, — 3 lbs. act perpendicularly to a 
straight line at points A, B, C and D, so that AB = 5 ft., BC = 4/f., 
CD =2 ft. Find the resultant and its point of application E. 

Ans. JB = 2 lbs., AE = 2 ft. 

(13) Let three forces which, if concurring, would be in equilibrium 
act each in the stde of a triangte which represents them in magnitude 
and direction. If not concurring, sliow that they are equivalent to 
a couple whose moment is proportional to the area of the triangle. 

(14) Three forces act at the middle points of the sides of a rigid 
triangular plate in its plane, each force being perpendicular and 
proportional to the side on which it acts. If the forces are all in- 
ward or outward, show that the resultant is zero. 

(15) A system of any number of co-planar forces being represented 
in magnitude ana direction by the sides of a dosed polygon taken 
the same uxiy round, show that the sum of their moments about any 
point in their plane is constant and independent of the position of 
the point. 

(16) Forces of 10, 20, 30 and 40 pounds act on a rigid body at A, 
B, C, D, the four comers of a square whose side is 2 ft. and in its 
plane. Their inclinations to AB, BC, CD, DA are 45°, 90% 30% GO'* 
respectively. Show that the resultant is a force of 85.65 lbs., and 
that its line of action is distant 3.03 ft. from C. 

(17) Parallel forces in the same direction, and of the magnitudes 
10, 16, 20, 25 lbs., act at points A, B, C, D respectively of a straight 
rod, the distances AB, BC, CD being 2, 3, 4 ft. respectively. Find 
the distance of the point of application from A. 

Ans. 5.07 feet. 

(18) Two parallel forces in opposite directions of 20 and 5 lbs. act 
at points A and B of a rigid body 4 ft. apart. Find the distances 
from A and B of the point in which their resultant line of action 
euts AB. 

Ans. \\ and 5| ft. 

(19) The numerical measures of the magnitude of a force which 
acts upon a point in a given direction, and of the co-ordinates of the 
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point in the plane of the forces are denoted hv a,b, c ; but it is not 
Known which is which. Pind the centre of all the forces which may 
be represented, 

— — ab4-hc-\-ea 

Ans. X = p = — -nri — • 

(20) Forces 1, — 3, — 5, 7 act on a rigid rod at points A, B, C, D, 
whose distances are stich that AB = 3, EC = 2, CD = 2. Find the 
resultant, 

Ans. A couple whose moment is 16 units. 

(21) Three equal and co-directional forces (F) act at three comers 
of a square (side = a) perpendictUarlv to the square. Find the 
magnitude of the force which^ applied at the other comer of the 
square, tvotUd with the given forces constitute a couple^ and the 
moment of the couple. 

Ans. 3^; 2aF \^^. 

(22) ABC is a triangle right-analed at B, At A a force F is 
applied in the plane of the triangle perpendicular to AC; at Ca 
force 2F in the same direction ; at B a force SF in the opposite di- 
rection. Find the moment of the resulting couple. 

, F(AB* - 2BC*) 

^^«- Ad • 

(23) Two forces P and Q act at the ends A and B of a straight 
lever AB without mass. To find the position of the fulcrum in order 
that equilibrium may be produced, the inclination of P and Q with 
AB being a and fl. 

Ans. Let AB = c, and x, y the distances of the fulcrum from A and B re- 
spectively. Then 

Qc sin p Pc sin g 

* ~ Psin a + g sin /J' ^ "" Psina + Psin )»* 

(24) A rod CD, without mass, moving about a smooth hinge at C, 
presses at D against a wall inclined at an angle a with the horizon, 
and has a weight W suspended at its centre. Find the inclination B 
of the rod to the horizon in order that the pressure at D may be 

1 «r 

Ans. = -5-0:. 

(25) Two weights P and Q are suspended from the extremities of 
a lever without mass, in the form of a circular arc, which rests with 
its conveocity downwards upon a horizontal plane. If 2a is the 
central angle of the arc and the central angle from the point of 
attachment of P to the point of tangency with the horizontal plane^ 
find for equilibrium. 

Ans. tan 6 = ■ ^ • tan a, 

(26) The arms of a balance are unequal, and a substance placed 
successively in each scale appears to weigh P and Q lbs. Show 
that the lengths of the arms, disregarding the mass of the balance^ 

are as ^P to ^Q» 

(27) If weights P and Q, P being the greater, balance on a lever 
ACB without mass, about a fulcrum at C, and the voeightsare inter' 
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changed^ show that the additional weight required at A for equilib- 
rium will be 

(28) It 18 found that a body weighs P when suspended at the end 
A of a balance without mass, and Q when suspended at B. Show 
that the fulcrum ought to be shifted towards A a distance equal to 

VP- VQ . AB 

VP+ VQ ^' 

(29) The length of a false balance-beam is Sft, A body in one 
scale weighs 4 los.; in the other, 6 lbs, 4 oz. Find the true weight of 
the body and the lengths of the lever-arms. 

Ans. True weight = 5 lbs. ; lengths of arms, 1 ft. 4 in. and 1 ft. 8 in. 

(30) Three uniform rods AB, BC, CD, rigidly connected so as to 

form three sides of a square, rest upon a fulcrum at A. Suppose 

the tveight of each rod to act at its centre. Find the inclination Q of 

AB with the horizon. 

4 
Ans. tanO = •^. 
o 

(31) AB, CD, DE are three equal uniform rods, rigidly connected 
at right angles, B being the midMe point of CD. Suppose the weight 
of each rod to act at its centre, ana the system to Hang from a ful- 
crum at A. Find the inclination 9 of AB to the horizon for equi- 
librium, 

Ans. tan 6 = 6. 



CHAPTER V. 



EQUILIBRIUM OP A PERFECTLY FLEXIBLE 
INEXTENSIBLE STRING. 



GENERAL EQUATIONS OF BQVUilBBIUM. EXTERNAL FORCES VERTICAL. COK- 
TINU0U8 CURVE. LOAD UNIFORMLY DISTRIBUTED OVER THE HORIZONTAL. 
CATENARY. CATENARY OF UNIFORM STRENGTH. LOAD PROPORTIONAL TO 
THE AREA BETWEEN THE STRING AND HORIZONTAL. STRING ACTED 
UPON BY A CENTRAL FORCE. 

Equilibrium of a Perfectly Flexible Ineztensible String. — If a 
perfectly flexible inextensible string is fixed at two points and 
a.cted upon by forces applied at any given points in any directions, 
we may consider the string, when in its position of equilibrium, as 
a rigid body. 

The resultant force at any point must then act in a direction 
tangent to the string at that point; for otherwise there would be a 
normal component, which, as the string is perfectly flexible, would 
act to change the position of eauilibrium of that point. 
We shall consider only co-planar forces. 

General Equations of Equuibrium. — Let a perfectly flexible in- 
extensible string be fixed at the two points A and B and be acted 

upon by external forces in its 
plane. It is required to de- 
termine the tension T of tiie 
string at any point P, and the 
position of any point P for 
equilibrium, disregarding the 
. weight of the string. 

The string when in equi- 
librium will evidently take 
the form of a polygon, if the 
forces are applied at points 
or are "discontinuous"; the 
tension in any segment, as 
5c, being the resultant of the 
tension in the preceding segment ah and the force Fi at h. 

Take the origin of co ordinates at the lowest point O of the string, 
and let the co-ordinates of any point P of the string be x and y. 
Let the external forces acting upon the portion OP of the string be 
-Fi , B\ , etc. ; the co-ordinates oi their points of application a, 6, etc., 
be given by {Xi , 2^0, (x% , |/«); etc. ; and their angles with the axes of 
Xand Fbe given by (an , fix), (a, , /Ja), etc. 
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Then the algebraic sum of the horuontal and vertical components 
of the external forces between O and F is 

Fx=FtQOBai+FtCOaat + ...=2^ FcOBa; . . . (1) 

p 

Fy^FiCOSffi + FaCOBflt + ,..=^2^ FcoBfi. ... (2) 

Also the algebraic sum of the moments of all the external forces 
between O and Pwith reference to O, or the moment about the 
axis of Z, is 

Mz = ^ Fxcos0-;^FycoBa (3) 

In taking the algebraic sums, components to the right or upward 
are positive, to the left or downwards negative. Also rotation 
counter-clockwise is positive, and clockwise negative. 

Let the tension at the point P be T, making the angles a and 
with the axes of X and x , and let the horizontal tension at the 
lowest point O be JHT. 

If the portion of the string from O to P is in equilibrium, we can 
treat it as rigid, and we have then the algebraic sum of the hori- 
zontcd and vertical components of all the forces acting upon it equal 
to zero; also the algebraic sum of the moments of all the forces 
.acting upon it, with reference to any point as O, equal to zero. 

Hence the conditions for equilibrium are 

'-H+Fx+Tcosa=:0; 1 

Fy+ TcoQfi = 0; I W 

Mz-k- Txcoefl-'TyeoBa^O. J 

We have also 

cos* a + cos' fi = 1. 

We have then four equations between the four quantities JJ, T, 
a and fi, and can therefore find them for any given x and y. Equa- 
tions (4) are general and apply whether the forces are discontinuous 
or applied continuously along the string. 

fxtemal Forces VerticaL— If aU the external forces acting upon 

the string are vertical, we have Fx^O and Fy = 2pF. Hence 
from equations (4) of the preceding Article, 

TcoB a 3s H; 

Tcoafl = '^2)F. 

That is, for a perfectly flexible inextensible string in equilibrium 
under the action of vertical external forces, whether the forces are 
applied continuously along the string or discontinuously : 

Ist. The horizontal component of the tension at any point is con- 
stant and equal to the horizontal tension at the lowest point. 

%d. The vertical component of the tension at any point is equal 
to the algebraic sum of all the forces between that point ana the 
lowest point. 

Continuous Curve — Tangential and Formal Components.— If the 
forces are applied continuously along the strixi^, then the shape of 
the string when in equilibrium will be a continuous curve instead 
of a polygon. 
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Let ab = d8 he the length of an indefinitely small portion 
of the curve. Let the resultant force in anv direction continu- 
ously applied over oa be i^', so that the 

ds 
force per unit of length is ^. Let the 

tension of the string at a be Ti , taneent 
to the curve at a, and the tension at o be 
Tt, tangent to the curve at b. Let the 
very small angle between these tangents 
be do, and let the force F make the angle 
<p with the tangent at a. 

Then since for equilibrium we may 
consider ab as rigid, the three co-planar 

forces Tiy Tt and F are in equilibrium and must intersect at a 

common point c (page 85). 

We can consider them, then, as three forces concurring at c and 

in equilibrium. If then we resolve these forces along the tangent 

at a, we have 

Tt cos dB + FcoQ - Ti = 0. 

When ab = d8 is indefinitely small, the points a and b come 
together, dO becomes zero, and cos dQ = 1. Hence 




F r, - Ti ^ dT 

ds ds ds ' 



(1> 



That is, the tangential component of the external force per unit 
of length at any point is eqvm to the variation of tension per unit 
of length at that point. 

Again, resolving the forces along the normal at a, we have 

K sin do — F sin = 0. 

If p is the radius of curvature, we have bd = p sin dQ. When ds 
is indefinitely small, we can take bd=ds = ab. Hence sin dO = — . 
Substituting this, we have, when the points a and b come together^ 



^- sm = 
ds ft 



(2> 



That is, the normal component of the external force per unit of 
length at any point is eqvm to the tension at that point divided by 
the radius of curvature at that point. 

Cor. If the external force per unit of length at every point of 
the string is normal to the string, <f> = 90% and, from equation (1), 
T2'-Ti = 0orTi = Tu at every point. That is, the tension is con- 
stant throughout the string. This is the case when the string is 
stretched over any smooth surface whose pressure on the string at 
every point is noi*mal, and acted upon by no forces except the nor- 
mal pressure of the surface and two equal terminal tensions. In 

T 
such case w = -, or the normal pressure of the surface per unit of 

length at any point is inversely proportional to the radius of 
curvature at that point. That is, wp = T = the constant tension in 
the string. 
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Load TTniformly Bistributed oyer the Horizontal Projection of 
the String.— This is approximately the case of the ordinary suspen- 
sion bridge. 

Let the mass of the unit load or load per unit of horizontal pro- 
jection be constant and equal to 
w in gravitation units (page 6) 
or wg in absolute units. Let H 
be the horizontal tension at the 
lowest point O, and T be the 
tension at any point P of the 
string, both in gravitation units. 

Equation of the Carve. — Let x 
and y be the co-ordinates of any 
point P of the string, the origin 
being taJcen at the lowest point O. Then we can consider any por- 
tion of the string OP when in equilibrium as rigid and acted upon 
by the forces H, T, and the entire load wx between O and P. The 
resultant force wx of the load between O and P acts at the centre 
of mass of the load, or, since the load is uniformly distributed, half 
way between O and P. If then we take moments about P, we 
have for the moment of the load with reference to P, 

X waf 



rrtt 



We have then for equilibrium 



23 
Ey = 0, or a^ = — y. 



(1) 



The curve of the string is then a parabola whose axis is vertical 

2H 
and whose parameter is — . If tv is constant and the parameter is 

constant, H is constant. Hence, the tension at the lowest point is 
constant for all parabolas having the same parameter, when the 
load per unit of horizontal projection is constant, whatever may be 
the length of the curve. 

Tension at the Lowest Point. — ^To find the tension H at the lowest 
point, we have only to substitute in equation (1) the co-ordinates of 
some known point. Thus let xi, and 2/6 be the co-ordinates of the 
end B. Then equation (1) gives 



H = 



WXh* 

2y^' 



(2) 



Or we may find this value of H directly by taking moments 
about B. Thus the resultant of the load between the lowest point 
O and B is wxi, and it acts at the centre of mass of the loaa, or, 
since the load is uniformly distributed, half way between the 
lowest point O and B. If then we take moments about B, the 



moment of the load is wxt x -q = 



Xb 

2 



wxt; 



We have then for equilib- 



rium 



— fly«,-0, or H^—. 

Slope of the Curve.— For the slope or inclination a of the curve 
at any point with the horizontal, we have seen already, page 111, 
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that for vertical forces the horizontal component of the tension at 
any point is constimt and equal to H, and the vertical component 
is wx. We have then for the slope at any point P 

tana= -g: (8) 

For the slope at the end B we have then 

tana, = ^*. (4) 

Xb 

Tension at Any Point.— For the tension T at any point P we have 
then 



T^H\/T+ (^y = J?seca 



(5) 

For the tension at the end B we have 

r» = ^ f a»' + ^b*- («) 

[Solution of Preceding Case by Calcnlns.] — Let the unit load or 
load per unit of horizontal projection be constant and equal to u^ in gravi- 
tation units (page 6). 

Then referring to our general equations (4), page 111, we have in 

gravitation units Fp = — tox, .Px = 0, cos a = --, cos /J = ~f-, where 

ds as 

ds is the length of an element of the curve and dx, dy its horiisontal and 

vertical projections. Therefore from equations (4), page 111, 

_ if + r^ = 0, 
ds 

-WX+ T-^ = 0, 
ds 

where H and T are to be taken in gravitation units if ti' is taken in gravi- 
tation units. 

Eliminating T, we obtain 

Edy = wxdx. 

Integrating, and taking the origin at the lowest point 0, so that when 
x=zO,y\& also zero, we have 

jE[y= -j-y or ^ = —y (1) 

This is the equation of the curve as already found, page 118. 
If we substitute the co-ordinates of the end By xt and yt , in place of 
X and y, we have from (1), for the tension if at the lowest point, 

=-w.' "^ 

For the slope or inclination a of the curve at any point we have, by 
differentiating (1), 

dy wx .„^ 
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The slope at the end B is then 



tan ccb = 



^Vb 



(4) 



< Xb 

For the tension T at any point p we have 



For the tension at the end B, 



tta^. 



^5 = ^4^ 



+ 4^6*. 



(6) 



riioad Uniformly Distributed over the String.]— The curve of equi- 
librium assumed under the action of gravity, by a perfectly flexible string 
of uniform normal section and density, when suspended from two points 
not in the same vertical, is called the catenary. In such case the load is 
the weight of the string and is uniformly distributed over the curve. If 
the unit load or weight of a 
unit length of the string is 
not constant, but varies con- 
tinuously according to any 
law, the curve of equilibrium 
is called a catenarian cnrre. 

Let 10 be the mass of the 
unit load, or the load per unit 
of length of the string, in 
gravitation units (page 6). 
Then if ^ is the uniform den- 
sity of the string, or the mass per unit of volume, A the constant area of 
normal section, and » the length of any portion of the string, the mass of 
that portion is dA», and the mass per unit of length, or the load per unit 
of length in gravitation units, is 




to = SA, 



(1) 

In absolute units we have to = 6Ag. 

Referring to our general equations (4), page 111, we have in gravita- 
tion units ^ = — io«, where s is the length of the string from the lowest 

point to any point P. We also have i^^ = 0, cos a = — , cos /J = ~, 

where ds is the length of an element of the string and dx, dy its horizontal 
and vertical projections. 

Hence from equations (4), page 111, 

— ^dx 

where JT'and T are to be taken in gravitation units if to is taken in gravi- 
tation units. 

Eliminating T, we have for the slope a at any point P 



. dy iff 

tan a=-:r = t^*. 
dx H 



(2) 
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Let H= 106, or 6 = ->, where e is then the length qf that portion qf the 
string whose weight is equal to the tension Hat the lowest point C. Then 

i=? <»> 



Differentiating (8), substitating de:=i^d^ -{■ dy*, and reducing, 



<l) = r=?vWf, 



or 

dx 




Integrating this, we have 



1 = log nat[| + |ATg] H- coiurt. 

If we take the axis of F passing through the lowest point (7, we have 

^ = 0, where oj = 0. Therefore const = and 
ax 

f = log nat[g + yTTg] = log nat[? + ^/iTJ]. . (4> 
Or, if =s 2.718282 is the base of the Naperian system of logarithms, 

or 



1 + ^ 



=[""-a- 



Solving this equation, we have for the slope a at any point (see (8)) 
Integrating (6), we obtain 



X X 



y = -f^+6 *')+ const. 



Now, taking the origin (see figure) at a distance equal to 00 ^e 
below the lowest point O, we have y = c when a? = 0. This gives const = 0. 

The horizontal line OX at the distance « s= ~ below the lowest point O is 

w 
■ff 

called the directrix. The distance 00 = c :=^— is called the parameter. 

w 
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We have then for the equation of the cnrve, taking the origin at the 

distance CO^c=i — below the lowest point (7, 

to 

I - --\ 

y = |r -^^ / ^^ 

The point at the distance OO^c^ — below the lowest point is 

w 

called the origin of the catenary, and equation (7) is the equation of the 

catenary referred to this origin. 

We have from (6), 

'-\[^-'~'') («> 

Equation (8) gives the length of the curve from the lowest point (7 to 
any point P. 

From (7) and (8) we have 

y' = ** + c»; (9) 

and differentiating (9), 

* = y^ = yoos/y (lo) 

Let PM and PT be the ordinate and tangent at P, and let fall the 
perpendicular MNon PT. Then 

PJV=yco6/5 = »; (11) 

and since y" -- «• = c*, we have 

JCV=<J (12) 

Hence, given the catenary, we can construct its origin and direction as 
follows : 

On the tangent at any point P measure off Py equal to the arc OP. 
At If erect a perpendicular NM to the tangent meeting the ordinate of P 
in M, Then tJie Tiorizontal line through Mis the directrix. 

We have seen (page 111) that for vertical external forces the horizontal 
projection of the tension at any point is constant and equal to ff, and the 
vertical component is ws. Therefore the tension T at any point is 



r=:i/J?*+t^«» = -H''|/l +^ 



(13) 

But, from (9), d* + «" = y"; therefore, since w = — , 

c 

T^^y = wy (14) 

That is, tTie tension at any point of the catenary is equal to the weight 

of a portion of the string whose length is equal to the ordinate of that 

point, 

T 
From page 112 we have io sin = — , where p is the radius of curva- 

P 
ture. In the present case <f>=. p=z angle made by vertical with the tan- 
gent at P. Substituting T = wy, we have 



49 sin )9 = p cos a = y. 
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We see then from the figure (page 116) tJuU the length of the radius of 
curvature at any point is equal to the length of the normal between that 
point and the directrix. 

We also see from the figure that voo6a=r & or y = . Theiefore 



P=— rr-=«8in*a (15) 

COB a 



We also have 



e = «tan/9, or - = -r-^. 

e sm fi 



Hence from equation (8), after reduction, 

a; = «tan/5Iognat cot-)9. (16) 

The cat-enary possesses other interesting properties, among which are 
the following : 

The centre of mass of the catenary is lower than for any other curve of 
the same length joining the same two points. 

If a common parabola is rolled on a straight line, its focus describes a 
catenary whose parameter c is equal to the focal distance of the parabola. 

If an indefinite number of strings (without weight) are hung from the 
catenary, so that their lower ends are in a horizontal line and then the 
catenary is drawn out into a straight line, the lower ends of the strings 
will be in the arc of a parabola. 

[Catenary of Uniform Stren^rth.]— If the area of the normal section 
of the string at every point is proportional to the tension at that point, the 

unit tension^ or tension per unit of area, 
will be the same at all points, and the 
curve assumed under the action of grav- 
ity by such a string of uniform density 
and perfectly flexible is called the cat- 
enary of uniform 8tren£:t]L. 

Let Ai be the area of normal section 
of the string at its lowest point C7, where - 
the horizontal tension is J7, and let t be 
the constant unit tension, or tension per nnit of area. Then 

H=tAo (1) 

The tension at any other point P, where the area of normal section is 
Af is 

T=tA (2) 

Hence, from (1) and (2), 

T 
A:Ao::T:H, or A^A.=. (8) 

Let d be the nniform density of the string. Then the mass of an ele- 
ment of the string of length d$, or the weight in gravitation units (page 
6), is dAde, The weight in absolute nnits is SAde x g, 

Beferring to our general equations (4), page 111, we have for the 
weight in gravitation nnits of the string from the lowest point O to any 
point P 




'V 



=-/ 



dAdi. 
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don dy 

We have also i^x = 0, co6a= ^-,cos/9=:-^, where ds is the length 

oa as 

of an element of the string, and dxy dy its horizontal and vertical compo- 
nents. Hence, from equations (4), page 111, 

-ir+ 2^ =0; 
ds 

- r^AdB + T^ = 0; 
t/o ds 

where ^ and T are to be taken in gravitation units. 
Eliminating T, we have 



or d 



(2)= 



(2^ ir * \dx) H Tda 

A T 
Inserting the value of -4 = — ^, we have 






Let (28* = <2a:^ + <2^, and let 

-W^l' ^' " = 557 = ^ ^^^ 

That is, c i9 ^7^ Zan^Ti c/a string of constant cross-section A% equal to 
the crosS'Section at the lowest point Cy and the same uniform density 6 as 
the curve, whote weight is equal to the horizontal tension ff at the lowest 

point. Then 

dx^ •{• dy^ 

cdx ' 



or 



or 



(dy\ ^ ^ ^ 
\dxl edx 

^-Vl+^^ 



da* 



1+^ '* 

Integrating this, we obtain 

tan-*(g.)=!+ Const 

Let the axis of F pass through the lowest point of the curve. Then, 
when « = 0, we have 



dy 
Hence 



^ = and Const. = 0. 
da 



tana=^=tan- (6) 

da c 
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Integrating again, we have 

X 

y = _ ^log nat COB -- + Const* 

If we take the origin at the lowest point (7, then, when « = 0, we have 
^ = and Const. = 0. Henoe 

y=: ^clognatcos- = ^iQg natsec (0) 

Equation (6) is the equation of the catenary of uniform strength. 
From equation (6) we have 

X ^ 3 ^ 

a =s - and da = — . 
c c 

If p is the radius of ourratare, we have pda = if, and hence 

d$ ds X .^ 

If we integrate the equation -r- = cos nr = cos -, or <& = sec -dx, 

d$ e c 

we have, since, when ^ = 0, « = and the Const, of integration is zero, 

< = <?logntan[46** + ^] (8) 

Equation (8) gives the length of the curve from the lowest point to 
point P. 
torn (8) we have 

• , , 1 + sin - 

c 



anyjK)int P. 
Fro 



^ = tan(45-H-£) = 



— z — ' 

X 
COS — 

e 



where e = 2.718283 is the base o f the Nap erian system of logarithms. 

If we substitute sin - = 4/ 1 — cos* — and reduce, we obtain 

e ' 6 



cos 
e 



Substituting (9) in (7), we have 

p==j{^ + '~') (10) 

We have seen (page 111) that for vertical external forces the horizontal 
projection of the tension at any point is constant and equal to JST, and the 

St 

vertical component is therefore IT tan a = JT'tan —. We have then for the 
tension at any point P 

r= £^4/1+^ = 5-1/1 + tan«-=ja^ sec -. . . .(11) 
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Let the two points of support A and B lie in a horizontal line AB, 

Then the curve will be symmetrical with respect ^ 

to the lowest point C. Let the entire length of ^^^^ ^ — ^ — ^^ 

span AB be 22, then the weight of the entire 
atring W will be given by 

IF=2Jrtan>, 
e 

or, since, by equation (4), c = ^, 

o 

Tr=22ftanl^ or if = ? cot |?. 

The area of normal seotion at any point P is then, from (2) and (11), 

. T H X W . 61 X 
-4 = — = -— sec— =-- cot —sec—. 
it c 2t t c 

X t 

Substituting the yalne of sec — from (9) and putting c = j, we have 

for the area of cross-section A at any point P at a distance measured along 
the curve from the lowest point C equal to « = CP, 

^ = ~-(^"^+r"')cot^ (12) 

From equation (12), if the points of support are on a horizontal, and 
the span AB^ the weight of the entire string, its density and the unit ten- 
aion are given, we can find the area of normal section at any point P at a 
distance a along the curve from the lowest point C. 

[Load Proportional to the Area between the String and a Horizon- 
tal.] — Let the load on any portion of 
the string CP be proportional to the 
area OCPx between the curve and a 
horizontal line OX Take the origin 
at O in the vertical through the lowest 
point C, and let the distance OC = ^o. 
.^ Let to be the mass, or weight in 
gravitation units (page 6), of one unit 




of area of the load area between the curve and OX 
Let 5"= i£?c*, or 

W 



(1) 



that is, <?i8 the area of that portion of the load area whose toeighb is 
equal to tlie tension Hat the lowest point C 

Let the area OCPx be denoted by u. We have then for the load from 
C to any point P, 



Fy^ —wu^ -—w j ydx. 



(2) 



Referring to our general equations (4), page 111, we have also Fx = 0, 

dx ^ dy ^ 

cos a = -— , cos /$ = ^, and 
ds '^ ds 

dx 
ds 



--w f ydx + T^ = 0. 
c/o dz 
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Elimiiiating T, we haye 

dx da^ IT & ^' 

Mnltiplying by 2(fu, 

%dud?u _ %udu 
da? ""■?"• 
Integrating, 

du^ <*• n * 
-— = --- + Const. 

da? & 

Now u=i / ydm. and du = ydx^ or -— - = y. Therefore, when v = 0, 
c/o dx 

du 

^ will be equal to ^o = OC, and Oonat. = yo. Henoe 

du* t** . o J du 

^=^ + J^o', or daj = 



Integrating, 



-ologu[j+|^7;r]^ const 
When tf = 0, we have ic = 0, and Const. = — c logn yo» Hence 

?='°«°feV^] <« 

Or, if e = 2.718282 is the base of the Naperian system of logarithms, 
Solving this for u, we obtain 

X X 

area = u = ^(6^-e"^] 

du A /u* 
Also, since y = — =y -J- +y«S 



(«) 



X X 



We have from (8) also 

t«n«=f- = !i = ^(««"-r«) 

For the tensioa T at any point P, since Fy = JT^ = B-^, 

C CUB 

T- i^F,* + S* = HYl +^ = jy8eoa. . . . 



(7) 



(8) 



(») 



(10) 
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The length c is the parameter of the curve. From (6) we have 
V^J^.l^ and iL=4/j!L-i. 

Therefore, from (4), 

.: = clogng-+|/?^-l) 



12S 



and henoe 



c = 



iB 



>««°Ct-^&-') 



(11) 



(12) 



String Acted on by Central Force. — ^When the lines of action of the 
forces applied to the elements of the string all pass through the same point, 
the force acting on the string is said to be 
central, and this point is the centre of 
force. 

Let P be any point of the curve, and 
take the centre of force as the origin, and 
let the radius vector OP = r make the angle 
6 with the axis of X Then we have 

COS 6 =: — , sin e = -. . , (1) 
r r 

Let the force F upon the element da at 
any point P make the angle 4> with the tan- 
gent at P, and let the tangent make the angle a with the axis of x. Then 




cos 



dx dy 

da da 



(2> 



X dx y dy 
cos^ = cos(a — 6) = coeacoeO-HsinasinO = — -t- + — 3^; 
^ ^ ^ r da r da 

^ . M . * flj dy V dx 

sin ^ = sm (a — 6) = sm a cos — cos a sin = — -/ — ^ -r-. 

r da r da 



. (8> 



If p is the perpendicular ON let fall from O on the tangent at P, and p- 
is the radius of curvature of the curve at P, we have, page 88, Vol. I, Kine- 
matios, 



P = 



rdr 
dp 



(4) 



Now from equation (1), page 112, if J* is the force upon the element 
da^ we have 

r«— Ti = (fr= — J^'cos 0, 

or, snbetitnting the value of cos from (8), 

F 
dT^- -^(pudx + ydy). 



But fl^ + ^ = f*, henoe xdx + ydy = rdr^ and therefore 



da 



(5> 
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From equation (2), page 112, we have 

T F . ^ 

or, sabfitituting the value of sin <p from (8), 

p rd8\ ds 'dsj 

But «-^ — y-- =ajsincr — ycofla = p. Therefore 
da da 

^ = ^^ («) 

Snhfltituting the value of — from (5), we obtain 

Substituting the value of p from (4), we obtain 

dT _ ^dp 

T- p' 
If we integrate this and let T = Ti when p = pi , we have 

Tp = Txpi = a Constant (7) 

Hence we see that the moment cf the tension wUh respect to the centre 
€f force is constant, or the tension varies inversely as t?ie perpendicular p 
on the tangent from the centre offeree* 

Eliminating T between (7) and (6) and putting for p its value from (4), 
we have 

dp __ dr F ^ 

~p^ "T^i "ds' 
or integrating, 

'p^'^J T^'ds' ^^^ 

the limits of the integral being given by the conditions of the problem. If 
the force is away from the centre, or repulsive, F is positive ; if towards 
the centre, or attractive, F is negative. 

From (8), when F is given, the equation to the curve is to be found, or, 
if the curve is given, F may be found. 

Also from (7) and (5) the tension at any point of the curve may be 
found. 

From equation (46), page 88, Vol. I, Kinematics, we have 

« - ^^^ Jl = i + ^^ 



dr» + r"cW«* p" r" r^dS"' 

or if we denote — by u. 

r 

1 « du* „- 

— = u* H (9) 

p' ^ dS^ ^^ 

Equation (9) will be found useful in reductions. 

* Ck>mpare with page 85, Vol. I, Kinematics, where we see that for a particle 
moving with central acceleration the moment of the wlocUy is constant. 
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[Central Force Inversely as the Sqnare of the Distance.] — As an 

application of the preceding Article, let us suppose the force F upon an 
element ds of the string to be repulsive and to 
vary inversely as the square of the distance from 
the centre of force. 

Let S be the density of the string or the mass 
of a unit of volume. Then the mass of an ele- 
ment of length ds whose area of normal section 
is J. is dAds. Let the central acceleration of 
one unit of mass at a known distance of r' from 
the centre be d. Then the acceleration a at any distance r is given by 

The force F upon an element da at the distance r is 

F= ±.rLL..sAd8y 

where the (+) sign is to be taken for repulsive force and the (— ) sign for 
attractive force. Let the density S and area A of normal section be 
constant, and let 

M^a'T^'dA, (1) 

where the constant m is evidently numerically equal to the force on the 
mass of one unit of length of the string at a distance unity. 
Then if the force is repulsive, we have 

# = +^ (2) 

ds r* 

From equation (5), page 123, 

dT = - ^dr. 

Integrating, 

r = ^ + Const. 
r 

When the initial value of r is ri , let the corresponding value of T be 
Tu Then Const. = Ti — -, and we have* 

T= r, + m(^ - i) W 

From equation (8), page 124, 

1 _ __ / * fi ^ — _ rj'^ ^ 

p "^ J Txpx r" "" J mx 7^^ 

where we denote the moment Tipx by mi. 

Integrating, 

1 ii 1 
= -^— • - + Const. 



p mx r 



* Notice the analogy with the velocity as given on page 146, Vol. I, Kine- 
matics, of a particle acted upon by an attractive force varying inversely as the 
square of the distance, viz., 



*« = «,* + 2a 



-(; - .' )• 
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Let p =pi when r = n. Then Const. = and 

Pi tniVt 

I = l + JL(l_i) 

p Pi fni\r Tij 
If we put for the sake of simplicity 



(4) 



— = c and ^ = — cir, . • . • ((0 

fWi Pi tniTx 



equation (4) beoomeB 



1 c 

— = - — CK\ 

p r 



or if we denote - by u, 

— =zCU — CK, (6) 

We have then from equation (0), page 124, 

Hence 

^ = (c» - l)w« -2c«ictt + (i»i<» (7) 

The integral of this equation will give the equation of the curre of 

equilibrium. 

We have evidently three cases : when c* > 1 ; when c* = 1 ; when (? < 1, 
Case I : When c* is Oreater than Unity. — Letc' be greater than unity. 

Then let 

c* - 1 = n*, 
and we have from equation (6), after reduction, 

/M= . '^" (8) 







From equation (3) we have dT—fidfi. But we have seen, page 112, 
that when dT = 0, the force is normal to the curve of the string. That 

viUue of u in equation (8) which makes (2t< = 

r^^^\^ wW, then give an apse A, that is, a point where 

\ A. the string is perpendicular to the f oroe. Let this 

* value of tt be t<o = — . 

du 
From equation TS), putting ^ = 0> ^® obtain 

t*o = — = -r(l + c) (9) 

ro fi 

For any value of u less than this, equation (8) becomes imaginary. AU 
values of u must therefore he greater than Uo , that is, u increases or r 
diminishes each way from the apse. We have then du positive in equa- 
tion (8). 
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Integrating eqaation (8), we obtain 

e = 1 logn [« - ^ +/(« - 5) - ^] + Oonrt. 

Le G s= ^ when w = w« = -j(l + c). Then Oonat. = logn - ,-. 

If e s= 2.718282 is the base of the Naperian system of logarithms, we 
have 



Squaring and reducing, we haye 

"%['*'- — H — ) <>»> 

Equation (10) is the polar equation of the curve of equilibrium. 
The yalues of c and k are given by equations (6) and (1). 
If we measure 6 from the initial ladius vector vx through the apse, we 
have = 0, and Ui = Uo. Therefore, from (0), 

tt, = -,(1 + c), or K- = 



n*' ^ " c(l + c) • 

Substituting this value of ic in (10), we obtain 



ii + 1 L^i 3 J 



(11) 



Equation (11) is the polar equation of the curve of equilibrium when 
the angle is measured from the initial radius vector ti through the apse. 

We have u = -, Ui = — , and the value of // is given by equation (1). 

T Ti 

Case 2 : When c* is Eqnal to Unity. — When c^ = 1, we have 
/•= + lorc = — 1. When c = + 1, we have n* = c* — 1 = 0, and from 
equation (11), tt = tfi, or r = ri. The centre cf equilibrium whenc=^ 
+ 1 i5 ther^ore a circle. 

When c = — 1, we have also n* = c^ — 1 = 0, and, from equation (11), 

ussz-^ 01 indeterminate. In this case we have, from equation (7), 

dO = -^^ (12) 



/^ 



Putting^ = 0, we have for the value of u at the apse 

K 

«. = 3. 

For any value of u greater than this equation (12) is imaginary. AU 
yalues of u must then be less than Uo , or u diminishes each way from the 
jipse. Hence du is negative. 
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Integrating (12), we have 

e=i/l - ?!i + Clon8t. 

' K 

Let G =: ^ when u = u o = »-. Then Ck)nst. = 0, and 
6 



-^ = |/l-^, or w = f[l-(e-0)^. 

Henoe 

2 

r = r -T* • • • • • . (18) 

l~(O-0)* 

Equation (18) is the polar equation of the curve of equilibrium when 
c = — 1. The value of k is given by (5). 

If we measure d from the initial radius vector r\ through the apse, we 

have = 0, and tti = r-=-, or k = -. Substituting this value of k^ 
we^have 

'=r^ <^*> 

Equation (14) is the polar equation of the curve of equilibrium when* 
c = — 1, when the angle is measured from the initial value of r through 
the apse. 

Case 3: When <? is Less than Unity.— Let c* < 1 and put 1 — c' = n*. 
Then from equation (7), after reduction, we have 

dO = -^^ — (15) 



. _ _ _ _ . . • . • , 



J.. 
Putting — = 0, we have for the value of u at the apse 



tie = —-(1 — c). 



Any value of u greater than f^o gives ecjuation (15) imaginary. All 
values of u must then be less than t«o , or u diminishes each way from the 
apse. Henoe we take du negative in equation (15). Integrating, we have 



e = -cos"* — + Const 

n cK 



w« 



Let d = when u = uo. Then Oonst. = 0, and 

(e-0) = Lcos-»fc + ^), 

or 

cos n(0 — 0) = c H . 

CK 

Hence 



t» = -^[c-ooBn(9-0)] (18) 



CHAP. Y»] B3ULKFLX&--KOK-COH0URSIKG CO-PLANAB FOROEd. 129 

Eqoation (16) if the polar eqBation of the cnrre of equilitfriuis. 

The yalue of ir is given by (5). 

If we measure B from the iDitial radios vector n through the apse, we 

have ^ = 0, and wi = t*« = , (1 — c), or ic = -77^ — ^. 

n*^'' <j(l — c) 

Babstituting this vi^ne of ic in equation (16), We have, if we put 
c = , whero // is given by equation (1), 



Ui 
u = 



1+ ^ 



/^ + 006 nB\ (17) 



mi 



Equation (17) diifers from the focal polar equation of a oonic only in 
having the angle 6 multiplied by a number n less than unity. 



(1) An endless flexible string of tmiform linear density but with- 
out weight is moving so that the velocity of each element h<is a con- 
stant magnitude v and a direction always tangential to the string. 
Show that the tension is the sams at every point of the string, and 
find it, 

Ans. Since the tangential velocity la constant, there is no tangential accel- 
eration and hence no tim^ential force. 

Therefore from equation (1), page 112, Ta — Ti = 0, or there is no variation 
in tension. 

If p is the radius of curvature at any point, then the normal acceleration of 

hat point is/n = — (page 68, Vol. I, Kinematics). 

If d is the linear density, or the mass per unit of length, then the normal 
force per unit of length is 6fn = — . From equation (2), page 112, we have 
then 

— = — , or r = *«*, 
P P 

where T Is given in poundals. In gravitation units (page 6), 

where g is the acceleration of gravity. 

(2) An endlessflexible circular string of radius r and of uniform 
linear density d, out without weight, rotates in its own plane about 
its centre with the angular velocity 00. Find its tension, 

Ans. The tangential velocity roa is constant, and hence there is no tangential 
force. Therefore, just as in the preceding example, there is no variation in 
tension. 

The normal acceleration is /»= r<o' (page 76, Vol. I, Kinematics). 

If d is the mass per unit of length, then the normal force per unit of length 
is droo*. From equation (2), page 112, we have then 

T 
6r^ = -, or T= 5r«<»*, 
r 
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where T is given in pouncUls. In gravitation units (page 6), 

^=— • 

where g is the acceleration of gravity. 

(3) A body weighing 7 lbs, is suspended from a fixed point by a 
uniform string^ 12 inches long, weighing 18 oz. Find the stress in 
the string at its middle point and at its upper and lower ends. 

Ans. 7Af lbs., 6^ lbs.; 7 lbs., in gravitation units; or, taking^ = 82, 243 
poundals, ^60 poundals, SM^ poundals. 

(4) Show that the horizontal component of the tension at any 
point of a uniform flexible string hanging in equilibrium from two 
fixed points is equal to the tension at the lowest point, and that the 
vertical component is equal to the weight of the portion of the string 
between the given point and the lowest point. 

Ans. See page 111. 

(5) Show that at any point of a uniform fiexible string which is 
hanging in equilibrium with two points fixed, its inclination to the 
horizon is the angle whose tangent is the ratio of the weight of the 
portion of the string between the given point and the lowest point to 
the tension at the lotvest point. 

Ans. See page 116. 

(6) In the preceding example, show that the square of the tension 
at any point is equal to the sum of the squares of the weight of the 
portion of the string between the given point arid the lotvest pointy 
and of the tension at the lowest point. 

Ans. See page 117. 

(7) A telegraph wire, weighing 400 lbs. per mile, is stretched be-- 
tween two points in the same horizontal line at a distance of 100 yds. 
ivith a horizontal tension of 400 lbs. Find the deflection of the loioest 
point of the wire below the flexed points, neglecting stretch and sup- 
posing the wire perfectly flexible. 

Ans. From equation (6), page 116, a; = 150 ft., e = 5280 ft., deflection = 
2.1 ft. 

(8) A uniform wire weighs w lbs. per foot and is just able to stand 
a stress of P pounds. It is hung between two points in the same 
horizontal line, distant d ft, so as to be on the point of breaking. 
Obtain an equation to determine the half length s, the wire being 
supposed to oe perfectly flexible and inextensible. 

Ans. From p age 117 we have P» = JJ* + to»««. Hence S= |/i* - «>•«*. 
Also e = — = -I , and « = « • Therefore, from equation (8), 

dw dw 



*= 2S y ) 

(9) A string 202 ft. long, which weighs 1 lb. for every 10 ft., is 
hung between tvx> points in the same horizontal line distant 200 ft, 
Obtain an equation to determine the tension Hat the lowest point in 
gravitation units. 

1 TT 

Ans. We have f = 101 ft, w = - lb., a? = 100 ft., c = — = lOH. 



CHAP, v.] EXAMPLES — ^NON-COKOUEEIKG 00-PLANAB F0S0E8. 131 

From equation (8), page 117, 

/ 10 _m 

101 = tiH[e^ " e ^). 

Solving this equation by a series of approximations, we find j?to be about 
40 lbs., provided the string is perfectly flexible and inextensible. 

(10) Find the law of variation of the masaper unit of length at 
each point of a string acted on by gravity in oraer that it may hang 
in the form of a aemt-cirde whose diameter is horizontal. 

Ans. Let AB = dr be the horizontal diameter and the centre of the semi- 
circle. Let J* be any point of the curve, and the 

anffle POO=sa. Let the co-ordinates of Pbeo? o x 

and y. 

dx dy 

Then cos a = •— -, sin a = -f- . 
cb d» 

We have from equations (4), page 111, 




-r«.+^=.. 



where 5 is the linear density or mass per unit of length, and J7and Tare in 
gravitation units. 

Dividing the second by the first, we have 



't =/'* 



or 



da^ ~ dx' 

But the equation of the curve is a^ -f- y* = ^* Henoe 

dy 



Therefore 



^— — * a ^ — _ da? _ r* 

<to ~ y* da? ~ y* ~"~y*' 



dds „f^ J. rr^ dm 

da? y» y* ds 



— doD . dx -, 

But 3- = COB a, and r-^ = — y. Hence 
d» ds ^ 



That is, the mass per unit of length varies inversely as the square of the 
distance of the i)oint below the horizontal diameter. 

(11) A telegraph line is constructed of wire which weighs 7.8 lbs. 
per 100 feet. The distance between the posts is 150 feet and the wire 
sags l/oot in the middle. Show that it is screwed up to a tension of 
about 820 lbs. 

(12) Find the law of variation of the mass per unit of length in 
order that a string may hang under the action of gravity in a 
parabola. 
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Ana. From page 113, the load per unit of horiflOBtel piojeofeloik is oonsUnt 
and e^iuJ to to. The load per unit of length ia then proportional to the tangent 

of the slope, or ^ = lo tan a. 

Bat tan a is pioportioBal to the horiiontal projeetion of the length. Henoe 
the mass per onit of length is proportional to the horinontal projeetion of the 
unit of length. 

(13) Show that Ifte area of normal seetion at any poind in the 
catenary of ymform 9trength is proportioncU to ^ radma of cur- 
vature. 

Ans. From page 121, we see that A is proportional to sec - . From page 

X 

IdO, equation (7), we see that sec - is proportional to the radius of curvature. 

c 

(14) A uniform inextencible string assumes the form of a eirele 
under the actum of a repulsive force emanating from a point on its 
circumference, And the law cf force. 

Ans. From page 124, J^ = Const = o, or 2" = ~. But if ria the radius 



F vector of any point P, o =3 r cos 6. Hence T = r. 

•^ rcosO 



From page 112, ^ = — cos 0, where B is the radio* 

of the circle. Hence —=- . i^coe = -z. Buti^oosO 

d» roosO 




1 , . 1 r _ F 4cR 
^randcosO^jjj 

varies inversely as the cube of the distance. 



= xr and <i<Mi ^ ^ o -%• Hence — = —5-, or the force 
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GRAPmOAL STATIOS-^OO-PIANAR FORCES. 



CONCUBRING CO-PLANAB F0RCB8. APPLICATION TO FBAMBO 8TBUCTUBB8. 
APPABEMT INDBTBRMINATION. NON-OONCtJBBIHG FOBCBB. BQmLIBRiniC 
FOLTGON. 0BAFHIG C0N8TBUCTI0K VOB CBnTBlS OF PABALLBL F0BCB8. 
PB0PEBTIB8 OF aqtJILIBBIUU FOLTGON. AFFLIOATION TO PARALLEL 
F0BCB8. 

Oraphioal Statles. — While the solution of statical problems by 
computation and analytical methods is sometimes tedious and 
involved, they mav often be solved with comparative ease and 
.sufficient accuracy by graphic construction. 

The solution of statical problems by graphic methods gives rise 
to graphical statics. We shall consider only co-planar forces. 

Concurring Co-planar Forces. — Let any number of co-planar 
forces Fi^Ft, Ft, 2^4, etc., 
^ven in magnitude and direc- jf* 

tion, act at a point A, Fig. 1. A ^>'% 

In Fig. 2, from anjr point 0, ^^ — Aiftfci ' 
lay off to scale the Ime reprc /r\ ^ ihoi 2;' 

sentative of Fi from to 1, N^ 

then the line representative oi t> 

Ft from 1 to 2, then the line 
representative of Ft from 2 to 3, then the line representative of F* 
from 3 to 4, and so on. The polygon 01234 thus obtained we call 
the force polygon. 

If all these forces are in equilibrium, the algebraic sum of their 
horizontal and vertical components must be zero. But when this 
is the case, evidently 4 and 0, in Fig. 2, must coincide, or the force 
polygon must close. We have then the following principle : 

If any number of concurring forces are in equtlibriumy the force 
polygon is closed. If the force polygon is not closed, the line 4 
necessary to make it close gives the maqnitude and direction of the 
resultant R, If we consider this resultant acting at the point of 
application A in the direction from 4 to 0, cbtained by following 
round the polygon in the direction of the forces^ it will hold tM 
forces at A in equilibrium. If taken as acting in the opposite direc- 
tion at A, it will replace the forces. 

OoR. 1. The order in which the forces are laid off in the force 
polygon is immaterial. Thus in Fig. 2, if we had laid off 1, 1±ien 
the Ime representative of Ft from 1 to 8', and then the line repre- 
:sentative of F^ , we should arrive at 3 just as before. By a sinular 
<3hange of two and two we can have any order we please. 
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FlO. 1. 



2 



St 



R 



Cob. 2. Any line in the force polygon, as 2, 3, or 13, is the re- 
sultant of the forces on either side. Thus 2 is the resultant of ^i 
and B\ , and, acting in the direction from 2 to 0, holds Fx and Ft in 
equilibrium and replaces Fz , F% and R, 

Cob. 3. If the forces are all parallel, the force polygon becomes 

a straight fine. Thus in Fig. 1, if the parallel 
forces Fly Ft ^ Ft ^ Fa ^ etc., act at the point A, 
we have the force polygon Fig. 2, 1 2 3 4, and 
the closing line 40is as oefore, the resultant R 
and equal to the algebraic sum of the forces. 
If taken a& acting from 4 to 0, it will hold 
Fio. 1 the forces at A in equilibrium. In the opposite 
direction it will replace the forces. 

Notation for Framed Structures. — Let the 
figure represent a roof -truss composed of two 
rafters, a horizontal tie-rod and mtermediate 
braces consisting of struts and ties. 

The notation which we adopt in order to designate any number 
of a framed structure, or any force acting upon the structure, is as 
follows: 

We place a letter in each of the triangular spaces into which 
the frame is divided by the members, and also a letter between any 
two forces. Anynumber or force is then denoted by the letter oa 
each aide of it Thus in the figure AB de- 
notes the force Fi , BC denotes the force 
Ft , CD denotes the force Ft , DE denotes 
the upward pressure of the right-hand 
support Rt , KA denotes the upward pres- 
sure of the left-hand supi)ort Ru Also Aa, 
jB&, Cdy De denote the portions of the 
rafters which have these letters on each 
side. The portions into which the lower 
tie is divided are in the same way Ea^ Ec, Ee. The braces ar& 
a&, hCy cd, de. 

The student should carefully adhere to this notation for the 
frame wJienever using the graphic method. 

Character of the Stresses. — ^The determination of the kind of 
stress in a member of a frame, whether tension or compression, is- 
as important as the determination of the magnitude of tne stress. 

In the preceding figure, suppose we know the upward pressure 
at the left support Ri or EA^ and we wish to find the stresses in 
IJie members Mki and Aa, Fig. 1, which meet at the lower left-hand 






Flo. a. 

apex. If these stresses and Ri are in equilibrium, they will make a 
closed polygon. If then we lay off EA in Fig. 2, upwards, equal 
to Ri , and then from A and E draw lines parallel to Aa and Ea 
in Fig. 1, and p!roduce them till they intersect at a. Fig. 2, evi- 
dently the lines Aa and Ea in Fig. 2, taken to the same scale as 
EAf will give the magnitude of the stresses in Ea and Aa in Fig. U 
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Thus, lines in the force polygon which have letters at each end 
aive the stresses in those members of the frame denoted by the same 
letters at the sides. 

Now as to the cfiaracter of these stresses, the directions Aa and 
aE in Fig. 2, obtained by following round in the known direction 
of i2i, are the directions for equilibrium (page 133). 

Since we are considering the concurring forces acting at the left- 
hand apex, transfer these directions to Fig. 1, and we see that Aa 
acts towards the apex we are considering and thus resists compres- 
sion, and aJE acts away from it and therefore resists tension. The 
stress in Aa is therefore compressive (— ) and in aE tensile (+). 

In general, then, if we take any apex of the frame in Fig. 1, and 
consider the concurring forces acting at that apex as a svstem of 
concurring forces in equilibrium, we nave the following rule: 

Follow round the force polygon in Fig. 2 in the direction in- 
dicated by any one of these forces already known^ and transfer the 
directions thus obtained for the stresses to the apex in Fig. 1 under 
consideration. If the stress in any member is thus found acting 
away from the apex, it is tension (+)\ if towards the apex, it is 
compression (— ). 

Application of Preceding Principles to a Frame. — Let Fig. 1 
be a frame consisting of two rafters, a horizontal tie-rod and brac- 
ing as shown, carefully drawn to a scale of a certain number of 
feet to an inch. This we call the frame diagram. 





I + ^ I * . 

I Ft. to an Inch, 1 Lte..to an'Inch. *D 

Ri Fro. 1» K« Fio. 2. 



Let the forces Fi, F^, Ft act at the upper apices, and let the 
reactions or upward pressures of the supports be Ri and Rn. 
Notate the frame and these forces as directed, so that Fi = AB, 
Fa = BC, Ft = CD, R^ = DE, Ri = EA, while the members are Aa, 
Bb, Cd, De, Ee, Ec, Ea, ab, be, cd, de. 

The outer forces acting upon the frame cause stresses in the 
members. These outer forces must first be all known, or if any are 
unknown, they must first be found. 

Lay off these outer forces AB, BC, CD, DE, EA in Fig. 2 to a 
scale of a certain number of pounds to an inch. Each force in Fig. 
2, having letters at its ends, %s equal and parallel to those forces in 
Fig. 1 which have the same letters at the sides. 

The polygon formed by AB, BC, CD, DE, EA (in this case a 
straight line. Cor. 3, page 134) we have called the force polygon. 

If the frame is in equilibrium, this polygon must always close, 
that is, the outer forces acting ui)on the frame must be in equilib- 
rium. If it does not close, these outer forces are not in equilibrium 
and the frame will move. That is, the frame itself, so far as its 
motion as a whole is considered, may be treated as a point (page 
83). 

Having thus drawn and notated the frame Fig. 1 and con- 
structed the force polygon Fig. 2, we can find the stresses in the 
members. The forces and stresses at each apex must be in equilib- 
rium, and therefore form a closed i)olygoiL 
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Thus consider first the left-hand apex, Fig. 1. At this point we 
have the reaction EA and the stresses in Aa and Ea^ constituting 
a system of concurring forces in equilibrium. But we already 
have EA laid off in Fijg^. 2. If then we draw Aa and Ea in Fig. 2 
pareJlel to Aa and Ea in Fig. 1, and produce to intersection a, the 
polygon is closed and we have in Fig, 2 the stresses in Aa and EOj 
to the same scale employed in laying off EA, Since EA acts up- 
wards, if we follow round from ^ to ^ and A to a, and atoE^ia 
Fig. 2, and transfer the directions thus obtained for Aa and aE to 
the left-hand apex in Fig. 1, we have the stress in Aa towards this 
apex or compression (—), and the stress in aE away from the apex 
and therefore tension (+). 

[The student should follow with his own sketch and mark each 
stress with its proper sign as he finds it.] 

Let us now pass to the next upper apex, at Fi , Fig. 1. Here we 
have J^i or AB and the stresses in Aa, ab and Eb in equilibrium. 
But we already have the stresses in Aa and AB laid off m Fi^. 2. 

If then we draw from a and B in Fig. 2 lines parallel to ab and 
Bb in ¥^. 1, and produce to intersection 6, the polygon is closed 
and we nave in Fig. 2 the stresses in ab and Bb, Since AB is 
known to act downward, we follow round in Fi^. 2, from A to B^ 
B tod, d to a, and a to A, and transfer the directions thus obtained 
to the apex at Fi , Fig. 1, under consideration. We thus obtain the 
stress iu Bb towards the apex or compression, the stress in 6a to- 
wards the apex or compression, and tne stress in aA towards the 
apex or compression, just as already found. 

Note that in the first case, when we were considering the apex 
at Ri , we found the stress in aA acting towards that apex. Now 
when we consider the apex at Fi we find the stress in aA acting 
towards that apex — ^in both cases, then, compression. 

Let us now consider the second lower apex. Fig. 1. We have 
here no outer force, but the stresses in Ea, ah, be and cE must be 
in equilibrium and therefore form a closed polygon. But in Fig. 
2 we nave already found the stresses in Ea ana ab. If then we draw 
from b a line parallel to be in Fig. 1, and produce it to intersection 
c with Ea^ the polygon closes, and we have in Fig. 2 the stresses 
in be and cE. We nave already found aE to be tension. It must 
therefore act away from the apex we are considering. We there- 
fore follow round in Fig. 2, from ^ to a, a to 6, b-^ c, and o to E', 
and transfer the directions thus found to the corresponding mem- 
bers in Fig. 1. We thus obtain the stress in Ea tension and the 
stress in ab compression as already found, and the stress in be 
tension and in c£/ tension. 

Let us now consider the top apex. We have here the force 
Fi = BC, and the stresses in Bb, he, ed and dC, in equilibrium. 
But in Fig. 2 we have already laid off BC, and we have found the 
stresses in Bb and be. If then we draw from c and C lines parallel 
to ed and Cd in Fig. 1, and produce to intersection d, the polygon 
closes and we have in Fig. 2 the stresses in cd and Cd, Since BC 
acts downwards, we follow round from B to C, C to d, d to c, c to 6, 
and b to B. Transferring these directions to the corresponding 
members in Fig. 1, we obtain the stress in Cd compression and in 
de tension, whQe the stress in c& is tension and in oB compression 
as already found. 

We can thus go to each apex and find the stresses in every 
member. 

The lines in Fig. 2 which thus give the stresses in the members 
constitute the stress diagram. Eaeh stress having letters at its 
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ends in Fig. 2 is parattel to that member in Fig, 1 vohUk has the 
same letters at its sides. 

Apparent Indttemiiuilioa of 8treiiM.--It sometiines happens 
that a frame has no Buperfluous members and yet in applying the 
eraphic method we are unable to find any apex at which aa the 
forces but two are known. In such case the difficulty may be 
overcome by taking out one or more of the members and replacing 
them by another member, and tiien applying the method until we 
find the stress in some member which ts not affected by the change. 
Or we may find the stress in this member by the method of sec- 
tions (page 102). Having found this stress, we can replace the 
members taken out cmd find the actual stresses. 

Thus let Fig. 1 be a frame* acted upon by the forces Fi, F%^ 
Ft, Fa, etc., and the reactions or upward pressures of the supports 




Notate the frame and the forces by letters on each side as di- 
rected (page 134). 

Then lay off to scale the outer forces in Fig. 2, thus forming the 
force polygon ABCD . . . HI A. This polygon is a straight line in 
this case, because all the forces are parallel, and it must close, that 
is, the outer forces are in equilibrium. 

We can now proceed to find the stresses as follows: 

Consider first the left-hand apex, Fig. 1. At this {)oint we have 
the reaction I A and the stresses in Aa and la constituting a sys- 
tem of concurring forces in equilibrium. But we already have lA 
laid off in Fig. 2. If then we draw Aa and la in Fig. 2 parallel to 
la and Aa in Fig. 1, and produce to intersection a, the polygon is 
closed and we have in Fig. 2 the stresses in Aa and la to the same 
scale employed in laying off the forces. Since lA acts upwards, 
we follow round from 1 to A, A to a, and a to J, in Fig. 2, and 
transfer the directions thus obtained for Aa and aJ to the corre- 
sponding members in Fig. 1. 

We have then the stress in Aa towards the apex we are con- 
sidering or compression (— ), and the stress in al away from that 
apex or tension {+). 

Considering now the next upper apex, we have here the force 
AB known, the stress in Aa already found, and the stresses in ab 
and Bb unknown. If then in Fig. 2 we draw ab and Bb, tilius clos- 
ing the polygon, we obtain the s&esses in ab and Bb. 



* Disregard for the present the dotted member in Fig. 1. 
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Since AB acts down, we follow round in Fig. 2 from A to B^ B 
to 6, 6 to a, and a back to A, and transfer the directions thus ob- 
tained to the corresponding members in Fig:. 1. We have then the 
stress in Bb towards the apex we are considering or compression 
(— ), the stress in ba towards that apex or compression (— ), and the 
stress in aA also towards that apex or compression (— ), just as we 
have already found it. 

Note that when we were considering the apex at Ri , we found 
the stress in aA acting towards that apex. Now when we consider 
the apex at Fi we find the stress in aA acting towards that apex. 
In both cases, then, compression. 

We can now consider the next lower apex, where we have the 
stresses in /a, a&, be and cl in equilibrium. We already know la 
and ab, and if we draw in Fig. 2 be and c/, we obtain the stresses,. 
in be tension (+), and in c J tension. 

Thus far tiiere has been no difficulty in the application of the 
graphic method. But now we cannot consider the next upper or 
lower apex, because at each we have more than two unknown 
forces, if we should start at the ri^ht end, we should soon come to 
the same difficulty on the right side. Apparently we can go no 
farther. 

The number of members is 27 (we disregard the dotted member 
in Fig. 1). The number of apices is 15. We have then, applying 
the criterion for superfluous members (page 103), w = 2n — 3. There 
are then no superfluous members. 

If now tve remove the two members de and ef and replace them 
by the dotted member e'/, where e' takes the place in the new nota- 
tion of the two letters e and d, we have still a rigid frame with no 
superfluous members. For the number of members is now m = 25 
and the number of apices is n = 14. We have then m = 2n — 3. 

But this change has evidently not affected the stress in the member 
Ig. We can therefore now carry on the diagram until we find the 
stress in Ig, or we may compute the stress in Ig directly by the 
method of sections (page 102). 

Thus if we now consider the apex at Ft , Fig. 1, we have at this 
point the stresses in the members Bb, be, ce' and e'C, and the force 
BCy all in equilibrium. We know BC, Bb and &c, and if we draw 
in Fig. 2 ce' and e'C, we obtain the stresses iae'C compression and 
in ce' compression. 

We can then pass to the a^x at Ft , Fig. 1, where we know all 
the forces except the stresses in Df and fe'. We draw then JDf and 
fe' in Fig. 2, and obtain the stresses in Df compression and in fe^ 
tension. 

We can now pass to the next lower apex, where we have the 
stresses in Ic, ce' and eY, and e-an therefore find fg and Ig. We 
draw then fg and Ig in Fig. 2, and obtain the stresses in fg and Ig 
tension. 

We have thus found the stress in the member Ig, and since this 
is unchanged by the removal of the members de and e/, we can now 
replace those members and remove ef. 

We can now consider the second lower apex and find the 
stresses in cd and dg, and can then pass to the apex at Ft and find 
the stresses in ef and Df and so on. We can thus find the stress in 
every member of the frame, and there is no real indeterminateness. 

Bemarki npon the Method.— The method just illustrated we 
may call the *^ graphic method by resolution of forces.''^ The stu- 
dent will note tnat he must always know all but two of the forces 
concurring at any apex before he can consider that apex. 
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It is evident that if the frame is completely divided into two 
portions by cutting the members, the stresses which existed in 
the cut members before the section was made must hold in 
equilibrium the outer forces acting upon each portion of the frame 
(page 102). 

This is at once made evident by Fig. 2, page 137. 

Thus suppose a section cutting the members Bb^ be and cE, Fig. 
1, and thus dividing the frame into two portions. We see from 
i^g. 2 that the stresses in the cut pieces make a closed polygon 
with EA and AB, the outer forces on the left-hand portion, or 
with jBC, CD and DE, the outer forces on the right-hand portion. 

If we solve the triangles in Fig. 2, page 137, we obtain algebraic 
expressions for the stresses identical with those obtained oy the 
** cugebraic method by resolution of forces " (page 101). 

Thus since the algebraic sum of the horizontal and vertical 
components of the forces acting at each apex must be zero, we 

have + JJj + Aa cos a = 0, or Aa = ^, where a is the angle 

cos Cl 

of the rafter with the verticftl. We get the same result at once 

from Fig. 2 bv solving the triangle AaE. In the same way we 

have at once, from Fig. 2y ab=: — jPi cos fly where /? is the angle of 

ab with the vertical. 

We see also from Fig. 2, page 137, other relations. Thus we see 
that the stress in ab will be the least possible when it is perpendicu- 
lar to the rafter. We also see at a glance how the stress in any 
member is affected by a change of inclination of the member. 

Finally, the apphcation of the method is equally simple no 
matter how irrefpilar the frame may be. 

If the frame is symmetricctl with respect to the centre, and the 
forces Fly Ftia Fig. 2 (page 137) are equal, it is evident that the 
stresses in each half wul oe the same. We have then Cd = Bby 
cd = cby and so on. 

Choice of Scales, etc. — In general the larger the frame is drawn 
in Fig. 1, the better, as it then gives more accurately the direction 
of the members composing it. 

The force polvgon Fig. 2, on the other hand, should be taken to 
no larger sc€ue than consistent with scaling off the forces to the de- 
gree or accuracy required, so as to avoid the intersection of very 
long lines, where a slight deviation from true direction multiplies 
the error. If an error of one twenty-fifth of an inch is considered 
the allowable limit, the scale should be so chosen that one twenty- 
fifth of an inch shall represent a small number of pounds, within 
the degree of accuracy required. 

The stress polygon Fig. 2 should be completely finished and the 
signs for tension (+) and compression (— ) placed on the frame for 
each member as its stress is foundy to avoid confusion, before the 
stresses are taken off to scale. A good scale, dividers, straight-edge, 
triangle, and hard fine-pointed pencil are all the tools required. The 
work should be done with care, all lines drawn light, points of 
intersection accurately located and the frame properly notated to 
correspond with the force polygon. Care should be exercised to 
secure perfect parallelism in the lines of the frame and stress 
polygon. Some practice is necessary in order to obtain close results. 
It should be remembered that careful habits of manipulation, 
while they tend to give constantly-increased skill and more ac- 
curate results, affect very slightly the rapidity and ease witii 
which these results are obtained. 
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(1) Aroof4rug8hasa9panoffiOfeetandr%8eofl2.fi feet. Each 
rafter ie divided into four equcUpavile^ and the lower horizontal tie 
into 8ix equcU panele. The bracing is as ehown in the figure. A 
weight of 800 lbs. is sustained at each upper apex. Find the 
stresses. 

Ans. Draw the frame in Fig. 1 to a scale of, say, 12 feet to an inch, and 
notate it Then constnict the force polygon ABCDEFOHIA, Fif . 2. 

Mote that R% or HI and Hi or LA arp 
eqnal and each 2800 Iba. The force poly- 
gon then doees as it ahoald. We can take 
the scale of Fig. 2 as 8200 Ihs. to an inch. 
Then an error of ^ of an inch will be 
about 128 lbs. 

We can then find the stresses as shown 
in Fig. 2. 

Aa Bb Cd Df la 

- 6280 - G816 - 4700 - 8580 -f 6624 

Ic le ab he cd 

+ 4882 + 4024 - 720 + 720 - 1060 

de if fg 

+ 928 - 1452 + im lbs 

The accurate results (Ex. (8), page 642) 
as found by computation are 

- 6260 - 6818 - 4696 - 8577 + 5600 

+ 4802 + 4008 - 720 +720 - 1081 

+ 920 - 1448 + 2401 lbs. 

It will be seen that the greatest error is only 80 lbs. The above results 
were actually obtained from the diagram, using the scales given. 

(2) Sketch the 8tre88 diagram for a roof -truss as shown in the 
following Fig, 1, equal forces acting at every upper and lower apex. 

Ans. The student should note that the reactions DE and GA are each equal 
to half the sum of the downward forces or 2i forces. 






We lay off then in Fig. 2 AB, BC, CD downwards. Then DE upwards 
equal to 2^ forces. Then EF, FG downwards. Then GA upwards equal to 
2i forces, and elonng the force polygon. 

The stresses can now be found as always. 

(3) We give in the following figures a number of f ramies with 
their stress diagrams.* For the sake of generality, the outer forces 
and reactions are often taken inclined as well as vertical. 

* The student should sketch the stress diagrams for himself in each case, put- 
ting down as be goes along the sign (— ) and (+) for compression and tension 
npon eac|i meml^r of the frame as soon as he finds it. 
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Fig. 14. 
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Fig. 15. 



Fig. 1^ 



Fig. 17. 
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Fig. US. 



Fig. M. 





Fig. «5. 



Fig. S6. 
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Hff. »7. 
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Hon-coBonnring Foroes. — ^Let the co-planar forces Fi, Ft, Ft^ 
Fa , etc*, act at the points Ai,A%,At, A* of any rigid body, Fig. 1. 
k - jf If we lay oft the forces to scale 

V; -jT ■ . X ^ ^- ^f ^^ have as before the 

^/^ f* Am ^ ** ^or<5e polygon 0123 4, and the clos- 
y4r<gL y 9.4 JL ^^'^Vr ^S ^^® ^^ gives as before the re- 
iT X •'^- ^T r^X « smtant. If this resultant acts in 

the direction 4 upon the rigid 
body, it will hold the given forces 
in equilibrium. If it acts in the di- 
rection 4, it will replace the given 
forces. 

We thus know the magnitude 
and direction of the resultant. But 
its position in the plane of the forces 
in Fig. 1 is as yet unknown. 

In order to determine this, 
choose any point O in Fig. 2, and 
draw the lines OO and 04. This 
point O we call the pole of the force 
polygon. Now since every line in 
the force i>olyKon represents a 
force, by thus choosing a pole O and drawing lines OO, 04 to the 
extremities of the resultant 4, we have resolved the resultant into 
the two forces represented by OO and 04. This is evident from the 
fact that these two lines make a closed polygon with 04, and hence 
tfikken as acting &om 4 to O and O to 0, as shown by the arrows, 
hold the forces Fij Ft, Ft, FaIh equilibrium, or replace the result- 
ant 4 (page 133). As the pole O is taken anywhere we please, we 
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can thus resolve the resultant 4 for equilibrium into forces in any 
two directions we wish. 

Let us then consider the resultant 4 for equilibrium, replaced 
by the two forces 40 and OO. Anywhere in the plane of the forces 
in Fig. 1 draw a line au parallel to OO and produce it till it meets 
^1 , produced if necessarv, at a. 

If then we take «• and Fi , Fig. 1, as acting at a, their resultcuit 
will pass through a and be parallel to 8 1 in the force polygon Fig. 
2y because 8i in the force polygon is the resultant of Fi and 8» , since 
it closes the polygon for those forces. Through a in Fig. 1, then, 
draw a line parallel to Si and produce it to intersection h with F^ , 
produced if necessary. The Ime Sa in the force polygon is the re- 
sultant of 8 1 and Ft. Parallel to this line then draw 83 through 6, 
Fig. 1, and produce to intersection c with Ft , produced if neces- 
sary. The hne 89 in the force polygon is the resutlant of «« and Fz. 
Parallel to this line then draw 8s tnrough c, Fig. 1, and produce to 
intersection d with F* , produced if necessary. Finally through d in 
Fig. 1 draw a line 8* parallel to 8« in the force polygon. 

We thus find for any assumed position of 80 in the plane of the 
forces in Fig. 1 the proper corresponding i>osition of 8«. Since now 
8e and 84 are components of the resultaiit in proper position and 
each mav be considered as acting at any point in its une of direc- 
tion, we have only to prolong them, and their intersection givee a 
point e on the line of direction of the reetUtant. 

We prolong 80 and 8* then in Fig. 1 to intersection e. The line 
of direction of the resultant passes through e. Acting in the direc- 
tion from 4 to 0, it will hold the forces in equilibrium. We tiius 
know the magnitude, direction and position of the resultcuit for 
equilibrium. 

Position of Pole and of 8^ Indifferent. — The method is evidently 
general no matter where in the plane of the forces in Fi^. 1 we 
take 80 as acting, and no matter where we take the pole in Fig. 2. 

Pole, Equilibrinm Polygon, Bays, Closing Line. — ^The point O we 
call the pole in the force polygon. It mav be taken where we 
please. The polygon abed in fig. 1 we call the eqmlibrinm polygon, 
and a&, he, cd, etc., are its 8egment8, In the present case it is evi- 
dently the shape a string would take if suspended at any two points 
as A and B^ in Fig. 1, on 80 and 84. The stresses in the segments 
would be tensile. These stresses are given by the lines OO, 01, 02, 
in the force i>olygon, and we call these lines rays. In general 
forces may act up aa well as down, in which case some of tne seg- 
ments would sustain compressive stresses and our equilibrium 
polygon would contain struts as well as ties. 

Let us take any two points, as A and By upon the end segments 
80 and 84 , Fig. 1, and supi>ose them fixed. The force 80 acting at 
A we shall then have to replace by two forces, one parallel to the 
resultant and one in the direction AB, So also for 84 at B. The 
sum of the two components parallel to the resultant must be equal 
and opposite to the resultant, and the component in the direction 
AB must be resisted by a strut or compression member AB, This 
resolution we make at once by drawing through O in the force 
polygon a line OL parallel to AB. The Tine AB we call the closing 
line. Thus we see from Fig. 2 that the sum of the components 4L 
ai\d Ld equals the resultant. 

In any case, then, we can fix any two points of the equilibrium 
polygon as A, B, by drawing the closing line AB. A line OLt 
through O parallel to AB^ in the force polygon, gives the com- 
ponents into which 8« and 84 are resolved. 
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We can then consider the entire polygon AabcdB, with its clos- 
ing line AB, as a frame in equilibrium with the given forces, and 
can apply to it the principles of page 135. 

Thus take the apex A. Here we have the reaction i2i = ZO in 
equilihrium with the stresses in AB and Aa. Following round in 

the force i>olygon from LtoOy 
to O, and O to Xr, and trans- 
ferring these directions to the 
apex Ay we find So away from 
A or tension, and OL towards 
A or compression, just as on 
page 136. 

So also at the other apex B 
we have i2s= 4Z> in equilibrium 
with the stresses in ABand 
Bd. Following round in the 
force polygon from 4 to A -^ 
to O, and O to 4, we find S* 
away from B or tension, and 
LO towards B or compression, 
as before. The components Ri 
and Bt act opposite to the re- 
sultant 04 which rei)laces the 
forces, and equal to it in mag- 
nitude. The forces at A and 
B parallel to OL are equal and 
opposite. Hence the frame is 
in equilibrium. 

Beoapitulation. — Our method, then, is as follows : 

Ist. Draw the force polygon by laying off the forces to scale one 
after the other, in any order. The line which closes this polygon 
gives the resultant in magnitude and direction. When it is taken 
as acting in the direction obtained by following round the force 
polygon in the direction of the forces, it will cause equilibrium. In 
the opposite direction it replaces the forces. 

2d. Choose a pole O, and draw the rays 8o , 8i , dt , etc. 

3d. Draw the equilibrium polygon. 

4th. Fix any two points in the end semients of the equilibrium 
polygon by drawing the closing line of the equilibrium polygon 
between those two points. 

5th. A line drawn in the force poly^n parallel to the closing 
line of the equilibrium polygon will divide the resultant into the 
two reactions at the ends, we thus have a frame the stresses in 
which can be found as on page 136. 

Oraphic Constrnotion for Centre of Parallel Co-planar Forces. — 
Let Fiy F^y Ft, etc. , be parallel co-planar forces acting at the points 
Aiy Aiy A*y ctc , of 8k Tigid body. 

We construct the force polygon Fig. 2 by laying off the forces 
Fij Ft, Ft, etc. The resmtant is then the algebraic sum of the 
forces and paraUel to them. 

Then choose a pole O and draw the rays 8^, Si, 8%, s*, etc. 

Anywhere in the plane of the forces, Mg. 1, we draw a line 
parallel to 8o to intersection a with Fi; then aJb parallel to 8i to 
intersection b with F^; then be paraUel to Sa to intersection c 
with Ft ; then St through c paraUel to 8» in Fig. 2. 

The intersection d of So and ^a is a point on the resultant which 
therefore has the direction and position dC. 
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Now suppose the forces Fi, Ft^ F»^ etc., all turned in the same 
direction through a right 
cin^e. 

Draw the new equilibrium 
I>olygon «o' a' b' & 8%\ whose 
sides are respectively per- 
pendicular to those of the 
first. 

The intersection d' of ao' 
and 8t is a point on the re- 
sultant which therefore has 
the direction and position 
da 

The intersection C of the 
two resultants nves the 
centre of force for the system 
(page 73). 

Cor. The same construc- 
tion evidently determines the 
centre of mass (page 75), if 
we divide a body mto a con- 
venient number of portions, 
and take the weight of each 
portion, Fiy Ft, Ft, etc., 
acting at the centre of mass 
of that portion. 

Properties of the Equilibrium Polygon. — ^The equilibrium polygon 
has many interesting properties. We shall call attention to only 
two. 

1st. As we have seen, the intersection of any two segments is a 
point in the resultant of the forces included between those semients. 
Thus in the preceding Fig. 1, the intersection d of 8e and ^a is a 
point on the resultant of Fl, Fi and Ft 

2d, Let aaod. Fig. 1, be a portion of the equilibrium polygon, and 

Fig. 2 its corresponding force polygon. 

Take any line fe in Fig. 1, parallel to 
Fi and draw the perpendicular cd = x, 
no. 1. 1^^ de^yhe the ordinate between 8o 

and 8i. 

In the force polygon Fig. 2, draw the 
perpendicular Oil = H from the pole to 
01. This is called the pole diitance of Fu 
Then by similar triangles we have 

y : X :: Fi : Hy or FiX = Hy. 

^0 . pio. 2. But FiX is the moment of Fi with ref- 
erence to any point on the line/c. 

iji ^i».o Hence, the moment of any force as F, 

with reference to any point , is equal to the 
ordinate through this point parallel to Fi , included between the 
segments of the equilibrium polygon which meet at Fi , multiplied 
by the pole distance of Fx in the force polygon. 

Application to Parallel Forces. — The outer forces acting upon 
framed structures are generally weights and reactions of supports 
due to these weights. We have then in general to investigate a 
system of parallel forces, 

Let FxyF%,F%, Fig. 1, be vertical forces acting upon a rigid body 
or frame. 
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Lay off the force polygon 0123, Fig. 2. Choose a pole O and 
draw the rays 8o , ai , «< , 8», 

Then in the plane of the forces Fig. 1, draw so to meet i^i at a ; 
then 8i through a to meet F% at 6; then 8» through h to meet F9 at 



Fio. 1. 





Fia. S. 

c; and finally 8a. We thus have the equilibriiun polygon 8«a5cas. 
We see that the horizontal component of the stress m any segment 
is constant and equal to OH (page 111). 

Drop verticals through A and B which meet the end segments 
80 and St in A' and R. If we fix the points A', B' by drawmg the 
closing line A'B, the reactions at A', B will be the reactions at A 
and B of the frame. 

Therefore in f^ 2, draw OL i>arallel to AB and we have 
1(0 = A , and 31/ = A. 

Draw the pole distcuice OH, Through the apex K of the frame 
drop the vertical Kkmn, Then, as just proved, OH (to scale of 
force) X A:n (to scale of distance) = the moment of Ri. Again, OH 
X mn = the moment of Fi, The resultant moment is then given 
by OH X (kn — nm) or OH x km. 

That is, for parallel forces, tJie pole distance multiplied by the 
ordinate of the equilibrium polygon at any pointy parallel to the 
forces included between the losing line ana the polygon^ give^ the 
resultant moment of all the forces on either side of the ordinate with 
reference to any point in that ordinate. 

If then we make a section cutting EK^ CK and CD, and take 
the centre of moments at Kj we have (page 102) stress in CD x 
lever-arm for CD = algebraic sum of moments of JRi and Fi with 
reference to K. But tms algebraic sum we have just seen is given 

bjHxkm. Hence stress in Ci) is equal to , ^ ^ /^r^ ' 

^ ^ lever-arm for Ci) 

We can therefore find the moment ^aphically at any point by 
multiplying the ordinate to the equilibrmm polygon at that point 
by the i>ole distance. 

A few examples will make the application of the preceding prin- 
ciples clear. 

Ex. 1. Let ABy Fig. 1, be a beam or rigid body or framed struc- 
ture subjected to two unequal weights Fi and Ft applied at any 
two given points. Required the reactions at the supports A and B, 
also the moment at any point of all the forces right or left of that 

point, when equilibrium ex- 
ists. 

Draw the force polygon 
Fig. 2, choose a pole O, and 
draw 80, «i, St, and the pole 
distance H. 

^ Construct the equilibrium 

*^^ *• ' ^ *^^ polygon Fig. 1 by drawing a 

parallel to «o to intersection a 
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with Fxi throueh a a parallel to «i to intersection b with Ft; 
through o a panulel to «•. Drop verticals from A and B and draw 
the closing Ime A'B. Parallel to A'B draw OL in Fi^ 2. 

Then J^ and 2L are the reactions at A and B; and smce they act 
upwards, the supports must be below A and B. 

The moment at any point K is equal to the ordinate kn multi- 
plied by the pole distance H, 

Ex. 2. It IS well to observe that the order in which the forces 
are taken makes no difference in the results, although the figure 
obtained may be very different. 



iB 





Thus take the same excunple as before, but number the forces in 
inverse order, Fig. 1. 

We form the force polygon as before, choose a i>ole and draw 89 , 
Sly «s. Now parallel to a« we draw a line till it meets Ft at a 
[note that So must always be produced to meet J^^i] ; then from a 
a parallel to Si till it meets l^t at d; then from b a parallel to s%. 
Draw the closing line A'B. A parallel to it in Fig. 2 gives the 
reactions LO and 2L as before. At apex b of the equilibrium poly- 
gon we find 8t tension, since Ft acts downward. At apex a we find 
S9 tension, since Fi is downward. Hence at A\ 80 acts away from 
A\ and following round in the force i>olygon we obtain LO acting 
upwards. At B', St acts away, and hence 2L acts upwards also. 
Tne supports at A and B must then be below. 

As to the moments, the moment of the reaction at A with refer- 
ence to any point ^ is fl" x km. The moment of i<^» is — fl" x np. 
The resultant moment is -ff x (Km — np). The lower ordinates 
subtracted from the upper will give us tne same figure as before. 

Whenever, then, we obtain a aouble figure as in the present case, 
it shows that we have taken the forces in inconvenient order. We 
have only to chanee the order to obtain the moments directly from 
the equihbiium polygon. 

Closing Line at Bight Angles to the Forces— Choice of Pole 
Distance. — It makes no difference what inclination the closing line 
may have, because, as we have seen, the ordinate in the equilibrium 
polygon paraUel to the resultant, multiplied by the pole distance, 
gives the resultant moment, ivith reference to any point on that 
ordinate^ of all the forces right or left. 

We can, however, if we wish always cause the closing line to be 
at right angles to the parallel forces. We have only to find first 
by preliminary construction the rectctions or the ^int L. If then 
we take a new pole anywhere in a line through this point at right 
angles to the forces, the closing line will be at right angles to the 
forces. 

As to choice of ipole distance, we have only to so choose the 
position of the pole as to give good intersections for the polygon. 
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The multiplication may be directlv performed by properly chang- 
ing the scale in the equilibrium polygon. The ordinate to this new 
scale will then give the moment at once. Thus if our sc£tle of 
length in Fig. 1, preceding, is five feet to an inch, and the pole dis- 
tance in the force polygon Fig. 2, measured to the scale of force 
adopted, is ten i>ounds, we have only to take fiftv moment units to 
an mch as the scale for the ordinates and tney will give the 
moments directly. 

Ex. 3. Let the single weight Fx act at any point of the rigid 
body AB, Then the equilibrium polygon is AaB, The vertical 
reactions at A and B are 2^0 and iZ, both acting up, and hence the 
supports are below A and B, 



Pio. 1. 




Fio. a. 




We see at once that the moment is greatest at the weight and 
decreases to zero at each support. 

Ex. 4. Let Fx act outside of the supports A and B. Observe in. 





constructing the equilibrium poly^n that ao is always produced 
till it meets Fi\ also that the closmg line AB always imites the 
two points vertically under the supports, upon the two end seg- 
ments. 

The reactions require special notice. Thus the reaction 1^ at B 
is the resultant of the stresses in aB and B'A\ or IL in the force 
polygon. The reaction R\ at A is the resultant of the stresses in 
A'a and A'B^ or LO in the force polygon. 

Since Fx acts downward at apex a, we have 8x compression and 
ao tension. Therefore at apex A' we take So acting away, and hence 
obtain XO acting down, or the support is above A. 

At apex H we take at acting towards, and hence obtain LL act- 
ing up, or the support is below B, 

Ex. 6. One Downward and One Upward Force between the 
SxTPPORTs. — Here we need only call special attention to the fact that 
as Fa acts up and is less than Fi , as m the force polygon Fig. 2 lies- 
between ao and ai. 
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The reaction at A is the resultant of s^ and L or XO. The reaction 
at B is the resultant of s% and L or L% 
Since Fx is down at a, we have 80 ten- 
sion, and since Fi is up at 6, we have 
8t tension. At apex A', then, 80 acts 
away, and hence X is compression and 
2i0 acts upward and support at A is 
below. At apex jB', %% acts away, and 
L is compression as before and 2Xr 
acts downward, or support at ^ is 
above. 

We see also that if F% were less, 
so that 2 falls below L in the force 
polygon, the reaction at B would be 
upward also, and the support would then have to be below. The 
student should sketch the case for F^ greater than F\, 

At the point K we see that the moment is zero. If AB is a 
beam, the point K is the ** point of inflection," or the point at which 
the curve of deflection of the beam changes from concave to con- 
vex. The beam would be concave upwards as far as K^. and from 
there on convex upwards. 

Ex. 6. In the preceding case, let the forces be equal. Laying off 
the force polygon Fig. 2, the first force extends from to 1, and 

the second from 1 back to 0. Choosine 
a pole O and drawing ao , ai , 8s , we find 
that 80 ^Lnd Si coincide. 

Constructing the equilibrium poly- 
gon and drawing the closing line Ala 
and its parallel L, in the force polygon, 
we see that the reaction at A or the 
resultant of s^ and L is IX), and the re- 
action at B or the resultant of b% and h 
is also LO. The reactions are therefore 
equal. Since «o and s% are both tension, 
we have reaction at A upward or sup- 
' port below A, and reaction at B down- 

ward or support above B, 

This is m accord with the principle (page 73) that a couple can 
only be held in equilibrium oy another couple. Morever, the re- 
sultant of 00 and «s in Fig. 2 is zero, and the point of application is 
at the intersection of s^ and %% in Y\^, 1, or at an infinite distance. 

That is, the resultaiit of a couple is zero at an infinite distance 
(page 73.) 

At K the moment is zero as before, and we have a point of in- 
flection. 

Ex. 7. Two Equal Weights beyond the Supports.— The figure 
needs no explanation, except to call attention 
to the reactions. 

Thus the reaction at A is LO acting down. 
At ^ it is %L acting up. 

The moment at any point, in all cctses, is 
the ordinate multiplied oy the pole distance 
H, The shaded areas then show how the 
moments vary. 

We rei>eat here that the order in which 
the forces are taken, in all cases, as also the 

Sosition of the pole, is indifferent. The stu- 
ent will do weO to work out cases to scale 
and satisfy himself that this is true. 
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Ex. 8. Two Equal and Opposite Foroeb beyond the Supports. 

— Observe that «• is produced till it inter- 
sects Fiat a in Fig. 1; then «i from a to 
b; then 8% parallel to St or «• in Fig. 2. The 
closing line A'B" is then drawn. A parallel 
to it in Fig. 2 gives L. 

The reaction at A is XO acting down, 
and at B, OL acting up. 

Between B and i^ the moment is con- 
stant. This is the graphic interpretation 
of the principle, page 72, that the moment 
of a couple is constant for any point in its 
plane. 

Ex. 9. A Unifobmly-disteibuted Load. 
—Let the load be uniformly distributed. 
We might consider it as a system of equal 
and equidistant weights very close toother. 

Thus in Fig. 1 the load area, which is a rectanele of uniform 
density, whose height is the load per unit of lengui, and whose 
length is AB, may be divided into any 
number of equal parts. The weight on 
each of these parts acts at its centre of 
mass. We can then lay off the force 
polygon Fig. 2. Since the reactions at 
A and B are equal, we take the pole in 
a horizontal through the middle point of 
the force line. The closing line A' JB' will 
then be parallel to AB (p. 149). We can 
then draw ae , 8i , 8s , etc., and construct 
the equilibrium polygon. It is evident 
that the points a, 6, c, d, etc., will enclose 
a curve tangent to a&, 6c, cd, etc., at the 
points midwajr between, that is, where 
the lines of division of the load area meet 
the sides of the equilibrium polygon. 

The ordinates to this curve, multiplied by the pole distance H^ 
give the moment at any point on the ordinates. 

It will be seen, however, that this method is deficient in accuracy, 
because the lines ab, &c, cd, etc.. are so short and there are so many 
of them. If, however, we can find what the curve A'abcd, etc., is, 
we could draw the curve at once. 

Suppose we divide the load area into only two portions of lengths 
X and t — ic, where I = AB, Fig. 3. The entire weight over the por- 
tion X can be considered as acting at 
t^e centre ci of the load area. The 
same holds good for the portion l — x. 
We thus have two forces Fi and Ft. 

Taking the pole as before, so that 
the closing line A'B' shall be parallel 
to AB, construct the equilibrium poly- 
gon A'abB'. The curve of moments 
will be tangent at A', c and B\ as 
shown by the dotted curve. 

Now we see that, no matter where 
the load area is supposed to be divided, 
we shall always have for the distance 
Ci e« between Fi and Ft 
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That is, no matter where the line of division is taken, the hori- 
zontcd projection of the line ab of the equilibrium polygon is 

constant and equal to -^l. But a& is a tangent to the curve required. 

But if from any point on the line A*d we draw a line ab limited by 
the line B'd. so that the horizontal projection is constant, the line 
ab will envelop a parabola. 

This may easily be proved as follows : Let the load per unit of length be p. 

pi 
Then the entire load is pi and the reaction at each end is ^. 

The moment at any point distant « from the left snpport is then 



Bat since Fi is eqaal to|i0, 



pi „x 



pi pcfi 



I 



This is the equation of a parabola. At the centre « = 0*1 i^id we therefore 
have the centre ordinate ^. 

o 

CoR. 1. We see, therefore, that when a string is suspended from 
two points A'y B and sustains a load uniformlv distributed over 
the horizontal, the curve of equilibrium is a paraoola (page 113). 

Also the horizontal component of the stress at any point, as is 
evident from the force polygon, is constant and equal to H, Also 
the vertical component of the stress at any point as c. Fig. 3, is 
R\ — F\^ or equal to the total load between the lowest point and the 
point considered (page 111). 

Cob. 2. We have the following construction for the equilibrium 
curve. Lay off a perpendicular eK at the 

centre e and make it equal by scale to ^. 

Through A, K and B construct a parabola 
having its vertex at K, The ordinate to this 
parabola through any point will give the 
moment at that point. 

The distance Kd is also equal to — , be- 

o 

cause the moment of the reaction with reference to e is 




and Kd^ed-eK^^ 

4 



.=? 


^2 = 


' 4 


8 


pP 

8 • 





distance ed = 



Cor. 3. How to Draw a Parabola,— Since we know, then, the 
pp 
4-. we can always draw the lines Ad and Bd, If 

B then we divide Ad and Bd into any number of 
equal parts and nimiber these parts along one 
line away from d and along the other towards 
d, we have only to draw lines joining any two 
points having the same number and these lines 

will all have the same horizontal projection ~. 

2 
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The^ will therefore enclose the parabola required. Tangent to 
these lines we may sketch the curve. 

A better method is to plot the ordinates to the curve from its 
equation, 

pi pa? 

^2 2 

Methods of Solntion of Framed Structures. — In Chap. IV we 
have given and illustrated two methods of computation for framed 
structures : 

1st. By Resolution of Forces (p£^e 101). 
2d. By Moments or the "Method by Sections " (page 102). 
In the present Chapter we have the corresponding graphic 
methods : 

1st. By Resolution of Forces (page 135). 
2d. By Moments (147). 



EXAMPLES. 



(1) A roof 'truss lias a apan of 60 ft. and a centre freight of 12.5 
ft. Each rafter is divided into four equal panels^ and the lower 
horizontal tie is divided into six equal panels. The bracing is as 
shoum in the figure. Find the stresses in the members, oy the 
graphic method of moments, for a weight of 800 lbs. at each upper 
apex. 

Ana. We have oompated the stresses (page 105, Ex. (3)) by the two 
methods resolution of forces and moments. We have also found tne stiessea 
by the graphic method of resolution of forces (page 140, Ex. (1)). 




Fig. 2. 



We can construct the force polygon ¥lg. 3, and then the equilibrium poly- 
gon Fig. 1. This, however, is not advisable for reasons already given. It 
will be more accurate to assume the pole distance as unity, thus discarding the 
force polygon altogether, and construct i>oints in a parabola from the equa- 
tion 
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In the present case the load per foot is, if we suppose half weights of 400 

6400 1 2 

at the ends, -=jr— = 128 lbs. = p. Taking x = ^, ^l, etc., we have 

* - 8^' 8 ' S^' 8 • 

y = 17500 80000 87500 40000 Ib.-ft. 

lAyinff these off to any convenient scale, we determine very accurately the 
points a,o, c, d of the equilibrium polygon. The other half of the polygon is 
precisely similar. 

The ordinates to this polygon will give, to the scale adopted, the moment, 
for any point of the truss, of the outer forces left or right. Thus the moment 
with reference to A; of all forces right or left is km. Fig 1. We find by scale 
km = 216661 lb. -ft. In the same way for the next lower apex we find the 
moment 85000 lb. -ft. The moment at the next lower apex or centre of the span 
is 40000 lb. -ft. 

Now by the method of sections (page 102) we have for any member 

Stress X lever-arm -f- ^ moments of outer forces = 0. 

The second term is given by the ordinates of the equilibrium polygon to 
scale. 

As regards the centre of moments for any member, we must observe the 
rule (page 102), viz: Cut the truss entirely through by a section cutting only 
three members the strains in which are unknown. For any one of these take 
the point of moments at the intersection of the other two. 

For the proper sign for the first member of the equation place an arrow on 
the cut member pointing away from the end belonging to the left-hand por- 
tion, and take the moment (-|-) or (— ) according as the rotation indicated by 
this arrow is counter-clockwise or clockwise. . 

If the stress comes out positive, it indicates tension; if negative, compres- 
sion. 

Take for instance the first lower panel. La. The centre of moments must 
be taken at the first upper apex* The moment for this point is given by the 
ordinate na of the equilibrium polygon, or — 17500 lb. -ft. We take the minus 
sign, because the rotation is clockwise. We have then 

La X 8.125 - 17500 = 0, or La = + 5600 lbs., 

where 8.125 ft. is the lever-arm of La. 
In similar manner we have 

Zo X 6.25 - 80000 = 0, or Le = + 4800 lbs., 

where 6.25 ft is the lever-ann of Lc. 
For Le we have 

Z« X 9.875 - 87500 = 0, or Ze = + 4000 lbs., 

where 9.875 ft. is the lever-ann of Lc. 

For the first upper panel Aa, take the centre of moments at k. The mo- 
ment for this point is given by the ordinate from k to the first Ime of the poly- 
gon produced. It is therefore larger than km, which gives the combined 
moment of the reaction and first weight. We find it by £ale to be — 288881- 
lb..ft. 

We have then 

- ^a X 8.727 - 2888^ = 0, or ^a = + 6260 lbs., 

where 8.727 ft. is the lever-arm for Aa. 

In like manner for )3b we have centre of moments at k, and moment km = 
-21666f. Hence 

- B& X 3.727 - 216661 = 0, or jB& = + 5818 lbs. 
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For Cd we have 

-01x7.454-80000 = 0, or Cd = + 4691 lbs., 

where 7.454 ft. is the leyer-arm for Cd. 
For Df we have 

- D/ X 11.151 - 40000 = 0, or 2>/ = + 8587 Ibe. 

For all the braces the point of moments is at the left-hand end. Taking a 
section through Eb^ ab and Xa, we have acting on the left-hand portion only 
the weight AB and the reaction. The moment of the weight relative to the 
left end is the ordinate a'V, or by scale — 5000 lb. -ft. The lever-arm for ab is 
6.984 ft. Hence 

- a& X 6.984 - 5000 = 0, or a& = - 721 lbs. 

For 6c we have 

-f 06 X 6.984 - 5000 =0, or a6 = + 7dl lbs. 

For cd the moment is a^h' + 6V, or — 15000. We have then 

- «i X 18.869 - 15000 = 0, or cd = - 1081 lbs., 
and so on. All lever-arms can be scaled off the frame or mast be computed. 

The present method is not to be recommended for the braces. In prolong- 
ing the sides ab, be, etc , of the equiiibriam polygon, a slight variation m 
direction will make considerable error in the ordinate at the end. Also as the 
isides ab, be, etc., are short they do not give direction accurately enough. 

Of all our four methods, the graphic method by resolution of forces (page 
185) is the easiest of application to such cases. 

The more irregular the frame the more advantageous it is. 

(2) A bridge-girder, as shown in the figure, 10 feet deep, SO feet long, 
eight equal panels in the lower chord and seven equal paneis in the 
upper chord, has a load of 5 tons at each lower apex. Find the 
stresses by duxgram and by moments. 




Ans. The panel length is 10 ft., sec 9 = 1.117. By moments then 

^a X 10 - 17.5 X 10 = 0, or ^o = + 17.5 tons. 

Be X 10 - 17.5 X 15 + 5X5 = 0, Be = + 28.75 
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CeXlO" 17.5 X 25 + 6(6 + 16) = 0, 
2)^ X 10 - 17.6 X 86 + 6(5 + 16 + 26) = 0, 

-76X10 -17.6X10 = 0, 

- id X 10 - 17.5 X 20 + 6 X 10 =0, 
-^X 10- 17.6 X 80 + 5(10 + 20) = 0, 

- /A X 10 - 17.6 X 40 + 5(10 + 20 + 80) = 0. JA = - 40 

/a = - 17.6 X 1.117 = - 19.56, de = - 7.5 X 1.117 = - 8.38. 

06 = + 19.66; «/ = + 8.88, 

6c = - 12.6 X 1.117 = - 18.96, /^ = - 2.5 X 1.117 = - 2.79, 

aJ = + 13.96, gh = + 2.79. 



Ge = + 83.76 tons. 
Dg = + 88.76 

76 = - 17.6 
7d = -80 
^ = - 87.6 




CHAPTER Vn. 
WORK. 

WOBK IKDEPBimBNT OP PATH. UNIT OF WORK. YIBTUAL DISPLACEMENT. 
VEBTUAL WORK. PRINCIPLE OF VIRTUAL WORK. 

Work. — The product of a uniform force by the projection of the 
displacement of its point of application along the line of action of 
the force is called work. 

Thus let a uniform force, that is, a force constant in direction 

and magnitude, act at a point Ai , and let the 
displacement of the point of application be 
AiAi = d. 

Let B be the angle FAiAt between the force 
and the displacement. Then the projection of 
the displacement A1A9 = d upon the line of the force J^ is Ain = 
d cos 0, and we have for the work W, 

W=FdcoQS (1) 

But -Pcos B is the projection of the force F upon the line of the 
displacement A1A9. 

Hence, toork is the prodttct of a constant force by the projection 
of the displacement of its point of application along the tine of the 
forcCj or the product of the displacement by the projection of the 
force along tne line of the displacement. 

If the projection of the displacement A in along the force is in 
the direction of the force, the force is said to do work. In this case 
the angle is acute and Win equation (1) is positive. 

If the projection of the displacement Axn along the force is op- 
posite in direction to the force, work is said to he done against the 
force. In this case the angle 6 is obtuse and W in equation (1) is 
negative. 

Cor. 1. If the displacement is at right angles to the constant 
force, the work is zero. 

CoR. 2. The weight of a bodv is a force acting at the centre of 
mass (page 76). Hence the work done against gravity in raising a 
body or mass m through a distance s is W= — mgs, where mg is 
the weight in ^undals and s the displacement of the centre of 
mass. In gravitation units (page 6), Ty = — wa. 

CoR. 3. The work done by gravity upon a body of ma£is m which 
falls through a distance s is Tr = + mgs, where mg is the weight in 
poundals and s the displacement of the centre of mass. In gravita- 
tion units, W= + ms. 

Work Independent of the Path. — ^The definition for work given 
in the preceding Article evidently holds good no matter what the 
path, provided the force is imiform, that is, does not change in 
direction or magnitude. 
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Thus let the constant force jPact on the particle A which is dis- 
placed from A to B either along the line ABy or from 
A to C and from C to JB. 



p 
In the first case the work is i^ x Al, In the second ^ \ 
case the work is 

F X Am + F X Cn=:F X Al l\ — ^ 

m 




rB 



So in general for any broken line between A and B. 
Since a curve is the limit of a polygon, the same holds 
true for any curved path between A and B. 

Work when Force is Variable.— If the force is variable, we must 
take the displacement indefinitely small, so that the force during 
such displacement may be considered as uniform. In such case we 
have 



W=f 



Fd8 (2) 

Unit of Work.— If [F] is the unit of force and F the number of 
units of force, [L] the unit ot distance and a the number of units of 
distance in the direction of the force, [W] the unit of work and W 
the number of units of work, we have 

W[W]=F[F] X «[!,]. 

We have then the numeric equation 

W=Fs, 
provided 

[W]=[F]x[L], 

The unit of work, then, is the work done by one unit of force 
when the displacement in the direction of the force is one unit of 
distance. 

The Elnglish absolute unit of work is then the foot-poundal, or a 
constant force of one poundal acting through one foot. 

The C. G. S. absolute unit of work is a constant force of onejdyne 
acting through one centimeter. It is called an erg. A multiple of 
this, equal to 10000000 ergs or 10^ ergs, is used in electrical measure- 
ments and called ajoiUe, after Dr. James Prescott Joule. 

In English cavitation units (page 6) the unit of work is the 
foot-pouna. This is the unit commonljr adopted in Engineering 
calculations. It is the work done in raising a mass of one pound 
through X the vertical distance of one foot against gravity. It is 
therefore a variable amount of work, since the weight of one pound 
varies with the locality (page 6). 

Virtual Displacement — virtual Work. — When the point of appli- 
cation of a force is actually displaced, the displacement is actual 
and the work done by or against the force is actual also. 

If F is the force acting at any point and a is the actual displace- 
ment in the direction of the force of that point, then if F remains 
uniform, that is, constant in magnitude and direction during the 
displacement, then the actual work is Fa. 

But in general, when the point of application of a force is dis- 
placed, the force does not remain uniform unless the displacement 
IS taken indefinitely small. 

If F, then, is the force acting at any point and (2s is an in- 
definitely small displacement in the direction of the force, we have 
in general the work given by Fda. 

Now an indefinitely small displacement of a point which does 
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not actually take place, but which is only imagined or supposed to 
take place, we may distinguish by calling a virtiuil displacement, 
and we call the work done by or against a force by reason of the 
virtual displacement of its pomt of application the virtual work of 
the force. 

Virtual displacement unless otherwise specified is always to be 
taken as indennitely small. It is always linear displacement, since 
a point has no size. 

Principle of Virtual Work. — Let Fi, Ft, Ft, etc., be any num- 
ber of concurring forces, that is, forces acting upon a particle at P, 

and supi)ose this particle to re- 
ceive a virtual displacement PD 
in any direction. 

Since virtual displacement is 
indefinitely small, tae forces re- 
main unclianged in direction and 
ma^itude. 

If we lay off the line representatives in Fig. 2, the resultant is 
given in magnitude and direction by the closmg line OFt = R ot 
the force polygon. 

Draw OD parallel and equal to PD, and let ai, at, at, etc., and 
be the angles made by Fi,Ft,Ft, etc., and JR with OD. 
Then we have by construction 

JRcos 9 = Fi cos ai + Ft cos a« + Ft cos a«, etc. = 2Fcoea. 

That is, the component of the resultant R in the direction of the 
virtual displacement is equal to the algebraic sum of the compo- 
nents of the forces in that direction. 

If we multiply by the displacement PD = d, we have 

12 . d cos B=Fi . d cos ai +Ft . d cos at+Ft .dco&at, etc.= 2Fd cos a. 

But since d is indefinitely small, so that the forces remain un- 
changed in m£ignitude and direction, we have by definition R . d 
cos 6 equ€d to the virtual work of the resultant, and Fi . d cos ai , 
Ft . d cos at , etc., eijual to the virtual works of Fi, Ft, etc. 

Hence, */ a particle acted upon hj/ any eystetn of forces receive a 
virtual displacement in any direction wTiateoer, the algebraic sum 
of the virtual works of the forces is equal to the virtual work of the 
resultant. 

If the forces Fi, Ft, Ft, etc., acting on the particle are in equi- 
librium, their resultant R is zero, and we have 

Fx . d cos ax + Ft.dcoBat -k- Ft.d cos at , etc. = ^Fd cos a = 0. 

This is called the *' principle of virtual work " ; a principle which 
includes all of statics and kinetics. We may state it as follows : 

If a particle in equilibrium under the action of any system of 
forces receive a virtual displacement in any direction whatever, the 
algebraic sum of the virtual works of the forces is equal to zero. 

Conversely, if the algebraic sum of the virtual works of a system 
of forces acting on a particle is zero for every virtual displacement 
whatever, the particle is in equilibrium. 

Ck)R. 1. If a system of particles is in equilibrium under the action 
of external and internal forces, and any number of particles of the 
system receive any virtual displacement whatever, then, since the 
algebraic sum of the virtual works of the forces acting on each par- 
ticle is zero, it follows that the algebraic sum of the virtual works 
of eJl the forces, external and internal, is zero. 
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* The principle of virtual work applies then to any material system 
if all forces external and internal are considered. 

Cor. 2. If a system of particleB in equilibrium imder the action 
of external and internal forces receive any virtual displacement 
of translation whatever which does not alter the configuration of 
the system^ then no work is done by or against the internal forces, 
and the algebraic sum of the virtual works of the external forces 
alone is zero. 

The principle of virtual work applies then to the external forces 
acting upon any rigid body in equuihriumy if the body is regarded 
as a particle and the virtual displacement is one of translation. 

CoR. 3. If a system of rigid bodies in equibriimi under the action 
of external and internal forces receive any virtual displacement 
whatever which does not alter the configuration of the system, tiien 
no work is done by or against the internal forces, and the algebraic 
simi of the virtual works of the external forces alone is zero. 

The principle of virtual work applies then to the external forces 
acting upon any system of rigid bodies whose configuration does not 
change^ if the ngia bodies are regarded as particles and their virtual 
dispiacements are translations. 



EXAMPLES. 



(1) A lever ACB with fulcrum atCis acted upon by the co-planar 
forces Pand Q at the ends A and B. Find the conditions for equi- 
librium, neglecting friction. (For rough lever see Ex. (17), page 
221.) 

Ans. Let R be the resultant acting at the f olcram 0. 

Take any point D in the plane of the 
forces. Let the lever be rotated connter- 
clockwise about an axis through D at right 
angles to the plane of the forces, through 
an indefinitely small angle of 6 radians. 
Then the virtual displacement of A is 

AD . B = A$, making the angle $AP = eri 
with P. The virtual displacement of is 

0D.$= Ct, making the angle $0B = a 
with the resultant B. The virtual dis- 
placement of B is BD .$ = Ba, making the 
angle $B0 = at with the direction of Q. 

Then by the principle of virtual work, having regard to the proper signs as 
given by the figure, 

+ P. Ai.co8 ai — B. dcoaa^ © . jB» cos «» = 0, 

or 

+ P. . -dDcos ai - 5. . GZ)cos a - C • . -BDcos a, = 0, 

or _ 

+ P. ADcosai-JJ. CDcoBa- Q.BDcosat^O. 

But if we drop from JD the perpendiculars pni =p on P, Dn =:ronB, and 
Dnt = g on 0, we have AS cosai =p, 65 cos a = r, BD cos at = q, and 
hence 

That is, the algebraic sum of the moments of the forces about any point in their 
plane is zero (page 99). 
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Again, sappoae the lever to be translated in any direction through an indef- 
initely small distance, so that the yirtoal displacement of every point is d, and 
let the forces P, Q, B make the angles ai , at and a with the direction cf the 
displacement. Then by the principle of virtual work we have 



or 



FdcoB ai -\- Qd ooe at + Bd COB a =z 0, 
PcoscTi -|-Qcoser, -|-i?cosa =0. 



That 18, the algebraic sum of the components of the forces in any direction is 
zero (page 99), and their line representatives make a closed polyfi;on. 

Again, since the algebraic sum of the moments about any pomt is zero, the 
three forces must intersect at a common point (page 100). 

If we suppose the fulcrum (7 to be fixed, we can have only rotation. We 
can then easily prove by the principle of virtufd work that the necessary and 
suificient condition of equilibrium for <my body free to turn about a fixed axis 
imder the action of any number of forces is that the algebraic sum of the mo- 
ments of the external forces with reference to the fixed axis shall be zero. 

If we take the fulcrum as our i>oint of moments we easily deduce, as on 
page 71, u^ien the forces arre parallel, 



B==P+Q. 



P 
Q 



BO 

AC' 



a-Oj 




If the forces are not parallel, let the force P make the 
angle ai , the force Q the angle as , the force B the angle a, 
with the lever, the acute values being taken. 

Then since the line representatives form a closed polygon, 
we have 



or 



We have also 



P : :: sin (180 - a — a,) : sin (a — ax\ 

P _ sin a cos a^ + oos a sin a% 
Q ^ sin a cos ai — cos a sin ai * 



iS sin cr =:: P sin CTi -f* Q sin cTs ; 

P COS a = Pcosai — Qcosat; 
P sin cTi -f- Q sin tt> 
P cos «! — C 0^ ^^* 
i? = P« + Q» - 2PC . cos (ax 4- a,). 



tan a = 



(2) In a wheel and axle the radius of the wheel is a, and of the 
aacle h. Find the conditions for equilibrium^ neglecting friction 
and rigidity of the rope, when a mass P hung from the wheel just 
balances a mctss Q hung from the axle. (For motion and rigidity 
see Ex. (18), page 222.) 

Ans. The external forces are Pg and <^. If we suppose P to receive a vir- 
tual displacement s downward, then Q will receive the virtual 

displacement —e upward, and by the principle of virtual 

work we have [ a f^ S\ 

PJBfS - Qg . -s z:z 0, or Pgp = Q6, 

or the algebraic sum of the moments of the external forces 
with reference to the fixed axis is zero. This is the sole con- 
dition for equilibrium for any body free to turn about a fixed 
axis acted upon by any number of forces. 
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In this example we see that it is not necessary to suppose the virtual dis- 
placement indefinitely small, since the forces do not vary with the displace- 
ment. 

(8) Four sailors^ each exerting a force of 112 Z&8., can just raise 
an anchor by means of a capstan whose radius is 1 foot 2 in. and 
whose spokes are 8 ft, long, measured from the cuds. Find the 
weight of the anchor. 

Ans. 8072 lbs. 

(4) If the length of ecu)h of a pair of scuUs be S ft. Q in., and the 
distance from the hand to the rowlock he 2 ft. Z in., find the force on 
the boat when the rower applies a force of 26 lbs. on each scull, as- 
suming that the blade does not move through the water. 

Ans. 68 lbs. 

(6) In the single movable pulley find the relation between the 
force P and the mass Qfor equilibrium, disregarding friction and 
rigidity of the rope. (For mction and rigidity see Ex, (19), page 
224.) 

Ans. The external forces are P and the weight of the mass Q. If we sap- 
pose a yirtaal displacement of Q downward equal to a, the -^ 
corresponding virtual displacement of P will be 2s upward. 
We have then by the principle of virtual work, in gravita- 
tion units, 



C«-2P« = 0. or P = J. 






p 

T P 



Again, if T is the tension of the rope, we have, in gravi- 
tation units, T=Ptaid2T= Q. Hence P = ^. 

2 [ ^ J Q 

In this example we see that it is not necessary to snp- 
I>oee the virtual displacement indefinitely small, because the forces do not 
vary with the displacement. 

(6) In the sys tem of pulleys shown, find the relation between the 

force P and the mass Q /or equilibrium, dis- 
regarding friction and rigidity of the ropes, 
(For friction and rigidity see Ex. (20), page 226.) 

Ans. The external forces are P and the weight of the 
mass Q. If we suppose a virtual displacement of Q down- 
ward equal to «, the displacement of the next pulley is 2s, 
of the next 4«, and so on. If there are n movable pulleys, 
then, each one of the mass m, we have by the principle of 
virtual work, in gravitation imits, 

Qs + m.$ + fn.2s + m.is+ . . . m.2"-*« — P.2»< = 0. 




Hence 



or 



^ _ Q + m(l + 2 + y-f 2» + ..,2»'^) 
^- 2^ ' 



If we disregard the mass*f» of the pulleys, 

P=« 
^ 2»' 

In this example we see it is not necessary to suppose the virtual displace- 
ment indefinitely small, because the forces do not vary with the displacement. 
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ar, = c + «! 

97; =T, + mi 

ar. = Tt + mi 
ar» = r— I + m-, 

P=T,. 



3-P=C + »» + 9»» + a'm + a^» + . . .a"-'m. 

(7) In tJie ai/stem ofpuUeaa shottm, find the reJation between P and 
Qfor equUibnum. dtaregarding frictton. (For friction and rigidity 
Bee Ex. (21), page aas.) 

Ana. Tba «xteni&l forces are P and the weight oC Q. If we snppoee « vir- 
toal dispUcement of Q donuward equal to », each Btring 
coming from the lower block will be lengthened b7 t, and 
the Tlrtoal dispUcemeat of P upwards will be nt, whero n 
in the Dumber of atringe coining from the lower block. We 
have then by the priAciple of virtD&l work, if tn is the 
mass of the lower Uock, 

{q + m)t-mP = <i. 

p_« + m 



In this example we see that it is not neeenai? to sap' 
poee the Tirtnal displaoement indefinitely small, because 
the forces do not vaiy with the displaoement. 

Again, the tension in each string is the same and equal 
to P. Hence, if n Is the nnmbei of strings coming from 
the lower block, nJ" = ^ + m. 

JB) In the system of pv-Ueya ahovm, find the rela- 
Q for equilibrium, disregarding friction and 
rigidity of the ropes. (For friction and rigidity see Ex. (88), page 
226.) 

Ans. The estamal forces are P and the weight of Q. If ne snppoee a vir- 
tual displaconent of Q downward equal to «, then the , 
highest movable pulley will be raised a distance «, the 
next will be raised twice the height throngh which the 
highest is raised plus the distance throngh which Q de- 
scends, that ia, through the distance 8«. 

In the same way any movable pulley will rise through 
the height « pins twice the distance throngh which the 
pulley next above riseB. 

If the number of pulleys is n and the mass of each 
pulley is m, the distances through which each pulley is 
nrised are respectively i. {3' -!)», (3" - 1)» . . . (3--' - 1)«. 
Also P will be moved vertically upwards a distance 
(2« _ iji. We have then by the principle of virtual work 
In gravitation units, 

(g, _ Bi(a - 1>» - Bt(3» - 1)1 - m(V - 1)1 ... - m(a— > - 1)« - (8- - 1)A = 
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Henoe 

„_ Q-m[{2 - l) + (2« - l) + (2»~ 1) . . . +(2»^i- 1)] 

or 

2»-l 
If we neglect the mass of the pulleys, 

2»-r 

In this example we see that it is not necessary to suppose the virtual dis- 
placement indefinitely small, because the forces do not vary with the dis- 
placement. 

Again, if n is the number of pulleys and T^ Tt, T», etc., the tensions in 
the strings, then we have for equilibrium, in gravitation units, 

Ti=:P; . (1) 

r, = 2r,+i»; (2) 

r. = 2r, + i»; (3) 

Tn = 2Tn^i+tn; (») 

Ti + Tt + Tt + . ..Tn=Q. (4) 

Multiplying the second equation by 2»-i, the third by 2»"*, the nth by 2, 
and adding, we have 

2r»=2»P + 2»-»m + 2«-«iii + . ..2m. 

Adding equations (2), (8), . . . (n) and employing equation (4), we have 

e - P = 2(C - Tn) + (n - l)m. 

Eliminating T^ , we have, as before, 

2*-iP= e - (2 - l)w» - (3» - !)« - (2»— l)m . . . - (2«-» - l)m. 

(9) If we have three movable pvUeya arranged as in Example (6), 
their masses, heginningwith the lowest, being 9, 3 and 1 Ih. respec- 
tively, find what force ]r will support a mass of 69 lbs. 

Ans. 11 lbs. 

(10) If in the system of Example (7) tJiere are nine pvUeys and 
each has a mass of one pound, find the force P to support a mass of 
SSlbs. 

Ans. 9 lbs. 

(11) If in the system of Example (8) the mass supported is 56 lbs,, 
and each movable pulley, of tvhich there are three, has a mass of 1 lb., 
find the horizontal distance of the centre of mass of Q from the centre 
of the fixed puUey when the diameters of all thepUdteys are equal. 

Ans. Nine twenty-eighths the radius of the pulley. 

(12) In the differential pulley shoum in the figure an endless chain 
passes over a fixed pulley A, then under a movable pulley to which 
the mass Q is attacKed, and then over another fi^xed pulley B, a little 
smaller but coaxial with A. The tvx) pulleys A and B are in one 
piece and obliaed to turn together through the same angle. The two 
ends of the chain are joined so as to form a loop. The force Pis 
applied to the riaht-hand portion of the loop. To prevent the chain 
fiom slipping, there are cavities in the circumferences of the upper 
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pulley 8 into which the links of the chain fit Find the relation of i^ 
to Q for equilibrium^ neglecting friction. (For friction see Ex. (23), 
page 227.) 

Ans. Let b be the radius of the pulley B, and a the radius of 
the pulley A. 

ijsX Q receive a virtual displacement vertically downwards 
equal to «. Then, since both A and B turn through the same 
angle 6, we have 

— 3 — =«. 




or 8 = 



2$ 



a-6' 



and P has the virtual displacement vertically upwards of 

aQ= r. 

a — 6 

We have then by the principle of virtual work, in gravita- 
tion units. 



Qt-P. 



2aa 
a — b 



= 0, or P = 



Q(a-b) 
2a ' 



In this example it is not necessary to suppose $ indefinitely small, because 
the forces do not vary with the displacement. Again, let T he the tension of 
the chiun. Then if the pulley is in equilibrium, we have in gravitation units 

2T=Q. 

Taking moments about the axis of 0, 

ra - 2^ - Pa = 0. 

Hence 

(Ha--b) 

2a ' 
By taking a and b nearly equal we can have P as small as we please. 

(13) In the differential wheel and axle shown in the figure^ we 
have two axles B and A of different radii^ rigidly connected and 
turning about their common axis DE. The force P is applied at 
right angles to the axis at the extremity of the arm CD. The m/oss 
Q is oMached to a pulley supported by a rope which is urrapped 
one way round B and the other toay round C. Find the relaHon 
ofPto Qfor equilibrium^ neglecting friction, 

Ans. Let c be the arm CD, and b and a be the radii of B and A. Then, aa 
in the preceding example, 



C(a - 5) 
^"~2S ' 

By taking b and a nearly equal we can 
have P as small as we please. In the simple 
wheel and axle the same result can only be 
obtained by making c inconveniently large or 
a inconveniently siniall. 



i 



r 



-A- 



n^ 

« ^p^ 



s 



(14) 7%e requisites of a good balance are as foUotvs : 1st, R 
should be *' frti6," that is, when loaded with equal masses the beam 
should be horizontal. 2d. It should be '' sensitive,^ that is^ when the 
masses differ by a small quantity the direction of the beam from the 
horizontal should be eaetly perceptible, Bd. It should be '' stable,^ 
that is, when moved from its position of equilibrium it should return 
to it quickly. Show how to secure these requirements. 
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Ana. Let the masses of the loads be P and Q, and of thd scale-pans 8i and 
8%, Let G be the centre of mass of the bal- 
ance, not including the scale-pans, W its, 
mass. Let be the point of support, and let 
CO be perpendicular to the beam AB at D. 

Let 6 be any angle of the beam with the X^^^^^ J^ ^ ^ 

horizontal, and denote OD by A, GQ by ifc, ^^"""'^ tu* Q+8« 

and let AI) = a, and 5J9 = 6. i« 

Suppose the balance rotated through an 
indefinitely small angle dd about D. Then * 
the virtual displacement of ^ is ^« = a/dB\ of ^+'8i 
JB, B8 = bd6; of G', (?« = (A - A:)dO. 

We have then, by the principle of virtual work, 

(P + A )ade cos e - (e + 8^)MB cos 8 + TRA - *)(» sin = 0. 
If we take moments about D, we have for equilibrium also, 

(P+5,)a cos - (Q+8t)b cos 9+ W(A - *) sin = 0. 
Hence 

'"^ " - W(h-k) 

1st. When the loads are equal, P = Q cmd Si = 8^, In order, then, that 
the bidance mav be " true," that is, = when the loads are equal, we must 
have a = &. The arms must therefore be equaL We have then for a true 
balance, when the masses of the scale-pans are equal, 

**^»= W(h-k) (^> 

We can easily test the truth of a balance by interchanging the loads which 
hold the beam horizontal. If the beam settles again into a horizontal position, 
since the loads are equal the balance is true. 

It is almost impossible to make a balance perfectly true. When, therefore, 
great accuracy is required, the method of double iMighwM is adopted. This 
enables us to determine the exact mass, however untrue tne balance. It con- 
sists in first TniOring the beam horizontal with the body whose mass is required 
in one scale and sand or shot in the other. Then the body is replaced by 
known masses sufficient to keep the beam horizontal. 

2d. From equation (1) we see that if a true balance is to be "sensitive," 
that is, if is to be la^ when Q — P is small, we must have h -- k small 
with reference to a. That is, the distance GD of the centre of mass G from 
the beam must be small compared to the length of arm. This requisite is 
then obtained by making a large and bringing the centre of mass near the 
beam. 

8d. But we see from the figure that when k is large the moment Wk of W 
about the point of support C is large and the balance will return more readily 
then when k is smaU. The condition of " stability " then requires that the 
distance GD of the centre of mass G from the beam shall be large. The con- 
ditions of stability and sensitiveness are then at variance. 

In scientific measurements, where great accuracy is required, the third req- 
uisite is sacrificed to obtain the second, and time is required. For ordinary 
commercial purposes^ where it is desirable to save time, tne reverse is the case. 

(16) Show how to gradtuite the common steelyard, 

Ans. Let P be the movable weight, W the weight of beam and scale-pan 

I acting at the centre of mass G, Q the weight to be 

Q B determined at ul, all in gravitation units. Let be 

1 c \ I ' *^® point of suspension. Let n be the number of the 

f ^ [ graduation at P, so that Q = nP. We have then 

^ P For equilibrium 

^ nPxAO'-Wx6G-PxCB = 0. 
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If we put n = in this equation, we obtain the position of the zero of 
the scale, 

W 

00=- yOG, 

or is on the other side of (7 to TT at a distance •=- 00 from it. Hence 

nPxAU=i PxOB, or OB = nAO 

T he graduations are obtained, then, by marking off distances from equal to 

AO, 2A0, 9A0, etc. Intermediate graduations correspond to fractional valuea 
of n. 

(16) Show Jiow to graduate the Danish steelyard, 

Ans. This steelyard consists of a beam AB terminating in a heavy ball B. 
I From the end A huigs the Male-pan. The ful- 

J G /^ crum is moved until the weight of the mass in 

r"tjB tijg 8cale-pan is balanced by that of the steelyard. 

( Let Q be the mass at A, W the mass of steel- 

^ yard and scale-pan acting at the centre of mass G. 

^ Evidently the zero of graduation is at G, since 

the beam balances when the fulcrum is there, when there is no mass Q. 

We have Q=inW, and for equilibrium 

nWxAO=WxCG= W{AG - AC) 

Hence 

A0=^^, 

n + 1 

The graduations then are at distances from A equal to -5-, -5- , — j-, etc. 

(17) If the arms of a false balance are horizontal when there are 
no iveights in the scale-pans and one arm is one ninth part longer 
than the other ^ and if in using it the substance to he toeiahed is put 
as often into one scale as into the other, show that the seller loses five 
ninths per cent on his transactions. 

(18) If a common steelyard is 18 inches long, toeighs 8 lbs. and is 
sut^nded at a point 3 inches from one extremity, what is the 
greatest mass which can be measured by a movable weight of 2 lbs, f 

Ans. 16 lbs. 

(19) If one arm of a common balance be longer than the other, 
show that the real weight of the body is the geometrical mean be- 
tween its apparent weights as weighea first in one scale and then in 
the other. 

(20) The arms of a false balance are unequal and one of the scales 
is loaded. A body whose true mass is P lbs. appears to weigh Q lbs. 
when placed in one scale and Qf lbs. when placed in the other. 
Find the ratio of the arms and the weight with which the scale is 
loaded, 

Q -P QQ'-P" 



Ans. 



p-e* p- 



CHAPTER Vm 

CONSTRAINED EQUILIBRIUM— SMOOTH CURVE 

OR SURFACE. 



BEACnON OF A CURYS OR SURFACB. REACTION OF A BICOOTH CX7RYB OR 
SURFACE. EQUILIBRIUM OF A BODY ON A SMOOTH CURVE OR SURFACE. 
EQUILIBRIUM OF A BODY AT ANY POINT OF A SMOOTH CURVE OR 
SURFACE. GENERAL EQUATIONS. 

Reaction of a Curve or Surface. — When a particle is in contact 
v^ith a rigid material curve or surface, the force or pressure which 
the curve or surface exerts upon the particle is called the reaction 
of the curve or surface. 

If then we introduce this reaction as an etdditional force in com- 
bination with all the other forces acting upon the particle, we can 
remove the curve or surface and consider the particle by itself as 
acted upon by this reaction and all the other forces. 

EquUibrium of a Body on Any Curve or Surface. — Let a 
rigid body ADE rest in equilibrium upon a rigid material curve of 
surface VE^ smooth or rough, and touch it at 
many points Pi , Pa , Ps , etc. 

Let the reactions at these points be i2i , i^a , i2s , 
etc., and let the resultant reaction be R acting at 
the point P of the curve or surface. If all the 
reactions are pressures exerted by the curve or 
surface upon the body, this point P must evident^ 
always lie within the line or surface of contact DE. 

Since all reactions are internal to the system composed of the 
body and curve or surface, they are internal forces or stresses (page 
7) and the resultant reaction K is the resultant stress. All other 
forces acting upon the body are external to the system, and we call 
them, therefore, external forces. 

Now if the body is in equilibrium on the curve or surface, the 
resultant R of all the external forces must be equal and opposite 
to the resultant reaction R and lie in the same straight line. Its 
line of direction must therefore pass through P. 

This point P, if the curve or surface resists by pressure only, 
must always lie within the line or surface of contact VE. 

If the base DE is a point, or the body touches the curve or sur- 
face at a single point only, the body is in equilibrium at this point, 
the line of direction of R must p^ass through this point and R must 
be eoual and opposite to i2 at this point. 

If the line of direction of R f £uls outside the base DE the body 
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will rotate. If it intersects the curve or siirf ace in the perimeter of 
the base, as at E, the body is said to be in limiting stability. 

If we consider all stresses but one as external forces, Uie body 
may be treated as a particle at the point of application of this one. 

Whenever, then, we ^peak of a body a8''''%n equilibrium at any 
point of a curve or eurface,^^ the point referred to may be any one of 
the points of contact with the curve or surface. The body may be 
treated a« a particle of equal mass placed at this point. 

Beaction of a Smooth Curve or Surface. — When a particle is in 
eqiiilibrium upon any curve or surface, the reaction must be equal 
and opposite to the resultant of all the external forces. 

If the curve or surf cuse is perfectly smooth, it can offer no resist- 
ance to a tanj^ential force actmg upon the partiele. 

The reaction and the resultant of all tne external forces must 
then, for equilibrium, not only be equal and opposite, but must also 
be normal to the curve or surface. For if the resultant of all the 
external forces is not normal, it can be resolved into a normal and 
a tangential component. But the smooth curve or surface can 
offer no resistance to the tangential component. Hence for equi- 
librium the resultant of all the external forces must be normal and 
the equal and opposite reaction must also be normsJ. 

A smooth curve or surface, then, is one whose reaction is normal. 
It is incapable of offering resistance to motion in any other than a 
normal dtrection, 

Squilibrium of a Body on a Smooth Curve or SurCnce.— As we 
have just seen, whether the curve or surface be smooth or rough, 
we can treat the body as a particle of equal mass placed at any one 
of the points of contact witn the curve or surface. 

If the curve or surface is smooth, then, as we have just seen, the 
reactions R\, R%, Ri, eto., at each ctnd every point of contact must 
each be normal at its own point of application, the resultant reac- 
tion R must be normal at P, and the resultant R of all the external 
forces must be normal and its line of direction must pass through P. 

If the curve or surface resists by pressure only, this point P 
must lie within the Line or siirface of contact. 

Thus, for example, let a body ADE rest in equilibrium on a 
smooth plane surfcuse DE. 

Then the reactions Ri,R%^Rt, eto., at every point of contact 

Pi , Pt , P» , eto., are normal to 
'^ ^ the plane. The resultant re- 
action R is normal to the 
plane also and acts at some 
point P of the base BE. If 
the sturf ace resists by pressure 
only, this point Pmust lie within the base BE, 

Let TTbe the weight of the body acting vertically at the centre 
of mass C and let JPoe the resultant of all the other external forces. 
The resultant Noi TTand F is then the resultant of all the external 
forces. It must pcuss through the intersection AoiW and P, and 
if there is equilibriimi must be equal and opposite to the resultant 
reaction R and lie in the same straight Ime. It must therefore 
also be normal to the plane, and ito line of direction must intersect 
the plane at the same point P of the base BE, If .Y falls outside of 
the Kiase BE^ there is no equilibrium if the plane resists by pressure 
only. If ^passes through E^ the body is in limiting stability. 

We can consider the body as a particle placed at any one of the 
pointe of contact 
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[Equilibrium of a Body at Any Point of a Smooth Cimre or Snr- 
iMe.]— If a body acted upon by any number of forces Fx^Ft, etc., applied 
at different points, is at rest at any point of a smooth curve or surface, we 
may then treat it as a particle placed at that point. The normal reaction 
iVat the point must be equal and opposite to the resultant of all the other 
forces acting upon the body. The curve or surface can then be replaced 
by its normal reaction NdX the point. 

The normal to a surface at any point has a definite direction. The 
normal to a curve at any point may have any direction in a plane through 
that point perpendicular to the tangent at that point. 

Let all the forces acting upon the body, not including the normal reac- 
tion Ndt the point P, be ^i , JV , etc., making with the co-ordinate axis the 
angles (ai , pi , xO* (<<> > fi* > X>)) ^^^* Then the components parallel to 
the axes are 

Fx = ^i cos ai + -^s cos as + . . . = ^-Fcos a; 

J^y = Fi COB /ffi + -Pi 008 /5i + . . . = :S-FC08 P\ 

J^, = Fi cos ^'i + -Ft cos x» + • • • = 2Fcos y. 

1. Equilibrium of a Body at Any Point of a Smooth Curve.— Let 

(29 be an element of the curve. Then the direction-oosines of the tangent 

dx 
to the curve at any point P given by the co-ordinates (a?, y, z) are ^, 

dy dz 

-^1 ^. The normal reaction if at the point Phas no component tangent 

to the curve at this point. If all the other forces are resolved along the 

tangent to the curve at this point, the sum of their tangential components 

. _ dx -_ dy „ dz 

IS ^a:^ + -Fy ^ + ^« ^. If there is equilibrium, this sum must be zero. 

We have then for the condition of equilibrium 



da 'da *d» 



Fx -j-^ + Fy -j^ + F% 3^ = 0, •••••• (1) 



If we multiply by cfo, we obtain 

Fxdx + Fydy + F^tdzssO^ 

which is the principle qf virtual toork (pi^ 169). 

2. Eqnilibrinm of a Body at Any Point of a Smooth Snrfitoe.— 
Let the normal reaction iV at the point P make with the co-ordinate axes 
the angles Ojp, Oy, 0^. Then we have for equilibrium 

PjB= iVcosOo;) Fy^Noo&^y^ -FisiVcosOs;) 

Let the equation of the surface be u = 0, where u is a function of x^ y, 
z. 

For convenience of notation let 

S=^> ^-^' i=^' «^ ^+F.+ 1,r. = <y. 
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Then the direction-coBines of the normal to the surface at the point 
(a?, y, 2) are 

du 

coaex = ^ = 



m^wFW' 



008 6, = ^ = 



du 
dy 



m* {%h (f ) 



W 

COB Os = ^ :;= 



But for equilibrium 



du 
dz 



m^ww^ 



(3) 



_ ^y _ 



Fz 



COS ^x COS dy COS Os ' 

We have then by inserting the values for 0^. , Oy , 0^ , 

Fx Fy Fz 



fdu\ fdu\ fduV 
[dxj [dyj \dz) 



(8) 



If we substitute the values of cos Ox , cos By , cos Bg in equations (a), 
and multiply the first equation by d^, the second by dy^ the third by e^, 
then add the results and reduce by the equation 



©*-CTh-(th=». 



which is the total differential of the equation of the surface u = 0, we 
obtain 

Fxdx + Fydy + Fzdz = 0, (4) 

which is the principle of virtual work (page 159). 

Equations (3) give two independent simultaneous equations which com- 
bined with the equation of the surface will determine the point of equilib- 
rium, if there be one. Equation (4) is the condition of equilibrium. 

If all the forces are in one plane, let this be the plane of -TF. Then 
from equations (8) and (4), since Fz = and dz = 0, 

^' ^ ^y (5) 



fdu\ fdu \ 
\dx) W) 

Fxdx + Fydy = 0. 



(6) 



EXAMPLES. 

(1) A body of weight Wis placed upon a smooth inclined plane 
AB which VMikes an angle a with the horizontal and is acted upon 



^ I 
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Sl( a force P which makes the angle fi with the plane. Find the con- 
itions of equilibrium, (For rough plane see Ex. 7, page 215.) 

Ans. Consider the body as ti particle placed at any point on the plane 
(page 169). We have acting upon the 
particle the weight IF, the force P and 
the normal reaction ^of the jplane, and 
these three forces most constitute a sys- 
tem of concurring forces in equilibrium. 
Let the angle BOP = fihe positive 
when above tne plane and negative 
when below the plane, as shown in the 
figure. 

lit Solution : By Boioliitlon of Voroas.— If we lay the line representatives 

of the forces off in order the same way round, 
they form a triangle (page 62). 
We have then direct^ 

JV: TT: : sin [90 - (a + /^] : sin (90 + i^, 





or 



or 



P = 



N 
P: W: 

TTsin a 
cos fi 



- ^«» (a + fi) 

C08/S 

: sin a : Bin (90 + /3), 



(1) 



(«) 



We see at once from the figure that when fi = -\- (90** — a), P and W are 
equal in magnitude and act opposite in direction and y is zero. For any 
greater value of positive fi, JV is negative and there is no equilibrium possible. 

For ne^tive fi, we must evidently have fi less than 90*". 

Bquatiani (1) and (2) hold aood, tnen, for aU values of fi bettoeen -|- (90** ~ a) 
and — 90*". Outside of these limits there is no equilibrium. 

The minimum value of P is for /9 = and equal to P = Wsin a. 

Again, we can put the algebraic sum of the components along the plane and 
perpendicular to the plane equal to zero (page 61). We have then 

iV+ Psin fi - TTcos a = 0; 

Pcoafi- IT sin a = 0. 

From these two equations we obtain the same equations (1) and (2) for If 
and P. 

Again, we can put the algebraic sum of the horizontal and vertical compo- 
nents equal to zero. 

Hence 

Psin(a + /?) + JVcosa- W=0; 

Pcos(a + /?) - iVsin a = 0. 

From these two equations we obtain the same equations (1) and (2) for JV 
and P. 

2d Solution : By Virtnal Work. — In order to find P, suppose a virtual dis- 
placement d along the plane ^om towards B, This displacement is at right 
angles to y and hence the virtual work of i^ is zero. 

For equilibrium the algebraic sum of the virtual works of P, JV and W is 
equal to zero. 

The component of P in the direction of the displacement is P cos fi. The 
virtual work of P is then -^Piooafi, The component of W on the line of the 
displacement is TTsin a opposite in direction to the displacement. The virtnal 
work of W is then ~ Wd sin a. The virtual work of if is zero. Hence 



PdcoBfi- WdBina=iO, or P = 



TTsin a 

COB fi 
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In order to find N, we might suppose a virtual displacement at right angles 
to P| thus making the virtual work of P zero. Since, however, P is now 
known, let us suppose a horizontal virtual displacement d away from O. Then 
the virtual work of If is zero, and we have 



Hence 



iy co8(a + /5) - iVasln a= 0. 

M-_ i*cofl(g+/^ _ TTcos {a + fi) 
sma coep 



In this example we see it is not necessary to suppose the virtual displace 
ments indefinitely small, because the forces do not vary with the displacement. 

(2) A body of weight W is placed in contact with the under side 
of a smooth inclined plane which makes an angle a with the horizon- 
tal^ and is acted upon by a force P which makes an angle p with the 
plane. Find the conditions of equilibrium. (For rough plane see 
Ex. (8), page 217.) 

co6(/8 + a)__ _ W sin or , >, . ,^ v , 

vf--r /^^ p_ ^ , where /3 > + (90 - a) and 



cos/C^ 



Ans. J\r= - '"^ i ' W. P = 

< + 90. 

(3) Find th^ force P necessary to just move a cylinder of radius r 
and weight W up a plane inclined at an angle a^by a crowbar of 

length I inclined at an angle fi, neglecting 
friction. (For friction see Ex. (9), page 218.) 

Ans. The weight TTaqtiuK at the centre can 
be resolved into components iVi , Nt perpendicular 
to the bar and plane. If P acts at right angles to 
the bar, we have by virtual work, for a small dis- 
placement due to turning the bar about A through 
an indefinitely small angle G, 




iW - JT, . uliVie = 0, or P = 



Nx . AN, 
I 



But 



ZZ^ = rtanlfa + /?l=^^^":^^^t^^ and i^. = 
* 2\ ^^/ sin(a-f-/J) ' * 



Hence 



TTsing 
siu(a+^' 



p _ Wr sin g [l - co6(g + /^1 _ 
^"" /sin»(a4->^) "" 



Wr sin a 



(a + fi) f[l + cos (a + /«}]• 

(4) A particle of m.ass m rests on a smooth cylinder and is kept in 
equilibrium by a string fastened to another particle of mass M, which 
passes over the cylinder and hangs freely. Determine the position 
of equilibrium, (For rough cylinder see Ex. (10), page 218.) 

Let the position of equilibrium be at 2> and suppose a virtual displacement 
DD' along the chord at D, Then M moves through 
a distance equal to the chord Diy and we have the 
algebraic sum of the virtual works zero, or, since the 
virtual work of iV is zero, 

Mg X chord DD' - fij^r x niy = 0, ^' 

M nU 

m ~~ chord DI/ ' 

If DD' is indefinitely small, it is tangent at D. 
Hence if the tangent at D makes an angle 6 with the 
vertical, we have for the condition of equilibrium 

Ja - 

— = COS 0. 

m 
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In this example we see that the oondition of an indefinitely small virtual 
displacement is neoessaij, becaose the forces vary with the displacement. 

(5) Find the conditions for equilibrium for a screw, neglecting 
friction. (For friction see Ex. (11), page 219.) 

Ans. Let P be the force applied at the end of the arm .a» and let the pitch 
of the screw or distance between the threads be p. Let M be 
the mass sapported by P, 

1st. By Virtual Work. — If the arm a moves through 2;r 
radians, Jh is raised the distance p. If it moves through one 



radian, M\a raised ^. 

If Py then, has a virtual displacement of radians, it 
moves through the distance aB and M is raised a distance 

^-, and we have by the principle of virtual work, in gravi- 
tation units. 



a 



N 



I 

M 



? 



^-^'O. " '=S- 



Hence 
M 
P 



2jta circum ference of circle in which P moves 



distance between threads 



3d. By BMolutian of Forces. — Let N\m the normal pressure on each thread, 
and a the inclination of the thread to the horizontal. Then, in gravitation 
units, we have for equilibrium 

S-Ycosa - Jr= 0. 

If r is the radius of the screw, we have, taking moments about the axis, for 
equilibrium 

- Pa -I- SiVsin a X r = 0. 

But if the screw be developed, we have an inclined plane whose base is 

%ier and height p and angle of inclination a. 
Therefore 




-B. + || = 0. 



^nr 29rr tan or = p, or 2jrr sin et = p oosor. 

Inserting this value of r sin a, we have, as before, 

Mp Mr tan a 
or P = ^ = . 

(6) The differential screw consists of a screw AD which works in 
a fixed nut UC AD is hollow and has a thread cut inside, in which 
a solid screw DE works, DE is prevented from turning by some 
means, for instance by a rod FEF' rigidly connected with it, wTiose 
ends work in grooves, so that DE can only move in a directum par- 
allel to its axis. The mass Mis raised by the force P applied at the 
end of the arm AB = a. Fifid the condition of equUibrtum, neglect- 
ing friction, (For friction, see Ex. (12), page 22».) 

Ans. Let a be the length of arm AB, P the force applied, p and p^ the 
pitch of screws AD and Da. 

When AB turns through 2ie radians, AD rises a 
distance p. DE cannot turn and therefore moves down- 
wards a distance j/ relatively to AD. The mass M is 
raised, then, a distance j? — jf. When il^ turns through 

one radian, M is raised ^ ^ . If Pthen has a virtual 

2jr 

displacement of radians, it moves through the distance 

«e and Jf is raised ^7^^ . 

2« 
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Henoe by the principle of ▼irtnal work, in grayitation units, 

i^«lf(jP.^ = 0, or P=Jf?Jl^. 
2n 2xa 

Evidently, by making p and p' nearly equal, we can make P as small as we 
please. In the simple screw the same result is attained only by making the 
lever-arm a inconveniently large, or by making the pitch so small that the 
thread is too weak to support the pressure on it. 

(7) Let the force acting normally upon the middle of the back of 
an ieoecdes wedge he P. Find the conditions for equi- 
librium^ neglecting friction, (For friction see Ex. (13), 
page 220.) 

Ans. The pressure on each side must be normal. Let a be 
the angle of the wedge. Then for a virtual displacement of 8 
we have by the principle of virtual work 

Pi-2iV«8in~=0, or P=2iV'sin|. 

(8) Let an isosceles wedge rest with its surface BC upon a hori- 
zontal plane. Let a force P be applied normauy at the middle point 
of the back. Let the body, whose weight is W, acting at the centre of 
mass G, rest upon the wedge, and be constrained by guides DJS^ 
jyE to move in a direction normal to AC. Find the condition for 
equilibrium, neglecting friction. 

Ans. Let a be the angle of the wedge. Then 
2f= Wcosa. 

P= 2Troosasin . 

(9) A body weighing 10 lbs. rests on a 
smooth plane rising 2 feet vertically for every 
5 ft. along the plane. It is k^t from sliding by a force in the direc- 
tum of the plans. Find the force and the pressure on the plane. 

Ans. P= 4 lbs.; iV= 9.16 lbs. 

(10) A body is kept at rest on a smooth inclined plane by a force 
acting typ the plane equal to half the weight of the body. Find the 
inclination of the plane. 

Ans. 30^ 

(11) A body is at rest on a smooth inclined plane, and the applied 
force and pressure on the plane are each equal to the weight of the 
oody. Find the inclination of the plane and the direction of the 
applied force. 

Ans. 60°; 30° to inclined plane and horizontal plane. 

(12) A body is supported on a smooth inclined plane by a force 

Xil to its weiqht. Show that the reaction of the plane is aouble 
t it would be if the body were supported by the least possible 
force. 

(13) Let P be the force which, acting up a smooth inclined plane, 
keeps a body in equilibrium. Let Q be the force which supports the 
body when its direction is such that it is equal to the reaction of the 
plane. Show that P acting up the plane could just support a body 
of weight Q ona plane of twice the inclination. 
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(14) ISvo particles of emcU mass, each attracting with a force 
varying directly as the distance^ are eittiated at the opposite extrem- 
ities of a diameter of a fiorizontal circular toire on which a small 
smooth ring is capable of sliding. Show that the ring wiU he h^t 
at rest in any position under the attraction of the particles. 

(15) A body whose weight is Wis sustained on a smooth inclined 

W 
plane by three forces applied to it, ea4:h equal to -^. One acts ver- 

tically, another horizontally, and the third aUmg the plane. Find 
the inclination of the plane. 

Ans. Let a be the inclination of the plane. We have, placing the algebraic 
smn of the components along the plane equal to zero, the 
condition of equilibrium ^ 

— + -5-cofl«+-^aina— TFain a = 0. 

So o 



Hence, 



sin a = 1 -j- cos a. 




Or, since smeK= 28m ^ cos -^ and 1 -f cos a rr 2 cos* -x a, 

2 sm •t; cos — = cos* — . 
2 2 2 



Solving this equation, we have 



or 



a .a , a 
cos-=8in^±8in-. 



COB— = 2Bin— orO. 



We have then two values for a, given by tan -- = — , or a = 68* T 48".4 

and a = 180*. 

Placing the algebraic sum of the components perpendicular to the plane 
equal to zero, we Eftve 

"W W 

N+ -g-cosa— — sina— Trco6a=0. 



Hence 



Jir= -g-fsin a+ 2 cos a J. 



The first value of a = 58" T 48".4 gives iV= -f l-TT. The second value of 

o 



N 




W 
8 



180** 



«= 180* gives ir= - ^ IF. The fiwt v*lue 

o 

gives a rational solution. The second value 

' corresponds to the case of the pfurticle placed 
underneath the plane, the normal reaction of the 
plane being directed towards the plane. If the 
normal reaction could consist of a ptUl, this po- 
sition would be possible. 

(16) A rod AB rests on tivo stnooth planes AC and BC which 
make the angles <xi and «, urith the horizontal. A load of P lbs. is 
applied at a point D of the rod at a distance AD = a and BD = h- 



w 
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fn/m the ends. Find the inclination of the rod to the horizontal 

when equilibrium exists^ and the pressures 
N\ ana N% on the planes. Weight of the 
rod neglected. (For mction see Ex. (15), page 
2dl0 

Ans. The forces acting upon the rod are the Ter- 
tical weight PtXD and the normal pressures ^i and 
^t at A and B. These pressures make the same 
angles with the vertical that the planes ^(7 and BC 
make with the horizontal. 

We have then for equilibrium the algebraic sum of the vertical components 
equal to zero, or 

JVi cos ffi 4- -^1 COB ^1 — -P = 0; (1) 

the algebraic sum of the horizontal components equal to zero, or 

i^i sin cjfi — i^Ti sin at = 0; (2) 

the algebraic sum of the moments about any point in the plane equal to zero. 
Take the point D and let the lever-arms be Ux and n,. Then 

J^an, - Nin, =r (8) 

We have from the fic^re, since n^ and Ui are parallel to BC and ilC7, if is 
the angle of the rod with the horizontal, 

na = 6 cos (cTj — 6), Ui = a cos (oti + 6), 

■ 

and from (2) we have JITi = ^^ ^'i y,. Substituting in (8), we have 

sm ai 

X r *»\ sin OTj . . g.. 

& cos (at — 0) = a- cos (ai + 8); 

am ai 

expanding and reducing, we obtain 

tanfl - g cotg ai — b cotg. a^ 

a + 6 
Also from (1) we obtain 

P sin at „ P sin at 



(4) 



If I = 



sin (ai + at)* 



iVt = 



sin (ai + at)* 



(5) 



If a= 90*" and at = 0, or the plane BG is vertical and AO horizontal, we 
have from (4), = 90% and from (5), Ni = Pand i\r, = 0. That is, the posi- 
tion of equilibrium is when the rod is vertical and the end A is at 0, If it has 
any other position, there is no equilibrium unless another force is introduced. 

(17) A rod AB of length I rests upon two smooth planes, one AC 
horizontal and the other BC vertical, and its inclination with the 
horizontal is 9. A load of P lbs. is applied at a distance AJ) = a 
from the end A. The rod is prevented from sliding by a string at- 
tached to C and the rod. If the inclination of this string with the 
horizontal is a, find the stress in it for equiliorium. Weight of the 
rod neglected. 

Ans. The forces acting upon the rod are the vertical weight P acting at 2>, 
the stress 8 in the string, and the normal pressures Hi and 
JV; at A and B. ^_^ 

We have then for equilibrium the algebraic sum of the ^^ "7 

vertical components equal to zero, or y 

JS-y-P- 8shia = 0; (1) ji^fo 



the algebraic sum of the horizontal forces equal to zero, or 

/8fcos0- JVt = 0; (2) " ♦p 

the algebraic sum of the moments about any point in the plane equal to zero. 



B 
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Take the point as the centre of moments. Then the lever-arm for N\ is 
i COS 0, for iTs it is < sin d, and for P, (2 — a) cos 0. Hence 

JVti sin e + P[/ - a) cos e - JTii cos e = (3) 

From these three equations we obtain 

Pffl PcL tan OL 



I cos a(tan — tan a) ' ' ^tan 9 — tan a)' 

Pa 



2ft= 



^tan G — tan a)' 



(18) A body is sustained on a smooth inclined plane of inclina- 
Hon a with the horizon by a force P acting along the plane and a 
horizontal force H, When the inclination is half ct^ the forces are 

-g- and -g, and the body is still at rest. Find the ratio ofPto H, 

P a 

Ans. -7^ = 3 cosV« 
H 4 

(19) A weight of 10 kilograras is sustained on a smooth inclined 
plane of 25° inclination unth the horizon^ by a horizontal force of 6 
kilograms and a force unknown in magnitude and direction. Find 
this force when tne normal pressure on the plane is 2 kilograms. 

Ans. 9.07 kilograms making an angle /3 below the plane of about 88** 6'. 

(20) Find the inclination of a smooth inclined plane if a weight 
of 24 kilograms resting upon it is sustained by a horizontal force 
of 7 kilograms and a force of 16 kilograms of unknown direction^ 
while the normal pressure is a force of 15 kilograms. Find also the 
unknown direction. 

Ans. a = 53* 53; /? = 17* 28'. 

(21) Find the inclination of a smooth inclined plane if a weight 
of 20 kilograms resting on it is sustained by force up the j^lane of 5 
kilograms and a force of 15 kilograms of unknown direction^ while 
the normal pressure is 2 kilograms. Find also the unknown direc- 
tion. 

Ans. a = 49" 28'; fl = ^T 9'. 

(22) Find the inclination a of a smooth inclined plane if a given 
weight W resting on it is sustained by a horizontal force H and a 
force P of unknown direction, white the normal pressure is N. Find 
atso the unknown direction. 

Ans. For convenience of notation let .^ = -^^- —^ . Then 

(23) A rigid body rests at the point A upon a smooth inclined 
plane ACD which makes an angle a with the 
horizontal. The axis AB of the body makes 
an angle fi with the horizontal. At the point B 
a force P is applied which makes an angle y 
with the axis AB. At the point s of the body a 
verticcd force Wisappliea. All the forces act 
in the plane of AB and AC. Find the condi- 
tions of equilibrium. 

Ans. Let AB = a, A3 = b, and the normal pressure at ^ be iV. 



AW 
cos a: = 
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The f otoes acting npon the body are P, W and the noimal pn&san at A. 
If these f oroes are in eqnilibriiun, we have for the algebndc sun of the mo- 
ments aboat A 

WbcoBfi^Pamnr -0, or p^ ^^^fi ^ . . . (1) 
Placing the algebraic sum of the horixontal components aero, we have 

^ ''t * sina asin^sma 

If we take moments a1x>at B, we hare 
ilTa sin <90-a-)5)-F(a-fr) cos /J = 0, or coe(a+/?)= ^^^^^jf^'^'' . (8> 

We thus determine P, N and the direction of the axis AB, 
We also have the algebraic som of the components along the plane equal 
to zero, or 

Pcos(a+/5-r)- TTsinassO. 

Bedndng and inserting the Talues of P and coe (a-f /8) from (1) and (S), we 
have 

^i^+fi)- (a-&)8inrcos/» • 

Also, Binoe P, N and W most make a dosed triangle^ 

Jir= Y VQ> cos /S)* + (a sin yf — 2abcoRfian x sin(x — /8). 
asin^ 

If Pis horizontal, we have r = fl, and 

P = — cot ^; 

The student should solve by the principle of virtual work. 

J 24) The upper end of a rod reatscfgainat a smooth vertical plane^ 
! the lower end in a smooth spherical bowl. A weiqht W acts at 
any point M of the rod. Find the position of equilibrium. (For 
rough surfaces see Ex. (24), page 227.) 

Ana, Let AB be the rod, DB the vertical plane and FAB the spherical 

surface. The forces acting upon the rod are the 
weight W acting at the pomt if of the rod, the nor- 
mal pressure N on the spherical surface which passes 
through the centre C of the sphere, and the normal 
pressure R on the vertical plane. 

Let a be the angle of the rod with the horiaontal 
"1^ and the angle of the radius AO^r with the hori 

zontaL 

Then we have for equilibrium 




iVcO8e-i2=0, ) ^. TIT ^ 

y. or iv 5^ -; — g., 
iV^8ine-TF=0, 5 smO 



or ilTrs -r-7. R=WcotB. . . . (1) 



Take moments about Jf. Let the distance AM = a and MB = b. Then 
the lever-arm of i? is & sin a, and the lever-arm of J^^ is a sin (G — a), and we 

have 

ii&sina— Nd^n{S — a) = 0, 
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or, substituting the values from (1), 

a sin (9 — a) = 5 COB sin a. 

Developing and reducing, this becomes 

(a-f 6)tana=atan0 (2) 

Let the length of the rod be I, Then the distanoe OD = d of the centre of 
the spherical surface from D is 

d = Jcoea— roosO (8) 

From (2) and (8) we can determine a and 0. The position of equilibrium is 
independent of W, but depends upon the position of IT and 0, 

0^ A body whose weight iaWisat rest upon a smooth parabolic 
curve whose axis is vertical^ and is acted upon at any poind Pby a 
horizontalforce H whose magnitude is always protwrtional to the 
distance FM from the axis. Find the position for equilibrium. 
(For rough surface see EIz. (25), page 227.) 

Ans. The equation of the parabola, taking the origin at the vertex 0, is 

-where the axis of Xis vertical and the axis of Zhorizontal and p Is the ordi- 
nate to the curve through the f oens. 





We consider the body, whatever its size as a particle, acted upon by con- 
curring forces (page 169). The applied forces are W, H and the norxnal re- 
action of the curve. These make a system of concurring forces in equilibriunu 

Let the horizontal force which acts upon the particle when it is at the dis- 
tance p from the axis be H\, Then the force ^ when it is at any other dis- 
tance PJf = y from Uie axis is 

V 

Let 6 = angle between the tangent at P and the vertical. 
Then, taking the algebraic sum of all the components along the tangent, 
we have for eqmlibrium the condition 

TTcos 9 - jffsin = 0. 

This condition holds whether the particle rests within the curve or upon it. 
Substitute the value of H^ and we have for the condition of equilibrium 

TTcosSss-jffjSin©. 
V 

This condition is evidently satisfied when 6 = 90"* and y = 0, that is, when 
the particle is at the vertex. 

If the particle is not at the vertex, we have 

Wp 



tanO=: 



H^y 
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Bat if the caive is a parabolA, we have for any point tan = ^. Hence the 

P 
condition for equilibriam for any point isSi = W. 

If then the magnitude of the horizontal force when the particle is at the 
distance p from the axis is W, the particle will be at rest at any point of the 
carve. If it is not, the yertex is the only position. 

(26) A body of weight W, resting on a smooth inclined plane^ is 
attached to a string tShichy passinq over a smooth jmUey, sustains a 
body of loeight P. If fi is the inclination of the string to the inclined 
plane and ol the inclination of the plane to the horizon, find the con- 
ditions and position of equilibrium, 

Ans. ^sample (1).) The condition of equilibriam is Pcos ft = FTsin a, or 

TTsina 
oos^= — p— . 

Since fi mast be less than 90", cos fi mast be less than ani^. Hence TFsin cr 
must be less than P. If the condition of equilibrium is satisfied for one point 
of the plane, it will be satisfied for all others. 

(27) A body whose weight is 10 kilograms is supported on a 
smooth inclined plane by a force of 2 kilograms acting along the 
plane and a horizontal force of 5 kilograms. Find the inclination^ 
of the plane and the normal reaction, 

8 4 

Ana. a = 86* SS' 11", sin a = -=•, cos a = -- ; if = 11 kilograms. 

o o 

(28) Tioo weights P and Ware fastened to the ends of a cord 
which passes over a smooth pulley O. The weight W rests upon a 
smooth vertical plane curve and JP hangs freely. Find the position 
of equilibrium (a) when the curve is a parabola and O is at the 
focus; (&) when the curve is a circle and Vis at a distance a above 
the centre ; (c) when the curve is an hyperbola and Oisat the centre^ 
the axis of the curve being vertical f (a) find the curve such that the 
weight Wmay be in equilibrium wUh P at all points of the curve, 

Ans. The applied forces are the weight W acting vertically, the tension P 

of the string and the normal reaction if of the curve. 

Take the origin at and let O IT make the angle a with, 
the horizontaL Then, since AW= x, OA = y, if we de- 
note OWhj r, we have 

Bina=— , cosa = -, r* = ** + «*. 
r r 

Let if make the angle 6 with the vertical, then the tan- 
gent at Tf makes the same angle with the horizontal. 

We have then for the algebraic sum of the vertical com- 
ponents 

ifcosO- ir-Psina = 0, (1) 

and for the algebraic sum of the horizontal components 

ifsinO — Pcosa=:0 (2> 

From (1) and (3) we obtain 

Pcos a 




tanO = 



IT+Psina* 



The tangent of the angle which the tangent to the curve at IT makes 
the horizontal is then for equilibrium 

dy .a Pcos a Pp ,^ 

- = - tanG = - ^^p^^ = - Wr + Py' • • ' ^ 
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Equation (8) is general whatever the curve. We may obtain it directly 
from equation (6), page 172. Thus Fx = —Pco8a= , Fy = ^ W^ 

Psin a = — TF— — ^. Hence, since Fxdx + Fydy = 0, we have at once 

equation (8). 

(a) If the curve is a parabola with origin at the focus and axis vertical, 
the equation of the curve, since y is negative downwards, is 

a!»=r— 2py+^, or tt = *» + apy— ^ = 0, 

where p is twice the distance from the focus to the vertex. 
Differentiating, we have 

dcD p 

Substituting in (8), we obtain for equilibrium 



r ± V^ +y* 



= P 



P-P 




± Vy'-^+P" 



= =±p. 



Hence equilibrium obtains when IT and P are equal and holds good for any 
point on the curve. We may obtain ^e same result directly from equation (5), 
page 172. Thus 



-=- = 2», -J- = 2p, Fx = 

dx * dy ^' r 



Fy^^-W- 



Py 



Substituting in ^|~r = jr^* we obtain at once TF= p ^"^ = ± P. 

{h) If the curve is a circle with the origin and pulley at a distance a above 
the centre of the circle, the equation of the circle, since y is negative down- 
wards, is 

(« + y)* + «* = -B'. or « = JP-«»-(a+y)« = 0, 

where B is the radius. 
Differentiating, we have 

^ = -tane = --5_. 
dx <^'\-y 

Substituting in (8), we obtain for equilibrium 

P 

We may obtain the same result directly from equation (5), page 172, by 
inserting the values 




du ^ &ti g. g. „ Px 

-?- = — 2», — = — 2a — 2y, P« = 

dx ' dy «• -fjr. *« 



p^=-Tr-Sr. 



(c) If the curve is an hyperbola with the origin and pulley at the centre of 
the hyperbola, the axis of the curve being vertical, the equation of the curve 



is 



ftV-aV = a«6*, or A = 6V - aV - o^y = 0. 
Differentiating, we have 

dm Ifly 



184 STATICS— -CONSTBAimBD BQTTILIBBITTM. [CHAP. YHI^ 

Sabfititating in (8), we obtain for equilibrium 

hW 



^i/^W^-e'f* 



where e is the eccentricity or « = i/ — -j-""' 

We may obtain the same resolt from equation (6), page 178^ by Bubgfeitatingr 



((Z) Required the curve such that the weight IF may be in equillbriom with 
weight P for all points of the curve. 
We have from (8) 



dm 
or 



Integrating, we have 
Squaring, 



Wr + Plf Trv?+?-t-iv' 



TPy* - 20Wy+ (7« = P«a;« + P«y«. 



Hence 

P"aj^ + (P»- W^* + 20Wy-0^ = 0. 

This is an equation of the second degree and is therefore a conic sectioii. 

If P = W; it is a parabola ; 
P > W, it is an ellipse; 
P < if; it is an hyperbola; 
the origin and pulley being at the focus. 

(29) A particle whose weight is W is placed on the concave sur- 
fa/oe of a smooth sphere and is acted upon by gravity and also by a 
repuwive force varying inversely as the square of the distance from 
the lowest point of the sphere. Find the position of equilibrium* 

Ans. Take the lowest point of the sphere as the origin, and let the axis of 
F be vertical. 

The equation of the surface is, if B is the radius, 

« = aj* + y" + e» - 2i?y = 0. 

Let r be the distance of the particle from the lowest point of the sphere. 
Then 

r» = a5» + y* + «« = 2i?y (a) 

Let the repulsive force at a known distance a from the lowest point be Pi. 



Then the repulsive force at any distance r will be J?*! — = Pi . 

Let the repulsive force make the angles a, /9, y with the co-ordinate axes. 
Then cosa=-, cos/? = ^, cos y =: -^ and the component forces parallel 

T T T 

to the co-ordinate axes are 

TtEy r ' 2i2y r 2Ey r 

* This is the problem of the electroscope. 



CHAP. Tin.] BXAMFLBS— SMOOTH GUBYE OB SURFACE. 185 

Hence from equation (8), page 172, we have after redaction 

"■2r UTP- 



y 

Inserting this in (a), we obtain 

^^ W ' 

If another force of the same kind makes the particle rest at a distance r^ 
from the lowest point, and if ^i' is the force at a distance of, then 

r - ^ , 

and hence 

r« _ c^Fx 

that is, the yalaes of the repulsive forces at distance unity vary as the cubes 
of the distance from the lowest point. 

Substitutinff the values of F», Fu^Fn in equation (4), page 172, and the 
values of y and r already found, we obtain 

9da -f ydy -f edSe — Bdy = 0» 
which is the differential equation of equation (a). 



CHAPTER IX. 



CONSTRAINBD EQUILIBRIUM— ROUGH CURVE OR 

SURFACE. 



FBICTION. ADHESION. KINIM OF FRICTION. REACTION OF A BOUGH CURVE 
OR SURFACE. EQUILIBRIUIC OF A BODY ON A BOUGH CURVE OR SUR- 
FACE. AJ^GLB OF FRICTION OR REPOSE. OONE OF FRICTION. CO- 
EFFICIENT OF FRICTION. LIMITING EQUILIBRIUIC COEFFICIENT OP 
STATIC SLIDING FRICTION. LAWS OF STATIC SLIDING FRICTION. VALUES 
OF COEFFICIENT OF STATIC SLIDING FRICTION. STATIC FRICTION OF 
PIVOTS. STATIC FRICTION OF AXLES. STATIC FRICTION OF CORDS AND 
CHAINS. RIGIDITT OF ROPES. STATIC ROLLING FRICTION. EQUILIB- 
RIUM OF A BODY AT ANY POINT OF A BOUGH CUBVE OB SURFACE. 
GENERAL EQUATIONS. STABLE, UNSTABLE, INDIFFEBBNT AND NEUTRAL 
EQUELIBBIUM. CBITBBION FOR STABLE, UNSTABLE, INDIFFERENT AND 
NEUTRAL BQUILIBBIUM. STABILITY IN ROLLING CONTACT. 

Friotion. — In the preceding Chapter we have considered the 
equilibrium of a body on a smooth curve or surface, that is, a curve 
or surface incapable of offering resistance to motion in any other 
than a normal direction. 

But ever^r natural surface offers a resistance to the motion of 
a body upon it. Part of this resistance is due to adhesion between 
the body and surface and part is due to friction. 

fViction then is always a retarding force or resistance, and acts 
always in a direction opposite to that in which the body moves or 
would move if there were no resistance. 

When one surface moves upon another, the surfaces in contact 
are compressed and projecting points and irregularities are bent 
over, broken off, rubbed down, etc. 

Tne resistance due to friction, therefore, evidently depends upon 
the materials of which the surfaces are composed, and also upon 
the roughness or smoothness of the surfaces in contact. 

It may also evidently vary for the same surfaces, according to 
their condition or state or material constitution. 

Thus it may not be the same for surfaces of dry wood or iron as 
for the same surffiuses under the same conditions when wet. It 
may not be the same for two surfaces of wood with their fibres 
parallel as for the same surfaces under the same conditions when 
their fibres are not parallel. 

Unguents also have a great influence. Such fluid or semi-fluid 
unguents as oil, tallow, etc., fill up interstices and diminish the 
effect of irregularities of surfaces ; or a film of unguent may be 
interposed between the surfaces and thus the resistance of friction 
greatly diminished. 

186 
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Adhesion. — We must not confound the resistance due to friction 
with that due to adhesion. Adhesion is that resistance to motion 
which takes place when two different surfaces come in contact at 
many points without pressure. Adhesion increases with the area of 
surface of contact and is independent of the pressure, while, as we 
shaU see (page 191), friction increases with tne pressure and is in 
general independent of the area of surface of contact. When the 
pressure then is very small, adhesion may be great compared with 
friction. 

If, however, the pressure is great, adhesion may be neglected 
compared to the friction, and the resistance to motion is practically 
that due to the friction only. 

When the surfaces in contact are of the same kind, we call the 
resistance to motion cohesion ; when of different kinds, adhesion. 

Kinds of Friction. — Surfaces may slide or roll on one another. 
We distinguish accordingly sliding motion and rolling fHction. 

It is also found by experiment that the friction which iust pre- 
vents motion is greater than that which exists after actual motion 
takes place. The friction which just prevents motion is called 
friction of repose or quiescence, or static fHction. The friction 
which exists after actual motion takes places is called friction of 
motion, or Idnetic fHction. 

We have then two kinds of static friction, viz., static sliding^ 
fHction and static rolling friction. 

We have also two kinds of kinetic fnction, viz., kinetic sliding: 
friction and kinetic rolling fHction. 

In any case, whether of slidii^g or rolling, the kinetic fnction is 
always less than the static friction. 

We have to do in this portion of our work with static friction 
only. 

Beaotion of a Sough Cnrve or BnrfEtoe. — ^We have already defined 
(page 169) the reaction of a curve or surface as the pressure which 
tne curve or siirf ace exerts upon a particle in con- ^ 

tact with it. 

Suppose then a particle in equilibrium at any 
point P of a rough curve or surface. Let R be 
the reaction of the curve or surface, and E! the ^ / 
resultant of ail other forces acting upon the par- I 

tide. * 

Then for equilibrium R and R must be equal 
and opposite and make the same angle oc with the normal to the 
curve or surface at the point P. 

Now R can be resolved into a normal component which must be 
resisted by the normal pressure N of the curve or surface at the 
point P, and into a tangential component T which tends to cause 
sliding'ajid must be resisted by the friction F, The components of 
the reaction R are then ^and P, and we have for equilibrium 

Rco&a=^N, i2sinn: = P, 

tana = ^^. 

iv 

Hence, when a particle is in equilibrium cU any point of a rough 
curve or surface, me reaction maTces with the normal at this point 
an angle whose tangent is given by the ratio of the friction to the 
normal pressure at the point. If the reaction is normal, there is no 
friction. 
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Eqailibrinm of a Body on a Eongh Carre or SurSaoe. — '^^e 
have seen, page 169, that a body in equilibrium upon any surface, 

rough or smooth, may be treated as a particle 
placed at any one of the points of contact with the 
curve or surface. Also, if the curve or surface 
exerts pressure only, the resultant R of all the ex- 
ternal forces must intersect the curve or surface at 
some point P within the line or surface of contact. 
We have also just proved that when a particle 
is in equilibrium at any point of a rough curve or surface, the reac- 
tion R makes with the normal at this point an angle a whose tan- 
gent is given bv the ratio of the friction to the normal pressure. 

If then the oody ADE rests in equilibrium upon a rough curve 
or surface and touches it at many points Pi , P« , Pa , etc., each of 
the reactions Ri,R%,R», etc., at each of these points makes with 
the normal at its point an angle ai, a,, a., etc., whose tangent is 

Fi Pa F% 

ffiven by the ratio -??- > tf". tf-i ^^-t of the friction to the normal 

"^ Ni N% Na 

pressure at each point. 

The entire body can then be treated as a particle at any one of 
the points of contact. The point P where the line of direction of 
the resultant l^' of all the external forces intersects the curve or 
surface, if the curve or surface exerts pressure only, must lie in- 
side the line or surface of contact DE, 

The resultant reaction R at any point of contact of all the forces 
acting upon the body except the reaction at this point, must make 
with the normal at this point an angle o^ whose tan^nt is given by 
the ratio of the total friction to the r^ultant normcu pressure. 

Angle of Friction or Bepose.— Let a body be in equilibrium at 
any point P of a rough curve or surface. 

Let R be the reaction of the curve or surface at the point P, and 
let Rf be the resultant of all the external forces acting upon the 
body. 

Then for equilibrium, R is equal and opposite to ^ 
i^'and makes me same cmgle a-with the normal at P y« 
given by **x"^9^&^R' 

F 
tana = j^ 

where F is the friction at the point P, and ^is the normal pressure 
at this jyoint. 

Now the force which tends to cause sliding is the tangential 
component of JK' or T = P' sin a. The friction Fat P acts opposite 
to I\ and so long as there is equilibrium is equal to it. 

As the angle a increases, the normal pressure N=^ R cos « de- 
creases and the tangential force T=R' sin a increases. There is 
evidently a certain value for a for which, P' remaining unchanged 
in magnitude, sliding is just about to begin. For any value of a less 
than tiiis, sliding cannot begin no matter what the magnitude of 
R\ For any value of a greater than this, sliding takes place. 

We denote this value of ^ by ^ and call it the angle of fHction 
or repose. 

We have then 

, ^ max. F 
tan = —, — ^. 
mm. N 
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That is, the angle of friction or repose is the greatest angle 
which the reaction R at any point of contact can make with the 
normal at that point without sliding taking place. Since static 
friction is always greater than kinetic, it is also the greatest an^le 
which the reaction R at any point of contact can ever malee with 
the normal at that point. It is also the greatest anele which the 
resultant i^' of all tne external forces acting upon the body can 
make with the normal at the point without sliain^ taking place. 
No resultant force R^ however great, can cause slidmg to be^in, so 
long as its angle a. with the normal is less than the angle of friction 
or repose. 

Cone of Friotion.— If then the reaction R at any point of contact 
P makes the angle of friction or repose <f> with the normal at that 
point, sliding is about to begin. 

If we revolve the line representative of R about the normal at P, 
it describes the surface of a cone ever^ element of 
which makes the an^le of repose with the nor- 
mal. This cone is called the cone of Mction. 

No force acting at the point P, however great 
in ma^itude, C€in cause sliding to be^n at that 
point if its line representative lies withm the cone. 
The cone of friction encloses the direction of all 
forces which are completely counteracted by the surface at any 
point. 

Coeffloient of Friotion. — ^When two surfaces are in contact and 
there is friction and normal pressure at every point of contact, the 
sum of the frictions at every point of contact is the total friction, 
and the sum of the normal pressures at every point of contact is 
the totol normal pressure. 

The ratio of the total friction to the total normal pressure when 
motion, either sliding or rolling, is just about to begin^ is called the 
coefficient of static friction, either of sliding or rolling. 

The same ratio after motion has taken plcLce is called the coeffi- 
cient of kinetic friction, either of sliding or rolling. 

We denote the coefficient of friction in general by /«. We have 
then, in general, for all cases 

/i=^ or F=^fiN, 

where F is the total friction and ^the total normal pressure, when 
motion either sliding or rolling \BJust about to begin, or else when 
motion either sliding or rolling has taken place, m the first case a 
is the coefficient of static friction of sliding or rolling. In the 
second case fi is the coefficient of kinetic friction of sliding or roll- 
ing. We have to do in this portion of the work with static friction 
omy. 

Iiimiting Xqnilibrinm.— The student should carefully note that 

F = fiN 

does not give the actual resistance of friction in all cases of equilib- 
rium, but only l^e resistance which exists when the surfaces are 
on the point of motion. 

FWction acts always in a direction opposite to the force which 
tends to cause motion, and so lonK as there is equilibrium it is 
always equal in magnitude to this force. But when this force has 
the magnitude fiN motion is just about to begin, and the body is 
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8aid to be in ii«»H^«g equilibrium. If this force is less than mN, 
there will still be equilibriiim, whatever its magnitude, and the 
body is in non-limitiii£f eqnilibriiim. 

Coefficient of Static Sliding Friction — ^Experimental Determina- 
tion. — Let a body of weight W, acting at the centre of mass C, rest 

in equilibrium upon a rough plane AB^ the 
surfaces of contact being plane. 

Then for equilibrium the line of direction 
of W must intersect the pkme inside the base 
or surface of contact DE^ and we can con- 
sider the body as a particle placed at the 
point where W intersects the base, and in 
equilibrium under the action of the reaction 
at that point and the weight W, 

Then the sum ^ of all the normal press- 
ures acting at every point of contact must 
be equal and opposite to the normal compon- 
ent of W^ and the sum F of all the frictions 
at every point of contact must be equal and opposite to the com- 
ponent T of TF parallel to the plane. 

We have then when lading is about to begin, for the coefficient 
of sliding friction, 

F 

F 
and we see from the figure that — is the tangent of the angle which 

the total reaction R makes with the normal when sliding is about 
to begin. Now the reaction at every point of contact is parallel to 
R or TTand sliding begins at all pomts of contact simultaneously. 
Hence the angle which R makes with the normal when sliding is 
about to begin is the angle of repose <p, and it is evidently the same 
as the angle which the plane makes with the horizontal. There- 
fore 

^ = -^ = tan 0. 

That is, the coefficient of static sliding friction is equal to the 
tangent of the angte of repose. 

If, then, we place a body upon a rough plane and then gradually 
incline the plane until shding just beeins, the inclination of the 
plane at this instant ^ves the angle of friction or repose <p. The 
tangent of this angle gives the coefficient m of static shding friction 
for plane surfaces. 

We obtain the same result by resolution of forces. Thus let 
be the inclination of the plane when sliding be^ns. 

Then for equilibritim W cos <P = N, and TTsm 4f^F. Hence 

F 

/I = r~ =: tan (p, 

N 

We can thus make use of the inclined plane as an apparatus for 
determining m by experiment. 

Again, if we place a body of weight Won 
a horizontal plane and measure the horizon- 
tal force F just necessary to cause it to be- 
gin to slide, we have 

F 

^ = -^ = tan 1^, 
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where <j> is the angle of the reaction R with the normal when slid- 
ing boKins, or the angle of repose. 

Such an apparatus shoula be so constructed that the friction of 
the pulley and other resistances due to the string, etc., can be dis- 
regarded or else allowed for. 

LawB of Static Sliding Friotion.~The following laws of static 
sliding friction have been established by experiment as holding 
true within the limits indicated : 

1. Other things beina the same, within certain limits of the nor- 
mal pressure, static sliding friction is proportional to the total 
normal pressure and independent of the area of the surfoA^es in 
conta>ct» 

In other words, within the limits of normal pressure referred to, 
the coefficient of static sliding friction m is constant for the same 
two surfaces in the same condition, whatever the area of the sur- 
faces of contact and whatever the total normal pressure. 

Thus, if the normal ^essure Nover a given area is increased or 
decreased, the friction jt increases or decreases in the same propor- 
tion and jLi= -j^la unchanged. 

It follows directly that if the area increases or decreases, ^re- 
maining the same, the number of points of contact is correspond- 
ingly increased or decreased, but the normal pressure at each 
Souit, and therefore the friction at each point, is correspondingly 
ecreased or increased. The sum of all the frictions F remains then 

F 
the same and /< = -^ is unchanged. 

N 

Limitations of the Law.— The limitations of normal pressure re- 
ferred to are as follows: 

If the normal pressure per imit of area approaches the crushing 
strength or becomes so great as to break up the film of interposine 
unguent, the friction F increases more rapidly than the normal 
pressure and the law fails. 

In properlv designed structures the normal pressure per unit of 
area is much less than this limit and the law applies. 

Again, if the normal pressure per unit of area is very small, ad- 
hesion may constitute tne larger portion of the resistance. This 
adhesion increases with the area of contact (page 187). 

In all practical cases, however, the influence of adhesion may be 
neglected. 

Hence in practical applications the friction is the only resistance 
which is considered, and it is asstimed that 

F=mN 

gives the resistance, where /< is in practice a constant for the same 
two surfaces in the same condition, whatever the area of the sur- 
faces in contact and whatever the total normal pressure N. 

2. Otlier things being the same, within certain limits of the nor- 
mal pressure, the stating slidinq friction of greased surfaces is less 
than that of ungrecuea and depends less upon the surfaces than 
upon the unquent. 

Here again, if the normal pressure per unit of area becomes so 
^eat as to break up the film of interposing imguent, surface comes 
m contact with surface and the friction may depend more on the 
surfaces than upon the unguent. 

In properly aesigned structures the normal pressure per tmit of 
•area is much less than this, and the law applies. 
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Again^ if the normal {xressure per unit of area is very small, ad- 
hesion may constitute the larger portion of the resistance and this 
adhesion is increased by the unguent. 

In all practical cases, however, the influence of adhesion may be 
neglected. 

Hence in practical api^lications the friction is the only resistance 
which is considered and it is assumed that 

gives the resistance, where /< is in practice a constant for the same 
two surfaces in the same condition, whatever the area of the sur- 
faces in contact and whatever the total normal pressure N. 

Upon these two laws depend the value and use of the values for 
the coefficient of static sliding friction given in the next Article. 

y slues of CrOefBcient of (ftatio Sliding Frietion.— The following 
table gives a few values of the value of >u as determined by exj^rv- 
ment for static sliding friction. 

OOErFIOISllTB OF STATIO SLIDING FRICTION fl = TAN 0. 



Sutntaneet to Contact 



wood i°^^ 

Metal on ("l^if''™ 

metal 1 ni®**^ 

Wood on metal 

Hemp ropes ( minimom... 

or plaits \ mean 

on wood ( mSiTimnm . 
Leather belts (—.^ 

over drums ^J^X^"" 

madeof |"»«tol---- 

Stone or brick r 
on stone or J minlmnm 
brick, pol- 1 mSiTlmnm 
isbed. (, 

Dry masonry and brick- 
work 

Masonry and brickwork, 
damp mortar 

Timber on stone 

Iron on stone 

Masonry on dry clay 

•* •• moist clay... 

Earth on earth 

Damp clay on damp clay . 



Condition of Sarfiaoes and Kind of Ungnent. 



Dfy. 



0.90 
0.50 
0.70 
0.15 
0.18 
0.24 
0.60 
0.50 
0.63 
0.80 

0.47 
0.54 

0.67 
0.75 



0.65 

0.74 

0.40 
0.7to0.8 

0.51 

0.88 
0.25 to 1 

1.0 



Wet 



0.65 
0.68 
0.71 



... 
• • • 



0.65 

.... 
0.87 



Ollre 

on. 



Lanl. 



0.11 
0.12 
0.16 
0.10 



0.21 



0.10 

.... 
0.12 



TiUlow. 



0.14 
0.19 
0.25 

.... 
0.11 

.... 
0.12 



Soap. 



0.22 
0.36 
0.44 

.... 

• • . • 

• • • • 

• • . • 



Poliahed 
and 



0.80 
0.85 
0.40 

« ■ • • 

0.15 

. ■ • • 
0.10 



0.28 



More extensive tables will be found in treatises on Engineer- 
ing. It will be noted that the coefficient of static sliding friction is 
practically always less than unity. In only one case given in the 
table, viz., for damp clay on damp clay, is ^ = 1, corresponding to 
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an angle of repose of = 45^. Rankine gives for '* shingle on 
gravel '' a maximum >u =s 1.11, corresponding to an angle of repose 
0=48% 

Static Friction for Pivots.— In all cases of the sliding of two 
surfaces, we denote the coefficient of static sliding friction by /i 
and take the value of ^ as given by the Table page 192. We have 
then in all cases of sliding rriction, for the friction when sliding is 
about tobeginj 

F = ^N==NtSLn 0, 

where ^is the total normal pressure and is the angle of repose, 
and u is given hj the Table pa^e 192. The direction of the friction 
is always opposite to the direction of motion if motion were to take 
place. 

The application to pivots is then simple. 

1. Solid Flat Pivot.— Let ACB be the baae of a solid flat pivot 
and Nthe total normal pressure upon the base. 

We have then for the static friction 



F = fiN, 



(1) 



T 




B 



J 



where m is given by the Table page 192. 

If we divide the base into a very large number 
of very small equal triangles such as ACD, the 
friction on each C€in be considered as the resultant 
of equal parallel forces distributed over the sur- 
tace. The point of application for each trianele is 
then at the centre of mass for that triangle. The point of application 

2 

of the entire friction is then at a distance Cs = ~r from the centre. 

The moment of the entire friction with reference to the cuds is then 



M=jMNr. 



(2) 



Since for any point s of the base there is a corresponding point 
s' for which the mction is equal and opi>osite, the moment of the 
friction is the moment of a couple^ ana is therefore the same for 
every point in the plane of the base (page 72). 

2. AoUow Flat Pivot. — If the rubbing surface is a fliat ring 

ADEB^ we have as before 

F=uN, (1) 

where N is the total normal pressure on the base 
and fi is the coefficient of static sliding friction as 
given by the Table page 192. 

Let £he outer radius be rx and the inner radius 
r». Then any small portion of the base is a circular 
ring for which the length of chord and arc AD may 
be taken equal. The centre of mass (page 25) for each small por- 
tion is then at a distance Cs from the axis given by 




^2 r.« - n' 



%• 



Hence the moment of the friction with reference to the axis is 
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Since for any point 8 there is a corresponding point s' for which 
the friction is equal and opposite, the moment of the friction is the 
moment of a couple and is therefore the same for any point in the 
plane of the base (page 72). 

3. Conical PiTat.--in the case of a conical pivot let R be the 

pressure along the axis and let the half angle of 
convergence ADC be a. 

If we divide the conical surface into a large 
number n of very small triangles with their ver- 
tices at the point i>, each will sustain the vertical 

jR 
load — , and the normal pressure on each will be 
n 

R 
— : . If we denote the radius CiAi = CuBi of 

n sin (X 

the pivot at the point of entrance by ri , the resultant normal press- 
ure upon each small elementary triangle acts at a distance ^Vi 

from the axis. 

We have then for the total friction 




F — fi 



R 



sin a' 



(1) 



where ^ is the coefficient of static sliding friction as given by the 
Table pa^e 192, and the moment of the friction with reference to 
the axis is 

Tur 2Rri 



or, smce 



Vi 



sm a 



= the side DAi of the cone of contact = a, we have 



M=-fiRa. 



(2) 



This is also the moment of a couple and hence the same for any 
point in the plane perpendicular to the axis at a distance above the 
point D equal to two thirds the height of the cone of contact. 

4. Pivot a Tnmcated Cone. — Let R be the pressure along the axis 
and let the half angle of convergence ADC be (x. 

Let Ra be the pressure sustained by the flat 
base and Ri the pressure sustained by the conical 
surf, ace. 

Then 

Ri + XVI ^ R» 

Also, if ri is the radius CiAi at the point of 
entrance and n the radius of the base, 




and hence 



or R.^'^R, 



XVI ^ XV — XVJ = = R, 

We have then as in Ccuse 1, page 193, for the flat pivot, the fric- 
tion F% on the base 
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and its moment about the axis 

If. = y^B. 

For the friction on the conical siirface we have, as in Case 8, 
page 194, for the conical pivot 

Jf I = M— = M ' J 



Sin a ri" ' sin a^ 



and for its lever-arm, as in Case 2, page 193, for hollow pivot, 

2 r,' - r.» 

3 • ri» - r.'* 

Its moment then about the axis is 



ri* sm cc 
The total friction for the truncated pivot is then 

Vi* \ sm a /» 

and its total moment about the axis is 

3 ri'V sm a /* 



(1) 



(2) 



where m is the coefficient static sliding friction as given by the 
Table page 192. 

[Pivot with Spherical End.] — Let B be the pressure along the axis, 
denote the radius ^Oof the spherical surface by r, and 
the radius AC by ri, and let the angle AOCbe a.. 

Then the load per unit of area of horizontal projec- 

tion is — ,. Take any element of the surface at a, dis- 

tant ab = x from the axis, and let Ob = y, The hori- 
zontal projection of this element is 2iexdx and the load sustained by it is 

then 2ftQcdx x — ; = ^ — . 




The cosine of the angle aOb is cos aOb = s^ = X . The nor- 

r r 

mal pressure on the element at a is then 

2Rxdx r 

and the static friction is 

' 2fiRr xdx 

Integrating between the limits of a; = and « = ri , we have for the 
total friction 



j.= 2^(r-v;^^rK«). 
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or, smoe i^r" — r/ = r ooea and n ^ranacf 

Fsz r (1 — cosa = - — ^ , 

sin* a \ / 1 + COB a 

where fi is the coefficient of static sliding friction as given by the Table 
page 192. 

For hemispherical end a= 90* and J^= 2/i& For flat end a = 
and i?'= /lis. 

The moment about the axis of the friction on an element is 

3>ui2r . s^dx 



Integrating between the limits a» s and a? s ri , we have for the 
total moment of the friction about the axis 

n^ L3 r 2 J 

or, Inserting the Yslnes of Vr* — ri*=rcosgandrigs:rsing and redno- 
ing, 

W 



Jf = MBrf-^ cot a\ 



For hemispherical end a = -, sin a =: 1, cot a = 0, and this becomes 



2 

Statio Frietioa of Axles. — In all cases of the sliding of two sur- 
faces, we denote the coefficient of static sliding friction by m and 
take the value of >u as ^ven bv the Table j>age 192. We have then 
in aU ccisea of sliding friction for the friction, when sliding is about 
to hegin^ 

F=MN=Ntaji(p, 

where N is the total normal pressure and is the angle of repose, 
and ^ is ^ven by the Table page 192. 

The direction of the friction is always opposite to the direction 
of motion if motion were about to take place. 
The application to axles is then simple. 

1. Axle in Partially Worn Bearing. — Let the bearing be partially 
worn, then the axle at the moment when sliding begins 
touches the bearing at a point A, and the resultant 
pressure R at this point makes the angle of repose <^ 
with the normal. We have then for the normal 
pressure N=R cos 0, and for the friction 

^ = 2V'tan0 = i28in0, 0) 

where is the angle of repose as given by the Table 

^Let r be the radius AC of the axle. Then the moment of th© 
friction with reference to the axis is 

if=J2rsin0 (?) 
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If the axle is well greased, the angle of repose is veiy small 
and we mav take ^ = tan = sin 0. In the practical case of a well- 
greased €kxle, then, we have 

where /< is given by the Table page 192. 

If the wheel A6 revolves, as shown, about a fixed axle AC, the 

friction is the same as before, but the lever-arm of 

the friction is not the radius of the axle, but the inner 

radius of the wheel. 

2. Axle— Triangular Bearing.— If the bearing is 

triangular, the axle is supported at two points A and 

B, The resultant pressure R 
can be resolved into two compo- 
nents Ri and A , and when sud- 
ing begins, each of these makes 
the angle of repose with the normals at A 
and B. The normal pressure at A is then 
^1 = R\ cos 0, and the motion at A is 

i?*! = -^Ti tan = JBi sin 0. 

The friction at B is in like manner F%=.R%em 0. The total friction 

is then 

F-{Ri + 120 sin 0. 

Let the angle ACB = 2a. Then the angle AOR = a — 0, and 
the angle BOR = a + 0. 
We nave then 





and 



12i:iJ::sin(a+0):sin2a, or iJi = i?54?-±-^12, 

sm 2a 

jai:-R::sin(a-0):sm2a, or iJ, = ^^Bi^LZL^jR. 

sm2a 



Hence the total friction is 

F=rsin(a+0) +sin(a-0)1^ 



J gsin 
sin 2a 



Butsin(a + 0)+sin(a— 0)=2sinacos0, and sin 2a= 2 sin cosa 
Hence we have 

^ _ Jgsin0cos0 _ Jgsin20 

"" cos a "~ 2 COS a ' 



(1) 



where is the angle of repose as given by the Table page 192. 

The moment of friction with reference to the axis, if r is the 
radius of the axle, is 

2 COS a 

If the axle is well greased, the angle of repose is very small 
and we may take sin20 = 2 sin 0, also fi = tan = sin 0. In the 
practical case of a well-greased axle, then, we have 



F = // 



-B 



M = fi- 



Rr 



cosa COS a 

where m is given by the Table page 192. If the angle a is small^ 
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COS oc may be taken as unity, and F and Af are then the same as in 
the preceding case, 

F = mRj M—fiRr. 

[3. Azle — ^New Bearing.] — When the bearing is new and nnwom, the 

axle touches it at all points. 

Let R be the resultant vertical pressure acting at the 

centre O of the axle. Denote the radius AO of the axle 

by r, the distance AC by Ti , and let the angle AOC be a. 

Then the load per unit of horizontal projection is 

R 
— . Take any element of the surface of the axle at a, 

distant ab = x from Ry and let Ob = y. The horizontal 

projection of this element is dx^ and the load sustained by it is •—■ — • At 

a' we have a similar element. 

The friction on these two elements is, from the preceding Article, 

sin 20 . Rdx 
2ricosa06 ' 




But cos aOb = ^ = — , hence the friction for the two elements is 



r 
Rr sin 20 dx 



2ri i/?Cr^ 

Integrating between the Umits a? = ri and a; = 0, we have for the 
entire motion 

„ jBrsin20 . -i ri 
F= — - — — sm — . 
2ri r 

Inserting the value of ri = r sin a, 

__^Rsin20 a 

where is the anele of repose as given by the Table paj^e 192. 
The moment of the friction with reference to the axis is then 

,, Rr sin 20 a 

2 sm a ^*^ 

If the axle is well greased, the angle of repose is very small, and we 
may take sin 20 = 2 sin 0, also /i = tan = sin 0. 

in the practical case of a well-greased axle, then, we have 

F = mR'^-, Jif=MRr^^ 



sin a sin a' 

where m ib given by the Table page 192. 

If the anf^le a is small, we may take a = sin a, and then JP and If are 
the same as m the two preceding cases, 
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4. Friction Wheels. — By the use of friction wheels instead of 
bearing blocks, the friction of an axle can be greatly 
diminished. 

Thus let the axle AC rest upon the circumfer- 
ences of the friction wheels ACx and BGi , touching 
them at the points A and B. The vertical pressure 
R on tJie axle C causes the pressures ^i , ^t at A 
andB. 

Let the angle ACB = a. Then 

2 cos a 

If the axles of the friction wheels are well greased, then, as we 
have seen, the least friction may be written 




F = M(Ni+m = 



_ mR 



cos a' 



where m is given by the Table page 192. 

If the radius of the axles of the friction wheels is r, the moment 
of the friction is 

COS a 

The moment of the friction at the |)oint8 A and 6 must be the 
same. If we call this Fi , we have, if the radius of the friction 
wheels is a, 



Fia = Fr, or 



mR 



a a cos (X 



By making a small, we can take cos a = 1, and have 

Fi=^./iR, 
a 

By taking a large with respect to r, we may thus 
make the friction i<i very small. If the axle C rests on 
bearings, its least friction is mRj as we have seen. 

If we have a single friction wheel CiA, then a = 
and we have accurately 

Fi^-mR. 
a 

Static Friction of Cords and Chains. — Let a perfectly 
flexible cord stretched by a weight Q be laid over the 
edce C of a rigid body ABO, Fig. 1. 

Xet the force at the other 
end of the cord be P, and the 
angle of deviation DCP^ 
AOB = CL 

Draw CT making the angle 




Fko. 1. 



a 



TCP = 5^, and CN perpendicu- 
lar to CT. Then when motion 
is about to begin, the resultant 
R of Pand Q makes the angle 
of repose with CN, 

It the weight Q is about to 
sink, the friction F acts op- 
posed to the motion, and we 
have 

P + F^Q. 




no. s. 



90^0: 
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We have then, from Fig. 2, 

F:2QBm^ : : sin : Biiir90- (0 - |^"|, 



or 



jF' = 



29 sin sin 



29 sin H- sin 



cos 



(-1) 



00s <P COB o + Sin Sin ^ 



Dividing numerator and denominator b^ cos 0, we have, since 
tan = /i 3= coefficient of static sliding friction, for the friction Fi 
when the weight Q is ahaut to eink^ 



Fi = 



%uQ&m^ 2/iQ tan g- 



coS|-+tfsin^ l+xitang- 



(1) 



When the weight Q is just about to rise^ we have 

P=Q + F, or Q=P-F, 
and hence 

2MQtsji^ 



F = 



a 



(» 



1 — ^ tan^ 



In the first case, then, when the weight Q is about to aink, 

Pi = Q-Fi= -i — 



^tanj) 



1+/* tan 



a 



• • • ■ 



(8) 



and in the second case, when the weight Q is about to rim, 



P=Q+F= 



a 



(4) 



1 — A/ *^^2 




If the cord passes over several edges, the 
force Pi can be calculated by repeated applica- 
tion of these formulas. 

Thus let the number of edges be n and the 
deviation at each edge be the same and equal 
to a. When the weight Q is just about to sink, 
the tension of the first portion of the cord is, 
from (3), 



Pi = 



©(l-/itanj) 



a 



1 +/! tan^ 
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That of the second ia 



P.= 



That of the last is 






l+jutanj 



Pn = 






tangj 



(«) 



If the wei^t Q, is /tuf a6ou< to riae, we have simply to inter- 
change P and Q and we have 



P«= 



^Q(l + Mtan^)j 



(l-^tan|)" 



(8) 



In the first case, when the weight is about to sink, we have for 
the friction 



F. = Q-Pn=Q{ l--i ^-]. . . . 



(l + «t»njy 



(7) 



If the weight is about to ri«e. 






(8) 



Formulas (5), (6), (7) and (8) are also applicable to the case of a 
chain composed of links which is passed round a l 

cylindrical surface, where n is the number of ^ / 
Imks in contact. If the length of each link is 
AB = Z, and the distance CA of the axis A of a 
link from the centre C is r, we have for the angle ai 
of deviation DBL = ACB = a, 

sm 5 = --, or tan - = . 

[If a flexible oord lies in contaot with a rough snrfaoe, let ilC^ = a be 
the arc of contact. 

If T is [the tension at any point of contact D 
for the indefinitely small portion of the oord Dd^ 
the friction at this point is dT, Let the indefinitely 
small angle DCd be da. Then, from equation (1), 
page 200, 





dT=: 



2//rtan^ 
2 

""""~" . • 

1+ // tan f. 
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Bat smoe da is indefinitely small, we may take the arc eqnal to the 
tangent and disregard m tan ~ with reference to 1. We haTC then 



dT 



=:Mda. 



Integrating between the limits a = and a, we have, since for a = 0, 
T=z C, and for a = a, T = P, 

p 

logn P=/ta + log Q, or logn — = /f n:. 



We haye then, when motion in the direction of P jnst b^ns, 

P=Q^, (») 

where € = 2.3026 = base of Naperian system of logarithms. 

When motion in the direction of Q jost b^;ins, we have, by interchang- 
ing PandQ, 

g = P6-'^- (10) 

Also, inyersely, 

^^ 2.8026aogP-logg) ^ ^jjj 

where common logarithms are taken. 

If the arc a of the cord is given in degrees instead of radians, we most 

substitute a = r^ro^r. If the surface is cylindrical and the number of 

coils n of the rope is given, we have a == 2ien, 

We see from (9) and (10) that the friction of a cord, F=zP— Q or 
F= Q^ P, upon a surface does not depend at ail upon the radius of 
curvature^ but only upon the arc of contact a, or upon the number of 
coils, 2]rn, if the surface is cylindrical. 

If we take /i = --, we have for a cylindrical surface : 

o 

for \ coils, P = 1.69Q ; 



a 



a 



a 



it 



i 
1 
2 

4 



cc 



C( 



(( 



t( 



P = 2.85Q ; 
P=8.12Q; 
P=e5.94Q; 
P = 4348.56^. 

The friction can thus be increased to any amount by increasing the 
number of coils.] 

Bigidity of Sopes. — When a rope is perfectly flexible it offers 
no resistance to bending. When a rope is not perfectly flexible it 

offers a resistance by reason of its rigidity when 
wound on to a drum, pulley or axle, tinough none 
is offered when it is wound off. Thus let a rope 
whose tension is T be on the point of being 
wound on to a pulley. 

Let a =■ AC = BC be the radius of the pulley, 
and t the thickness of the rope. Then the lever- 
arm of the axis of the rope on the off side is 




The distance Ac from the pulley to the rope 
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on the on side will depend on the kind of rope and will be less as 
is greater. Thus for hemp ropes we can put 

where Ci is a constant to be determined by experiment for the kind 
of rope ; and for tvire ropes 



Ac = 



c.[a + I) 



that is, Ac increases with the lever-arm a + - and decreases as T 

increases. 

It is also evident that those fibres farthest out on the on side are 
stretched more than those nearer the pulley. The resultant tension 
Twill therefore act further from the pulley than the central axis 
of the rope. We denote the distance of T from the central axis 
by Ci. 

Let the tension along the central axis on the ojf side be T + T'. 
Then we have for equiubrium^for hemp ropes, 

r(„4 + |+e.) = (r+r)(a+|). 

or y, _ Ci + CiT ^^y 

a + - 
and for loire ropes, 

or 2" = c. +— ^ (2) 

« + l 



We have then 



T X Ce = (T + T')Cb, or Cc = (l + ^)l^. . . 



(8> 



The rope can be considered, then, as without rigidity if we in- 
crease the lever-arm of the teneion on the on-aide by the amount 

r 

Hemp Ropes. — For tarred hemp ropes experiment gives 

r = ^"0+«f^^ pounds, 

where T is to be taken in pounds and a and t in inches. 
For new hemp ropes, untarred, 

^, 4 + 0.06467r , 

2" = —I pounds, 

where T is to be tstken in pounds and a and t in inches. 
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Wm B4ipM.»For teire ropes we have 

T = 1.08 + J- pounds, 

where Tis to he taken in pounds and a and t in inches. 

Static Soiling Frietion. — ^Let ACB be a roller resting on a plane 

surface. By reason of the pressure N of the roUer on the ^ane, 

the roUer is compressed. Let a force F be applied 
at the centre C parallel to the plane. When the 
resultant R ot F and N just i>asse6 through the 
edge D of the base, rolling be^s and the force F 
is equal and opposite to tne friction. 

liet the distance AD = cL Then, when rolling 
is about to begin, the angle ACD is the angle of 
repose 4>. Let r be the radius. Since the com- 
pression is small compared to the radius, we have 

tan = - = /i = coefficient of static rolling friction. Hence for 
equilibrium Fr ^ Nd, or 

F^mN^-N. 

r 

The distance d depends on the materials in contact. 

The theory of roUm^ friction is not yet well established and but 
few experiments upon it have been made. 

In all practical cases of rolling, we usually have to do with axle 
friction, which has already been discussed (page 196). 

[Equilibrium of a Body at Any Point of a Bough Carve or Sur- 
face — General Equations.] — If a body acted upon by any number of 
forces Fly F%, etc., applied at different points, is at rest at any point of a 
rough curve or surface, we may treat it as a particle placed at that point 
(page 188). 

The reaction R at that point must be equal and opposite to the result- 
ant of all the other forces acting upon the body. 

The curve or surface can then be replaced by its reac* p, 
tion R at the point P. For limiting equilibrium the reac- 
tion R must make an angle with the normal to the curve < . 
or surface at the point P equal to the angle of repose 0, I 

given by ^ 

tan0=//, (1) 

where // is the coefficient of static sliding friction. 

If R makes an angle with the normal less than tp, we have non-limiting 
equilibrium (page 189). If equal to 0, we have limiting equilibrium, and 
sliding is about to begin. 

Let the algebraic sum of the components along the co-ordinate axes of 
all the forces Fj, F%^ etc., not including the friction and the reaction R 
at the point P^hQ Fg^ Fy^ Fz» Then if the direction-angles are (cti, fix , 
yi), (a«, fi% , xt), etc., we have 

Fx= Ficos ai + Ft cos ai + . . . = 2F cos a; 

Fy = Fi cos fii + Fi cos fit + ,,. = 2Fcos fl; 

Fg = Fi cos yi •\- Ft cos yi + .. , = 2Fcosy. 

1. Equilibrium of a Body at Any Point of a Bouerh Curve. — Let the 
co-ordinates of the point P be ^, ^, 2r, and (2^ be an element of the curve. 



7 V%M l«A*V M.\X>%A*% 



CHAP. IX.] BOUGH CUBYB OB SUBFAOB. 205 

Then the direotiOD-oosines of the tangent to the carye at the point P are 
^, ^, ^, and we haye for the force Ttangential to the cnrye 



da ^ds ds 



T 
The reaction R makes with the normal an angle whose sine is -^. For 

R 

T 
eqnilibrinm this angle mnst be less than the angle of repose 0, or -g- is less 

than sin 0. Hence the condition for non-limiting eqnilibrinm is 

Bdk < sm 0, (3) 

;*■ 
or, since sin* = ^ „ 

( Fa4x + F^y + F^ y ^ )u» .«v 

\ Rdi "^^^1 ^ TTm*' ^ ^ 



If then 

JOLi^A* J. TfL^tt -L. 79L/?4r / m« 

(4) 



* as j; sm =g ± y , , • . . 



Rds 

we haye limiting equilibrinm, and the body is upon the point of sliding. 

llie force T for equilibrium is always equal and opposite to the friction 
F,otT + F= 0. Hence 

If we multiply by cto, we haye 

Fxdit + Ff^y + Fi$de + Foh = 0, 

which is the principle cf virtual work (page 159). 

2. Equilibrium of a Body at Any Point of a Bou^h Surface.— Let 
the equation of the surface be u = 0, where u is a function of x^ y, z. 

For conyenience of notation let 

^=Z7, ^ = F, ^ = Tr, and Z7« + F« + TT* = (?•. 
dx ^ dy ' dz ' 

Then the direction-cosineB of the normal to the surface at the point 
(ar, y, z) are 

U V W^ 



The resolyed part of 12 along the normal is then 

The reaction 12 makes with the normal an angle whose cosine is ~. 

R 

If 
For equilibrium this angle must be less than the angle of repose 4>, or -^ 
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is greater than cos <p. Hence the condition for non-limiting equilibrium is 

^ > cos 0, (5) 



- /(§)■- [%h m 



or, since cos" = t—, — i, 



( 



'5 * "'% * <)■ 



If then 



m- iwh m] 



i?"-"' — -' ■ *+^" 



(8) 



ax 'dy dz 



= ± 008 = ± 4/I3I, . (7) 



wo have limiting equilibrium, and the body is upon the point of sliding. 

Let the point P be moved in any direction along the surface through 
the indefinitely small distance ds, and dx, dy, dz be the projections of this 
distance on the axes. Then the direction-cosines of the tangent at the 

• X »> dx dy dz -r. 
point Pare^, ^, — . The tangential force T is equal and opposite to 

the friction F,orT=-^F. We have then 

du du du 



If we multiply the first of these by da, the second by dy, the third by 
dz, add the results and reduce by the equations dx^ + dy^ + d^ =id^ 
and 



©^*(fh-(^h=». 



which is the total differential of the equation t« = of the surface we ob- 
tain ' 

iWa; + Fydy + F^idz + Fds = 0, 

which is the principle ofvirttuil work (pagre 159). 

Stable, Unstable, Neutral and Indifferent Equilibrium.— A body 
in equilibrium is said to be in stable equilibrium when for every 
possiole indefinitely small displacement which it can receive it 
tends to return to its original position. 

When for any one possible indefinitely small displacement it 
tends to move still farther away from its origin^ position of equi- 
librium, it is in unstable equilibrium. 

Cases occur in which the equilibrium of a body is stable for 
some displacements and unstable for others. It is then, bv dpfini- 
tion, m unstable equilibrnmi. 

If the body remains in equilibrium for all possible indefinitely 
small displacements, it is in neutral equilibnom. Neutral equi- 
librium may be stable or unstable. 
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If the bodv remainB in ^uilibriiinx for all possible displacements, 
larae or amall^ it is in indifferent eqnilibrinm. 

Thus let a heavy body be supported at a fixed point P, so that it 
<;an only rotate about P. Let the reaction at Phe B, and let the 
weight TFact at the centre of mass 
•C. Then for equilibrium, if B and 
W are the only forces acting upon 
the body, the reaction B must be 
«qual ana opposite to W and act in 
the same line. 

We have then two possible posi- 
tions of equilibrium: one when C is 
below P, and one when C is above P. 

Now for every possible indefin- 
itely small displacement of rotation 
about P, the point C moves in the surface of a sphere C'CC* of 
radius PC, and TF remains unchanged in magnitude and direction. 

Therefore in the first case, when C is below P, we have for 
every possible displacement a couple B and W which always tends 
to make the body return to its original position of equilibrium, and 
the body is in stable equilibrium. 

In the second case, when C is above P, we have for every pos- 
sible displacement a couple B and IF which always tends to make 
the body move still farther from its original position of equilibrium, 
and the body is in unstable equilibrium. 

If the points P and C coincide, then for every possible displace- 
ment, large or small, the body remains in equilibrium, and the 
bodv is therefore in indifferent equilibrium. 

A^ain, let a heavy body bounded by a convex surface rest in 
«quibbrium on a plane sur£a.ce, and let the centre of mass C coincide 

with the centre of curvature, 

c / cj\ I ^^>^^ Then the reaction B acts at the 

point of contact P, is equal and 
opposite to the weight W and 
acts in the same straight line. 
If the body can have rolling 
motion only, any indefinitely 
small arc PP* is circular. Hence for any possible indefinitely small 
displacement produced by rolling, the body remains still in equi- 
librium. Its original position is therefore one of neutral equi- 
librium. 

If now the body be rolled still farther through an indefinitely 
small arc, so that P' comes in contact with the pleme, then, if the 
radius of curvature CP is less than (J'P\ the equilibrium is evi- 
dently stable ; if greater, unstable. The original position of neutral 
equilibrium is therefore stable neutral when the radius of curva- 
ture CP is a minimum, and unstable neutral when it is a maxi- 
mum. When it is not a minimum or maximum, the neutral equi- 
librium is stable for displacement in one direction and unstable for 
displacement in the otner direction— that is, unstable neutral, ac- 
cording to definition (page 206). 

Criterion for Stable, Unstable, Neutral and Indifferent Eqni- 
librinm. — Every displacement of a body consists in general of two 
displacements, one of translation and one of rotation. Now for an 
indefinitely small displacement of translation, a body which under 
the action of certain forces is in equilibrium before the displace- 
ment is also in equilibrium after, if the forces act at the same 
points, because their magnitudes and directions are unchanged by 
the displacement. 
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Thus if a body can only slide on a plane surface and touches it 
in more than two points not in a straight line, it can only receive 
motion of translation and its equilibrium is indifferent. 

We have then only to determine the conditions for stable, un- 
stable, neutral and indifferent equilibrium in the case of rotation. 

Let P be the point about which the body can rotate, and M the 
reaction at that point. Let the weight IF act at the centre of mass 
C, and let the resultant of all the omer forces acting upon the body 





be F. Then for equilibrium the lines of direction of IT, F and B 
must intersect in a point A which lies in the vertical through the 
centre of mass C, and the resultant B' of TTand F must be equal 
and opposite to R and act in the same straight line. 

For every possible indefinitely small displacement of rotation 
about P the point A moves in the surface of a sphere A*AA! of ra- 
dius PA^ and B! remains imchanged in magnitude and direction. 
If tiie bodv has a displacement of translation as well as of rotation 
about P, the locus AAA of the point A is no longer a spherical, 
but is still a curved surface. 

We see at once from the figures that for any displacement for 
which the projection of AA! along B is opposite in direction to -B*, 
or for which tne work of B is negixtive (page 168), the body tends to 
return to its original position of equilibrium. For any displace- 
ment for which the work of B is positive^ the body tenos to move 
away from its original position of equilibrium. 

Let us take the axis of Fparallel to B, and the direction of B 
as downwards. 

Then if we draw a line OX at right angles to 1^ at any distance 
AO = y below A^ we see from the figures that when AO = y is a 
minimum, the equilibrium is stable. When AO = 2^ is a maximum, 
the equilibrium is unstable for all possible displacements. When 
AO = yia neither a maximum nor a minimum, the equilibrium is 
stable for some displacemements and unstable for others ; that is, 
unstable according to definition (page 206). 

In general, then: 

A body is in stable equilibrium when for all possible indefinitely 
wnall displacements the work of the resultant of aU the forces except 
the reaction is negative. If for any or all possible indefinitely small 
displacemeiits this tcork is positive, the equilibrium is unstable. If 
it IS zero for all possible indefinitely small displacements, the equt- 
librium is neutral If it is zero for all possible displacements, large 
or small, the equilibrium is indifferent. 

Or if we take the axis of Y parallel to B and the direction of 
B as downwards, and draw OT at right angles to ^ at any dis- 
tance AO = y belmv A, we have the criterion: 

A body is in stable equilibrium when for aJl possible indefinitely 
small displacements AO =yis a minimum. If AO =:yisa maxt- 
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mum, the equilibrium is unstable for cUl possible indefinitely small 
displacements, IfAO =:yis neither a maximum nor a minimum, the 
equilibrium is stable for some diyolacements and unstable for others, 
that is, unstable. If for all possible indefinitely small displacements 
AO = y remains constant, the equilibrium is neutjral. If for aU 
possible displacements, large or small, AO = y remains constant, 
zhe equilibrium is indifferent. 

Stability in Boiling^ Gontact.^As an application of the preced- 
ing, let us investigate the equilibrium of a heavy body aPa 
bounded by a convex surface resting upon a rough body a'* Pa' also 
with a convex surface, and subject to displacement due to rolling 
only. 




Let O be the centre of curvature of the fixed body, and o the 
centre of curvature of the rolling body, so that the radius of curva- 
ture of the fixed body at the point of contact P is OP = p, cmd the 
radius of curvature of the rolling body at the point of contact P is 

oP = Pi. 

Through O draw a plane OX at right angles to OP. 

Let the reaction atPheR, the weight at the rolling body be W 
acting at its centre of mass C, and the resultant of all other forces 
suiting upon the rolling body be F. 

Then for equilibrium the lines of direction of W, F and B must 
intersect in a point A, which lies in a vertical through the centre 
of mass C, and the resultant R at W and F must be eaual and op- 
posite to the reaction It at the point of contact P ana act in the 
same straight line. 

The point A may or may not be in the radius oP. If it is not in 
the radius oP, then, proviaed R passes through P and makes an 
angle with oP less than the angle of repose, there will be equilib- 
rium (pa^e 188). But in such case it is evident that if for rolling 
in one direction in the plane of R and oP the distance AO oi A 
from OX increases, for rolling in the opposite direction this dis- 
tance will decrease. The rolling body is then, according to defini- 
tion (page 206), always in unstable equilibrium if A is not in the 
radius oP, and there is no need of discussion. 

If, however, A is in the radius oP, the equilibrium will be 
stable, unstable or neutral, according as the distance AO of A from 
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OX increases for aU possible indefinitely small displacements, de- 
creases for any or aU possible indefinitely small displacements, or 
remains constant for all possible indefinitely small displacements 
(pflKSe208). 

Let the points a, P, a of the rollinfi: body be consecutive. Then the 
arc aPa is circular, its radius is Pi , me arcs aP = aP, and the ang^les 
aoP = fi are indefinitely small. 

Let the body roll in either direction, so that the points a, a be- 
come points of contact at a' and a". Then the arc a"I*a' is circulm', 
its radius is p, the arcs a"P = a'P^ and the angles a*' OP = a OP = 6 
are indefinitely small. 

Let the distance Ao = c. Then PA = pi — c. When the body 
rolls into its new position, the point A passes to A' or A", and we 
have A'o' = A"o" = Ao = c, or PA' = PA" =PA = Pi — e. Also, 
since the arcs Pa and Pa' or Pa" are equal, 



pB = pi/3, or y5 = — 0, or B +/3=(l + -^ jO- • • 

P« \ Pv 



(1) 



Now the distance AO of A from OX is p -f pi — c. The distance 
of A' or A\ or the distance of A after indefinitely small displace- 
ment, from OX, is (p + Pi) cos 6 — c cos (6 -i- /J?), or, inserting the 
value of (B + p) from (1), 

(p + pi) cos 6 — c cos ( 1 + -^10 (2) 



If we replace the cosines in (2) by the first two terms of their 
equivalent series, (2) becomes 



p + p_c-(p + po[i-c^tje.«J|!. 



(3) 



Hence the equilibrium is stable, unstable or neutral according as 
(3) is greater, less or equal to p + pi — c. 

When (3) is greater than p + pi — c, the coefficient of 9* must be 
positive, or 

Pi* 

The condition for stable equilibrium is then, since PA = pi — c, 

The condition for unstable equilibrium is 

<'<^' o' TA<l+k ^ 

The condition for neutral equilibrium is 

Pi" ^- 1 1.1 

Pi 

In order to find whether the neutral equilibrium is stable or un- 
stable, let O" and o" be the centres of curvature for the indefinitely 
small arcs ab' or a"&" and ab or a"6, and let the radii of curvature 
be p' or p" and Pi' or Pi". 



' = ^^^ ""^ PA=p+-- (6) 
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Then, proceeding just as before, we find for the conditions of 
stable neutral equilibrium 

- + — >^ + ^ and also >lj- + ljj (7) 

P Pi P pi P Pi 

For unstable neutral equilibrium we have 

p pi P p\ H pi 

If the first of (7) and second of (8) are fulfilled, we have stable 
neutral equilibrium for displacement towards the right in the 
figure, and unstable neutral equilibrium for displacement towards 
the left, and vice versa if the second of (7) and first of (8) are ful- 
filled. In either case t^ie neutral equilibrium is unstable according 
to definition (page 206). 

We can also find conditions (4), iJS) and (6) as follows : 

The line of direction of R after displacement must fall between 
P and a' or P and a" for stable equihbrium, outside of Pa or Pa" 
for unstable, and pass through a' or a" for neutral equilibrium. 

Hence we have for stable equilibrium 

p sin > (p + /oi) sin — c sin (0 + /^. 

Since G and fi are indefinitely small, we can put the arcs in place 

of their sines. Putting then 0+/J=(l + -je, as given by (1), we 

have 

p6 > (p + pi)6 - c[ 1 + ~V» or ^ > -^^— • 

\ P»/ P+P^ 

Hence we obtain, as before, conditions (4), (6) and (6). 

Special Cases.— Conditions (4), (5), (6), (7) and (8) are general. 
Thus if the concavity of either siirf ace be turned the other way, we 
shall obtain the same results, except that the sign of the corre- 
sponding radius of curvature will be changed. 

Sur&oes Spherical. — If one of the surfcices is spherical, we have 
P^p'-=ff\ OT pi=,p,' = pi". If both surfaces are spherical, we 
have p = f/ = p" and Pi = pi = p/'. If in the latter case the equilib- 
rium is neutral, we have from (7) 



p^p^ pf^ p^ p" + p/ 



that is, the neutral equilibrium is indifferent as long as P! does not 
change in direction and the angle is less than the angle of repose 

0,or/9is less than ^0. ForO>0or)^> -^0 there is sliding. 

P» p> 

Either SnrfE^e Plane. — If either surface is plane, its radius of 

curvature becomes indefinitely great and the corresponding - or 

1 . 

— IS zero. 

P« 

Weight Only Considered.— If the only forces acting upon the 
rolling body are its weight W and the reaction R^ we £ave i^ = 0, 
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R = W acting vertically. The centre of maas C then coincides 
with A^ and we have PC in place of FA in (4), (6) and (6). 

o Q Heavy Body on Plane Sorfieice.— In this case 

p c Jo we have- =0, and PC<Pi for stable, PC> px 



ii 



for unstable, equilibrium. 

If PC = pi , or the centre of mass coincides 
with the centre of curvature, the equilibrium is neutral. In such 
case we have^ from (7), stable equihbrium when Pi is less than px 
and pi", that is, when Pi or the radius of curvature is a minimum. 
When Pi is not a minimum nor a maximum, the neutral equilibrium 
is stable for some displacements and unstable for others, or unstable 
according to definition (page 206). If Pi is a maximum, the neutral 
equilibrium is unstable for all possible indefinitely smiall displace- 
ments. If the radius of ciurvature is constant, the neutral equilib- 
rium holds for idl possible displacements large or small, we have a 
homogeneous sphere rolling on a plane, and the equilibrium is in- 
different. 



^ 



(1) A body made up of a cone and a hemisphere having a comr 
mon base rests with the axis vertical on a rough horizontal plane. 
Find the greatest height of the cone for stable equilibrium. 

AnB. Let h be the height of the cone, r the radios of the hemisphere, and 
C the centre of mass. The height required is that height for 

which FO = r. 

2 
The volume of the hemisphere is -^ Trr*. The volume of 

the cone is ^itr^h. The centre of mass of the hemisphere is 

o 

at a distance above P equal to ^ (page 422). The centre of nxass of the cone 

o 

is at a distance above P equal to r -|- j- (page 420). We have then 

8*'' +-8- 

(2) A prolate spheroid rests with its axis horizontal on a rough 
horizontal plane. Shoiv that for a rolling displacements in tts 
equatorial plane the equilibrium is indifferent^ and for rolling dis- 
placements in the vertical plane through the axis it is stable, 

(3) A right circular cylinder of radius r rests unth its axis hori- 
zontal on a fixed rough sphere of radius R greater than r. Show 
thai for rolling displacements the equilibrium is stable or unstcibU, 
according a« ihe plane of displacement makes an angle with the 
vertical plane through the axis of the cylinder whose sine is less or 



greater than r ^ ~" ]p ' 
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Ans. Lei /ci be the radios of caryaiare of the rolling curve at the point of 
contact. Then the condition for stable eqoilibriam is 

Let the plane of displacement make the angle with the vertical plane 
through the axis of the cylinder The rolling curve is then an ellipse whose 

semi-minor axis is r and whose semi-major axis is -. — ;:. The radius of curva- 

* sin 6 

ture at the point of contact, that is, at the vertex of the minor axis, is 



Un Q/ _ 



^ " T Bin« 0' 

Hence for stable equilibrium 



1 1 . sin»0 . « , A r 



(4) A prolate hemUmheroid rests with its vertex on a rough hori- 
zontal plane. Show that for rolling displacement the equilibrium 
is stable or unstable a^coraing as the eccentricity of the generating 

ellipse is less or greater than y - . 

o 

Ans. Let a be the semi-major and b the semi-minor axis. Then the digtanow 
OC to the centre of mass (page 41) is 



4 3a — a 8 

■r 

The distance PO then is ^a. The radius of curvature 

at P is /CI = — . We have then for stable equilibrium 

11 8 a 6» 6 

> — , or =- > r;» OJ^ -5 > s-. 



6 o 



Bat the eccentricity of the j^nenting ellipse is 



Hence for stable equilibrium ^ < y ^• 



(5) A solid homogeneous hemisphere of radius r and weight W 
rests in neutral equilibrium on the top of a fixed sphere of radius 

R. Shoto that R = s-r. If note a weight F is fastened to any point 

18 
in the rim of the hemisphere, show tha^ if F=: --W, the hemisphere 

55 
can still rest in neutral equilibrium at the highest point of the 
sphere, and that the neutral equilibrium is indifferent for all 

angiular dispUicements of the hemisphere less than ^<p, where 4> is 

the angle of repose. Also that the radius through the point of con- 

ta^^t in the second case makes an angle with the radius in the first 

48 
case whose tangent is ^. 
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Ans. In the first case we have PO ^ttT, and the radios of cnrvatnre is f , 

and PC lies in the axis of symmetry. We have then for nea- 
tral equilibriom 



WOT 




PO B^r' 



8 1,1 
*' ^ = B+F' 



hence B = qT. If now we attach the weight F to the rim, 

the new centre of mass, C, will be at a horiaontal distance x 
from given by 



X = 



Fr 



W+F' 

and at a vertical distance y below o given by 

8 



8 



Wr 



ff - W+F' 
The disUmce PO' is then given by P'O' = r - V^+p, or 



*'0' = r-\ 



(W+Fy 



If then we place the hemisphere so that P' is in contact at P, there will be 
nentral eqoilibrinm when 



1 1 ■ 1 _ 8 

PC" B'^r "Sr' 



18 



Inserting the value of P'C and redncing, we obtain -^ = » ^* 

The tangent of the angle POP' is— = g= = — . 

Since both surfaces are spherical and equilibrium neutral, we have (page 
210) indifferent equilibrium as long aa fi < —4>, or fi <^<t>. 

T o 

(6) A cylinder rests in equilibrium with the centre of its base on 
the highest point of a fixed and rough sphere. The altitude and 
diameter of the base of the cylinder are ea^^h equal in length to a 
quadrant of a great circle of the sphere. Find the greatest angle 
through which the cylinder may he made to rock without falling off- 

Ans. Let O be the centre of mass of the cylinder, and O 

the centre of the fixed sphere. Then PO = ^ and OP = B 

When the cylinder rocks let the points 0' come in contact. 

Then PO' = BS, If the cylinder is on the point of sliding, 

the angle POO* must be equal to the angle of repose 0. 

-w^ ^ BB g. h tan ,, . , i^B - 

Hence tan = -^, or S = — sg-^* But we have — = A. 



Therefore B =:-r-isii^ 

4 
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«. 1 2^1 



2h 



; the equilibrium is stable. 






(7) A body of weight W is placed upon a rough inclined plane 
which makes an angle a with the horizontal^ 
and is a4it^ upon oy a force P which makes N p ^b 

the angle fi with the plane. Find the condi- 
tions of equilibrium. (For smooth plane see 
Ex. 1, page 172.) 

Ans. Consider the body as a particle placed at 
anj point O on the plane (pa^ 169). We nave act- 
ing upon the particle the weight W, the force P and 

the reaction of the plane M, which makes the angle of repose with the nor- 
mal to the plane. 

Let the angle BOP = flhe positive when above the plane, and n^ative 
when below the plane. 

1. Body on the Point of Xotion up the Plane. — In this case the component of 
P along the plane most act up the plane, and the component of B along the 

plane or the friction must act down the plane, 
since friction always acts opposite to the direc- 
tion in which motion tends to take place. 

Since W, P and .B are in equilibrium, their 
line representatives laid off in order the same 
way round make a triangle (page 62). 
We have then directly from the figure 

B : W:: sin [90- (/» + a)] : Bin[90 + (/? - 0)]. 

Hence 




«• » * 



C08(/f+ar) 
cos(p— 0) 

Let the normal pressure of the plane be JVand the friction be F. 
Then we have 

^=^sin0 = — ' . .TTsin^, If=BcoB4> = — rl / TFcos 4>, 

We also have directly from the figure 



Hence 



P: Tr::sin(a+0): sin[9O + (y5-0)]. 
j,_ sin(fl:4-0) y_ 8lnQr + /icosg ^ 



where u = tan tp is the coefficient of static sliding friction. 

We see at once from the figure and from the preceding equations that when 
^ = -f- (90 — cr) we have B, 2f and F zero and P and W equal and opposite. 
For any greater value of positive fi, B is negative and there is no equilibrium 
possible. For negative p we must evidently have fi less than 90—0. If ytf 
is greater than this, B is negative and there is no equilibrium. 2 he preceding 
eqtMiioM hold good, then, for (UlwUuee of fibettoeen^ {90— ^) and -f (90 — a). 

The force P is a minimufn when cos (fi — tp) ^ a mit-riintim or when 
/^ = 4- 0. This Tninimnm value of Pis then 

P = TFsin (a + 0). 

Again, we can resolve P into P cos fi along the plane and Pshxfl normal to 
the plane. We can also resolve W into TFsin a along the plane and TTcos a 
normal to the plane. Let If be the normal pressure of the plane. Then for 
equilibrium 

ir+Pwifi- Wcosa=0, or N= Woosa - Peiuft, 
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The friction is then 

F = fiy= u WcoB a — //Psin fi. 

This friction always acts opposite to the direction in which motion tends to 
take place. We have then in the present case, for equilihriom, 

Pcosfi--F- IFsinarrO. 

Inserting the value for i^and reducing, we obtain the same value for Pu 
before. The student should also solve by virtual work. 

2. Body on the Point of Xption Down the Plane — a greater than 0. — If a it 

greater than <p, the body will slide down the plane 
unless prevented. 

In tnis case the component of P along the plane 
must act up the plane, and the component of R 
along the plane, or the friction, must also act up 
the plane, since friction always acts opposite to the 
direction in which motion tends to take place. 
We have then directly from the figura 

R\ lF::sin[90- 03 + a)]:sin[9O + (^+^)]. 
jf_ co8(fi+a) ' 




Hence 



F=Bsin0=.^^^^t^Ws\n4>. JVr= l?cos 0= S?^f-±4cos0. 

COS(/5+0) ^' . ^ cos{/3+ip) ^ 



Also 



or 



P: Tr::8m(a- 0):8in[9O + (/J+0)], 

p_ sin(Qr— 0) ^_ Bina — /icoBa 

C08(/J -f 0) ~~ cos/S - fJLBinp 

We see again from the figure that when -\-p\a greater than 90 — a, i2 is 
negative. Also when — /S is greater than 90 + 0. jB is negative. The taltiet 
of R, F, N and P hold good, then, for values of fi between - (90 + 0) and 
4- (90 -a). 

The force P is a minimum when cos ()5 + 0) is a maximum or when 
fi=z —<p. This minimum value of P is then ' i. 



C-' 



P= lFsin(a-0)V 
As long as we have, for a greater than 0, 

sin(a~0) 
'^cos(/?+0) "'' 

where /? < — (90+ )0 and < +(90 — a), and at the same time have 

sin(a + ) 

^ ^ cos {fi - 0) ^* 

where j5 < — (90 — 0) and < + (90 - a), the body will neither be on the 
point 01 moving down or up, and we have non-limiting equilibrium. 
Again, we have as before for the friction 

P = // Fcos a — /iPsin )5, 

and for motion down the plane 

Pcosfi + F^ Fsina = 0. 

Substituting the value of F and reducing, we obtain the same value for P 
as before. . The student should solve also by virtual work. 
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3. Body on tlie Point of Xotion Down the Piano— a Ioh tlutn 0. — ^If a is Usb 

than 0, the body will not slide down unless 
acted upon by some force P. 

In tnis case the component of P along the 
plane must act down the plane, and the compo- 
nent of R along the plane, or the friction, must 
act up the plane, since friction always acts op- 
posite to the direction in which motion tends 
to take place. 

We have then directly from the figure, if 
we take the angle fi = AOP positive above the plane and negative below, 

firlF:: sin [90 - 0» - a)] : sin [90 + 05 - 0)]. 

Hence 

cos (/J — a) 




B = 



cos(/?-0) 



W; 



cos (p — 9) cos (p — 0) 



Also 



P: TT:: sln(0 - a) : sin [90 + (/5 - 4>)], 



or 



p — sin(0~ o^) j^_ /i cos g - sin O Typ. 
cos ifi — <p) COS yS + /i sin /J 

We see from the figure that if we take /3 from OA positive above and neg- 
ative below the plane, + fi cannot be greater than 90. Also when — /$ is 
greater than 90 — <p, Bis negative. The values of B, F, N and P hold good, 
,then, for values of fi between — (90 - 0) aiid -j- 90 . 

The^ force P is a minimum when cos (/tf — 0) is a maximum or when fi = 

P= Trsin(0- a). 
As long as we have, for a less than 0, 

cos (p — 0) 

where /^ < + (90 + a) and < — (90 — 0), and at the same time have 



p ^ 8in(a+0) ^ 



cos {/S — 0) 

f 

where /5 < + (90 — a) and < — (90 — 0), the body will neither be on the 
point of moving up or down and we have non-limiting equilibrium. 
Again, we have, as before, for the friction 

F= ^Wcoaa— pPsin ft, 

and for motion down the plane 

^PcoBft + F- Tr8ina=0. 

Substituting the value of F and reducing, we obtain the same value for P 
as before. The student should solve also by virtual work. 

(8) A body of weight Wis placed in contact with the under side 
of a rough inclined plane which makes an angle a tvith the horizon- 
tal^ and is acted upon by a force P which makes an angle ft with the 
plane. Find the conditions of equilibrium. (For smooth plane see 
"Ex. (2), page 174.) 
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Axis. Ist. Body on the point of motion up the plane: 

«»(/?+ 0) ' CO8(/5-H0) 

p_ Bin(0 — g) _ aing — McoBg ^^ 

When a> 0, )3 > + (90 — a) and < + (90 — 0). 
When <0, /J > +(90 - 0) and < + (90 - a). 

2d. Body on the point of motion down the plane : 

CO6(p+0) eoB{p + ip) ^' 

Bin(04-g) aina4-/<coea )3<+90and 

^" co8(/J+0)'^--/i8in/J-oo8y5*^- >+(9O-0). 

(9) i^tnd tJiefarce P necessary to just move a cylinder of radius 
R and weight Jvup a rough plane inclined at an angle a, by a crow- 
bar of length I inclined at an angle fi. (For smootii simace see 
Ex. (3), page 174.) 

Ans. The weight W can he resolved into two components Bi and £1 making 

the angles of repose 0i and 09 witiithe normals at 
the points of contact Di and Dt , where 0i is the 
angle of repose for the bar and cylinder and 0i for 
the plane and cylinder. 

We have then A = «p(^ + ^) j^ 

' 8in[(a+/?)+(0.-0.)]'^- 
The normal pressure at 2>i is then 

Ni = Bicoa 01, 

If P acts at right angles to the bar, we have by virtual work, for a small 
displacement due to turning of the bar about A through an indefinitely small 
angle 0, 

Ni.ADi 




P»-jy;.-lZ>i.0 = O, or P = 



I 



ButiiJ?. =rtan Ua+p] = ^P - cos (a + ffl] 

p_ TTr cos 01 sin (0t 4- a)[t — eM(a-\-fi)] 
^-" fsin(a + /O8in[(a + /3)+(0,-0,)] * 

If 0, = 0, , we have after reduction 

P— Wr cot sin (0 4- ^) 
^- ^l + cos(a + /S)] • 

If there is no friction, = 0, and we have the same result as in Ex. (8), 
page 174. 

(10) A j^article of mass m rests on a rough cylinder and is held 
in equilibrium by a string fastened to another particle of mass M, 
which poMes over the cylinder and hangs freely. Determine tJie 
position of equilibrium. (For smooth cylinder see Ex. (4), page 
174.) 
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Ans. From page 202, if the arc of contaet mOA = a^we have for the fric- 
tion of the cord 

Fi = mg(^ - 1), *^^ 

where // is the coefficient of static sliding friction between 

cord and cylinder and e = 2.3026 = base of Naperian sys- \ng c 

tern of logarithms, and g is the acceleration of gravity (page 

8. 

The normal pressare of m is m^ sin a, and the friction of 

the particle m is 

where /it is the coefficient of static sliding friction between the particle and 
cylinder. 

The tangential component of m^ is — iti^ cos a. We have then, for equi- 
librium, 

— mg COB a + M%fng em a + mg{€^* — 1) = Mg, 

or 

— fn{oos a — /I. sin a) + m(€^ — 1) = Jf ; 

sin0» 
or, since //a = x"* 

JLf 

— oos(ar+0j) + (e'^ — l)cos0i = — cos 0s, 

m 

from which a can be found. If there is no friction, m = 0, 0s = 0, and 

M 



oosa= — 



m 



which is the same result as in Ex. (4), page 174. If we neglect the friction of 
the cord, /i = and 

cos (a + 0i) = . 

m 

(11) Find the conditions for equilibrium for a rough screw, (For 
smooth screw see Ex. (5), page 175.) 

Ans. Let P be the force applied at the end of the arm a, and let the radius 

of the screw be r, the pitch p. and the mass supported Q. 
^^—7 If N'lA the sum of the normal pressures and a the incli- 

X O 

P nation of the thread to the horizontal, we have N = 




cosa 

uQ 
and the friction F = uN= -^-^- , where u is the coefficient 

cosa 

of static sliding friction. 

If P has a virtual displacement of radians, Q is raised 

a distance ^, the distance of the friction is , and we 

2n* cos a ' 



have by virtual work 

9^ t*fMa* rtf 



2x 



COS' a 



We have then, since ^ = tan or, /i = tan 0, 



a\2x coe*aJ a \ * coe'ay 



If we neglect friction, we have /i = and P= 
the same result as in Ex. (5), page 175. / 



_ Qp __ grtana 



2ica 



, which is 
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(12) Find the e4mdUions for equUibnum far the differed 
given in Ex. (6), page 176t taking friction into account. 



Ans. P = — I 



_QrP-P^ . >^(r + r^) 



djr 



cos* a 



1 



(13) jLe^ the force acting normally at the middle of the back AB 
of a rough isosceles wedge ABC be P, and let the normal pressure on 
each side be N. Find the conditions for equilibrium. (For smooth 
wedge see Ex. (7), page 176.) 

Ads. Let the angle of the wedge at the point C he a. The forces which 
sustain the wedge in eqailibrium are P, the pressures ilTand 
the friction F along each face, which acts opposite to the 
direction in which motion tends to take place. 

If // is the coefficient of static sliding friction, we have 

F^mJ^. 

If we put the algebraic sum of the components along the 
axis DC equal to zero, we have for equilibrium 

- P+ 2iV^8in ^ ± 2//iV'co8 ^ = 0. 

where the (+) sign is taken for wedge on the point of entering and the (— ) sign 
for wedge on the point of sliding out. 

Since u = ^, where d> is the angle of repose, we have 

cos ip 

^. „ 2N , fa \ ^ 2N , fa \ , ^ , 

II P < sm hr- = and > sin U — d>], the wedge is 

cos <p \2 ) cos <f> \2 J ^* 

neither on the point of going in or out and we have non-limiting equilibrium. 




a 



If — = ip, there is no force required to prevent the wedge from sliding out. 
The angle a of the wedge should not then exceed 2<p, 

If we neglect friction, ^ = 0, and we have P = 2N sin — . 

This is the same result as in Ex. (7), page 176. 

(14) Let a rough isosceles wedge rest with one face BC on a hori- 
zontal plane. Let a noT^ial force P act at the middle point of the 
ba^k. Let the body GHK, whose weight is Wy rest upon the face AC 
and be constrained by guides to move in a normal to AC. Find the 
conditions for equilibrium. (For smooth wedge see Ex. (8), page 
176.) 

Ans. Let i^Tbe the normal pressure between the surface AC and the hodj. 
Then the friction between the body and 
wedge is //iV, where // is the coefficient of 
static sliding friction between the body and 
wedge. This friction acts opposite to the 
direction in which motion tends to take 
place. It is then a pressure upon the guide 
i?or E' according as the wedge is on the 
point of entering or sliding back. If W is 
the weight of the body acting at the centre of mass O, then W sin a is the 
pressure upon the guide E by reason of the weight. The total pressure upon 
the guide E is then 

TTsin a ± fiN, 
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according as the wedge enteis or slides back. The friction between the body 
and guide is then 

Mi{W sin a ± /iN), 

where /ii is the coefficient of static sliding^ friction for bodj and guide. 
We have then for equilibrium of the bodj 

N- WcoBa T Ml {Wan a ±m^) = 0, 

where the upper signs are for wedge on point of entering, and the lower signs 
for wedge on point of sliding out. Hence 

-__ Tr(coe a ± Ml ana) 
^" l-MMi 

If we put this value of JV in the value for P found in the preceding 
example, we have 

sin d>% sin 

or, since Hi = ^ and m = — —-z, where 4>i and are the angles of 

' COB 01 COS ^ o 



2Trcos(aqF 0i) 



repose for body and guide, and body and wedge, 

rcos(aqF0i) .(a \ 

-^(0r+0r-^(2-*^j- 

The upper siffus are for wedge on the point of entering, the lower signs for 
redge on the point of sliding out. 

Here again, if ^- = 0, no force P is required to prevent the wedge from 



sliding out. 
If 

_ 211^ cos (a — 
P < ^ 

^ ^ cos (0 



(£^1^) Bin f ?- + 0\ and > 2^co« (^+ ^0 .jj^ _ ^>| 



we have non-limiting equilibrium and the wedge is not on the point of moving 
either way. If we neglect friction = 0, 01= 0, and P = 2Trcos a sin ^. 
This is the same result as in Ex. (8), page 176. 

(16) Solve the case of Ex. (16), page 177, taking friction into 
account 

Ans. ^Q^^^oHcci+4»''bcot(a,^<f» 

a + b 

« __ P sin (tt« — 0) cos ^ _ • P sin (at + 0) cos 

^' ~ sin [(a, + ) + (a, -0)] ' "^^ "" sin [(^r+"0) + (ct7 ^^(P)]' 

(16) A rod r68id tvith its ends against a rough vertical and hori- 
zontal plane. The weight P of the rod acts at its middle point 
Find the conditions of equilibrium, 

Ans. Let be the angle with the horizontal and Ni^ N^he the normal 
pressures on the horizontal and vertical planes respectively. Then 

tan = cot 20, JV, = Pcos» 0, J^, = P sin cos 0. 

(17) A rough lever ACB rests on an axle of radius r and is acted 
upon by the co-planar forces P and Q applied at the points A and 
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B. The forces make the angle 0. Find the relations of Pto Q for 
equilibrium, (For smooth lever see Ex. (1), page 161.) 
Ans. The resultant of P and Q is 

2? = i/P» + g* -I- 2Pe cos «/ 

the acute value of being taken. 

We have seen (page 196) that for "well- 
greased axle and small surface of contact we 
can take, in all cases of axle friction, the fric- 
tion F = /i^y where jn is the coefficient of 
static sliding friction. 

Let the radius of the axle be r, the lever- 
arm of P with reference to the centre C of 
the axle be p, and the lever-arm of Q be g. 
We have then in general for equilibrium 

Pp - Qq ^ MBr, 
or 




Pp=Qq ±Mr ifP" -H C* + ^PQ cos 0, 

where the upper sign is to be taken when rotation in the direction of P just 
begins, and the lower sign when rotation in the direction of Q just begins. 
If the forces P and Q are parallel, R= P ^ Q, and we have 

p_ q± f^r 
p T ptr 

For all values of P less than the first of these values, or 

P < ^-±^Q. 
p—fir 

and at the same time greater than the second, or 

we have non-limiting equilibrium and the lever is not upon the point of 
rotating in either direction. 

If we neglect friction, /z = and P = -Q, as in Ex. (1), page 161. 

For partially worn bearing (page 196) we can put more accurately 

sin <p in place of 4>* 

where ip is the ansle of repose. 

For triangvXa/roea/ring (page 197) we can put more accurately 

sin 2^ . , . 

r %n place of fi, 

2 cos a ^ '' * 

where a is the half angle of bearing. 

For new he<vring (page 198) we can put more accurately 

a sin 20 . , . 
-^—. — ^ %n place of fi, 
2 sm a '' 

where a is the half angle of contact. 

(18) In a wheel and axle the radius of the wheel is a, and of the 
axle b. Find the conditions for equilibrium, taking into account 
friction and the rigidity of the rope, when a mass Phung from the 
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wheel Just balances a mass Q hung from the axle. (Without friction 
and rigidity see Ex. (2), page 162.) 

Ans. We have seen (page 106) that for well-greased 
axle and small surface of contact we can take in all cases 
of axle friction the friction F = fiB = m(P + Q)t where 
/I is the coefficient of static sliding friction. 

Let the radius of the axle be r, and let t be the thick- 
ness of the rope. 

Then when Pis jost about to fall, we have (page 202) 

for the lever-arm of Q, (l + n ) (* "f" 2 )» *^^ hence for 
equilibrium 

- -P (« + !) +«(l + J)(6 + |) +MP+ = 0, 




or 



^ {^+i+''r)<i + {^+*^r 



a + 2 "^*" 



where (page 203) 



for hemp ropes 



^ _ Ci + CiC . 



'+f 



for wire ropes ST' = Ci + 






the values of Ct and Cs being given on page 208. 

When Q is just about to fall, we have (page 208), for the lever-arm of P, 



(■+r)(-+^> 



and hence 



-p(l+J^(a+|j+c(6 + |)-MP+0 = O. 



or 



P — " . " » 



where (page 208) 



a + f + MT 



for hemp ropes T' = ; 



•+^ 



for toire ropes T' = Ci -\- 






the values of Ci and e% being given on page 208. 

For values of P less than the first and greater than the second, we have 
non-limiting equilibrium, and the wheel and axle is not upon the point of 
rotating in either direction. 
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If we n^lect /rietion and ligiditj, we have P = -Q, or, negleetingthe 

thicknesB of the rope, P = ~Q, as in Ex. (2), page 16d. 

If & = a, we have the case of the single pulley. 

For partially toom heoHng (page 196) we can pat more aocoratelj 

sin 4> in place o/m, 

where <f> is the angle of repose. 

For triangular bearing (page 197) we can pnt 

5 i» pl<uie of fi, 

2 cos a ^ '' ' 

where a is the half angle of the bearing. 
For new hearing (page 198) we can pat 

a sin 20 . , ^ 
-5-^ — ^ tn place of M, 
2 sin a '' 

where a is the half angle of contact. 

(19) In the single movable puUey find the relation between the 
force P and the mass Qfor equuibriurn^ taking into tiecount friction 
and the rigidity of the rope, (WitJiout friction and rigidity see Ex. 
(5), page 163.) 

Ans. Let r be the radias of the axle of each palley, a the radius of each 
pulley, t the thickness of rope, n the coefficient of static slid- 
ing friction, and d, c^9& given on page 208. 
For convenience of notation let 

t t 

Then from the preceding example, making 5 = a, we have, 
when P is just about to fall, for hemp ropes 

w ' 

where Tx is the tension in the first rope as shown in the figure. 
We bAve in the same way 

to 

We have also 2*1 -f 2i = Q. 

Eliminating Ti and Ti, we have 

p ^ t^'O + (tg -h 2tf)gi 
io{w + u) 

In the same way we find when P is on the point of rising 

P — (^ — ^f^f — ga )'C — Ci(tg 4- ^^ — ^M'T — g«) 
" (to + '")(^ ~" ^Z^*") 

For values of P less than the first and greater than the second, we have 
non-limiting equilibrium and Pis not on the point of falling or rising. 

For foire rapee we have only to substitute ^'i [ ^-h q ) ^^ place of Ci. 
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For partially worn bearing or new bearing we can replace n bjr the values 
given in the preceding example. 


If we neglect friction and rigidity, we have P = ~ as in Ex. (5), page 163. 

(20) In the system of pulleys sTunvn^ find the relation between the 
force P and the mass Q for^uilibrium, taking into account fiHction 
and rigidity of the rope, (Without friction and rigidity see Ex. (6), 
page 168.) 

Ans. Let m be the mass of each movable pulley, and n the number of mov- 

" able pulleys. Let r be the radius of the axle of each 
pulley, a the radins of each pulley, // the coefficient of 
static sliding friction, t the thickness of the rope, and d 
and e% as given on page 208. 

For convenience of notation let 












t t 

Then, from the preceding example, we have, when 
Pis just aboat to fidl, for h^mip ropes 



^•- V +^' 



and so on. Inserting the values of Tx and T% , we have in general 

1?" "^ ff\u - V) 

Bat from the preceding example we have 

to to 



Hence, since t« — « = — to, 



(fnt* + Ci)(«* — -w*) 



w 



l+s- 



For toire rapes we have only to substitute ^i (<» + s ) "^ phice of Cx. 

For partially worn bearing or new bearing we replace fi by the values 
given in Ex. (18). / /\ 

If we neglect friction and rigidity, we have — =1, - =|,« = 2f a + ^ j, 

t* = a + I and c, = 0, and this reduces to P = ^"'" ~ , which is the 
same result as given in Ex. (6), page 163. 

(21) In the system of pulleys shoum, find the relation between the 
force Pand the mass 0for equilibrium, taking into account friction 
and the rigidity of the ropes, (Without friction and rigidity see 
Ex. (7), page 164.) 



226 



STATICS — COKSTBAIKED EQUILIBRIUM. [CHAP. EL 



Ans. itelt m be the mass of the lower block, and n the nnmber of ropes com- 
ing from the lower block. Let r be the radius of the axle of 
each pulley, /i the coefficient of static sliding friction, t the thick- 
ness of the rope, and Ci and Ct as given on page 208. 

Let a be tne mean radius of t/ie puUeifs, 

For convenience of notation let 

t t 

t* = a+ 2-+/ir + c. tD = a+^ -fir. 

Then we have for hemp ropes, when Pis aboat to descend, 

t^tt - IT) r _o^l e. 




For wire ropes we have only to substitute 



of Ci. 



«.(«+!) i 



in place 



For partially worn bearing or new bearing, we replace fi by the values 
given in Ex. (lb). 

If we neglect friction and rigidity, we have u = w and Ci = 0. The value 

of P reduces then to P = ^ ; but if we divide numerator and denominator by 

u^v> and then make t^ = tr, we have 

D_ C4-m 
^■" n ' 

which is the same result as given in Ex. (7), page 164. 

(22) In the system of pulleys shmon, find the relation between the 
force P and the mass Qfor equilibrium, taking into account friction 
and the rigidity of the ropes, (Without friction and rigidity, see 
Ex. (8), page 164.) 



Ans. Let m be the mass of each pulley and n the number of puU^ys. Let 
r be the radius of " 
static sliding f ricti< 
given on page 20)3. 




puU^ys. 

r be the radius of tlie axle of each pulley, fi the coefficient of 
static sliding friction, t the thickness of me rope and Ci , «s as 



Let a be the radius of each pulley, and for convenience ot 
notation let 

tt = a+^4-/ir + Ci. vi=:a-\' ^ — ur. 
Then we have, when P is about to descend, for hemp ropes 



P = 



«+"-~[(: + ')"-']+C(J+')"-'] 



For wire ropes we have only to substitute 






place of 01. 



For partially worn bearing or new bearing we replace fi by the values given 
in Ex. (18). 

If we neglect friction and rigidity, we have u = 10 and Ci = 0, and 

_ Q + 7im - (2' - lym 
2--1 . ' 



which is the same result as given in Ex. (8), page 164. 
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(23) In the differential pulley of Ex. (12), p<ige 165, ^nd the rela- 
tion of P to Qfor equilibrtum^ talcing into account friction. 

Aas. Let m be the mass of each puUej, r the radius of each axle, and fi the 
coefficient of static sUdinff friction. Since the pulley is worked by a chain, we 
«an disregard rigidity and have only friction to take into account. We have 
then for P about to descend 



Ut + Air-r) + ^''''^^ + ^^ 



a — 2//r 

For partially worn bearing or for new bearing we ca^ replace // by the 

▼alues given in Ex. (18). If we neglect friction and the mass of the puUeys, 

Oia — h) 
we have P =r \^ , which is the same result as in Ex. (12), page 166. 

(24) Solve Ex. (24), page 180, when the eurfacee are rough. 

Ans. Let /i be the coefficient of static sliding^ friction, and be the angle of 
iriction. Then, taking the same rotation as in Ex. (24), page 180, 

. , 6 sin (a+ <t>) . ,tx ^\ 

a tan aA ^ — ^"—^ = a tan (0 — 0). 

cos a cos 4> 

d =: I cos a — r cos 0. 

(25) Solve Ex. (25), page 180, when the surface is rough. 

Ans. T^t <p be the angle of friction. Then, taking the same notation as in 
Ex. (25), page 180, we obtain 

IT COS (6 + 0) = ^Si sin ($ - 4p). 

P 
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RETAINING WALI^, DAMS AND EARTH SLOPES. 

DENNinOKS OF PABT8 OF A WALL. WEIGHT AI^D FBICTIOH OF MAfiOHBT. 
BTABILITT OF A MA80NBT JOIITT. BTABILITT OF A WALL IN GBNXBAL. 
LOW ORAYITT DAM. HIGH GRAYITT DAM. BCONOMIC BBCTION FOB A 
HIGH GRAYITT DAM. THE ARCH DAM. THE RBTAIKINO WALL. GRAPHIC 
AND ANALYTIC DETERMINATION OF THE EARTH PRESSURE ON A RE- 
TAINING WALL. COHESION OF EARTH. EQUILIBRIUM OF AN EARTH 
MASS. EARTH SLOPES AND TERRACES. 

DefinitionB of Parts of a Wall. — The &ce of a wall is the front 
surface, or outside surface, or the surface farthest from the pres- 
sure. The back is the rear surface, or inside surface, or the surface 
which sustains pressure. 

The stone which forms the face is called the focing; that which 
forms the back, the baddng; that which forms the interior, the 
filling. 

A horizontal layer of stone in a wall is called a conrse. If the 
stones in each layer are of the same thickness, we have regnlar 
conrses ; if they are not of the same thickness, we have irregular 
or random courses. 

The mortar layer between the stones is the joint. The horizontal 
joints are bed-joints. 

Cut stone or squared masonry is called ashlar. Unsquared ma- 
soi^ is called mbble. 

The inclination of the face or back of a wsJl, measured by the 
D ratio of its horizontal to its vertical projection, is caUed 

i — y the batter of the face or back. The batter is then the 

A[ \ tangent of the angle which the face or back makes with 

/ j \ the vertical. Thus in the figure the batter of the side 

./—J A AD is r^-^ = tan fi, where fi is the batter angle or 

angle of AD with the vertical. 
Weight and Friction of Masonry. — We give here a short Table 
of average values of the coefficient of static sliding friction //, the 
corresponding angle of friction or repose 0, and the density or mass 
of a cubic foot 8 for different kinds of masonry. 
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In discussing the stability of walls, the influence of the mortar 
is neglected, both because of its uncertain character and because 
the error is on the side of safety. The values given for ^ and 4> are 
therefore for dry masonry. 

We also give in the Table average values of the sJlowable com- 
pressive unit stress C in tons per square foot, taking 2000 lbs. to a 
ton. 

W, ^ ^™ «., .p«Mo ™- <p^ .0,, i. ^ ^, „»^ 

where y is the mass of a cubic foot of water = 62.5 lbs. 



Kind of Masonry. 



Limestone and granite: 

Ashlar masonry 

Large mortar rabble. . . 

Smiul dry rabble 

Concrete 

Sandstone: 

Ashlar masonry 

Large mortar rubble. . . 

Small dry rabble . 

Brickwork 



Ooef- 
flcient of 
Friction. 


Angle of 
Friction. 


Denflit^ 

POUDCb 

Cubic 


Spedflo 
Mass. 

I 






Foot. 




** 


^ 


< 


y 


0.6 


81» 


165 


2.64 


0.6 


81' 


150 


2.40 


0.6 


SI** 


126 


2.00 


0.6 


81» 


160 


2.40 


0.6 


8f 


160 


2.40 


0.6 


8r 


180 


2.08 


0.6 


3r 


110 


1.76 


0.6 . 


zv 


100 


1.60 



Allowable 

Oompressive 

Unit Stress 

a 

Tons per 
square foot. 



26 to 80 

10 to 16 

6 to 10 

12 to 17 

20 to 26 

10 to 16 

6 to 10 

6 to 10 




Stability of a Masonry Joint.— Let A'B'B'^A" be the area of a 
joint between two rectangular plane surfaces, as, for instance, be- 
tween two layers of stone in a masonry 
structure. Let AB be the line passing 
through the centre of mass C of tne area 
and tne middle points A and B of the 
opposite sides A'A" and B'B'\ Let 
AB = & be the breadth of joint, A'A" = I 
the length, the an^le of friction of the 
dry joint, disregarding the effect of the 
mortar, // = tan <p the corresponding co- 
efficient of static sliding friction, C the allowable compressive unit 
stress, R the resultant of all the external forces acting at the point 
G in the line AB. 

The values of 0, jn and C are given in the Table. 

Then we have the following conditions for stability: 

1st. The resultant R of all the external forces must intersect the 
joint at some point O within the surface of contact (page 169); 
otherwise we have rotation. 

2d. The resultant reaction R of the joint at this point G must be 
equal and opposite to R and, if we disregard the effect of the mor- 
tar, must make an angle i^GA'with the normal to the surface AB, 
less than the angle of friction or repose <p (page 189) ; otherwise we 
have sliding. 

It is customary in the discussion of the stability of masonry 
structures to disregard the effect of the mortar because of its 
uncertain character and because the^error is on the side of safety. 

3d. The greatest unit pressure at any point of the joint must not 
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exceed the allowable compressive unit stress Cfor the materials in 
contact ; otherwise the joint is overloaded. 

Determinatioii of Uus Oreateat Unit Pressure. — ^Let N be the nor- 
mal component of the resultant reaction R acting at the point G. 

Then the least unit pressure px will 
act along the fcu-thest edge at A, and 
tJie greatest unit pressure p will act 
along the nearest edge at B. If we 
lay off Aa =p> and Sb=py the unit 
pressure at any other pomt will be 
Kiven by the ordinate to the straight 
Bne ab, and the total load will be rep- 
resented by the area AEba multiplied by the area of the joint bl. 

We have then the mean unit pressure • ^' , and hence the total 
pressure 




2V= 



- Pt+J> 



2 



2N 
.bl, or P>=5|--J>« 



(1) 



Let 6 = BO be the *'edge distance ^' or distance of N from the 
nearest edge B. 

The entire load area is made up of the rectangular area ABca 
and the triangular area acb. The load represented by the rect- 
angular area is pM, and its centre of action is at C at a distance 

BC = ^ from the edge B. The load represented by the triangular 

area iflP^.ftZ. and iteoentre of action is at^atadietaoce of |& 

from the edge jB. 

We have then, taking moments about the edge B, for equi- 
librium, 



X.1 b . (P—Pl)bl & XT A 



(» 



From (1) and (2) we obtain for the greatest unit pressure 

»=f('-i) <»> 

and for the least unit pressure 

where N is the total normal pressure on the joint acting at a dis- 
tance e from the nearest edge, 2 is the length of joint, b the breadth. 

In any case, then, we can find the value of p from (3), and this 
value must not exceed the aUcwahle compressive unit stress Cfor 
the materials in contact, otherwise the joint is overloaded. 

We see from (3) and (4) that when 

b N 

e = --we have pi = p = -^r- That is, when 
2 ^ ^ bl 

the resultant R of all the external forces 

acts at the centre of mass C of the joint, the 

load JV is unif orpily distributed over the 

entire joint, and the unit pressure at every point is p = -vr • 




R'« 
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As e diminisheB, p increases and Pi decreases: and when 

b 2N 

6= -, we have Pi = Oandp = -^. That is, 

«5 Om 

when the resultant 22' of all the external 
forces acts at - from the nearest edge, 

o 
the unit pressure at the farthest edge is 
zero, and the greatest unit pressure at the 
nearest edge is twice as great as if the load 
were uniformly distributed over the area of the entire joint bl. 

If then e is leas than -, the whole joint is not brought into ax;tion. 

8 

The effective area of joint is Sel, or the distance BD = Se. The por- 
tion AD affords no resistance, if we 
disregard the effect of tiie mortar, 
and the greatest unit pressure is 

2N 
p = r-y , or twice as great as if the 

load were uniformly distributed over 
the effective area 3e&. 
We see then — 

4th. That, in order to just brine 
the entire joint AB into action, the resultant R of all the external 
forces must intersect the joint at the middle third. 

This is called the *^miadle third rule," and in an economically 
proportioned masonrv structure it should be complied with. 

Stability of a Wall— Let ABDE be the section of a wall. We 
can investigate its stability as follows: 

1. By Graphic Constmction. — Find the centre of mass C of the 
section (page 22) by drawing the diagonals AE, BD intersecting at 
J. Lay off along these diagonals Ae = 
IE, and Bd = /D, and let m, m be the 
middle points of AE and BD. Join md 
and me. The intersection C is the centre 
of mass. 

At the centre of mass thus found let 
the weight W of the section of wall act. 
Let bt be the bottom base AB, and bx the 
upper base DE, and I the length and h 
the height DO. Then the volume of the 

section is ^^i-^^^. If « is the density 

or mass of a unit of volume of the ma- 
sonry, we have the weight W in gravi- 




tation imits. 



™ {bx + 6.)W5 



(For values of ^ see page 229.) 

Let P be the resultant pressure ui>on the wall in cavitation 
units, acting at the point K and known in magnitude ana direction. 
Since we can consider P as 8kcting at any point in its line of direc- 
tion, produce it till it meets the line of direction of TTat the point 
c. Let W and P both act at this point c, and find their resultant R'. 

Then, as we have just seen in the precedin|g Article : 

1st. The resultant R must intersect the joint AB at some point 
Q within the base; otherwise we have rotation. 
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2d. If the joint AB extends through the toall, the reaction R of 
the surface AB at O must be eaual and opposite to R and make an 
angle RGN with the normal ^less than tne angle of friction or re- 
pose 0; otherwise we have sliding. (For values of <^ see page 229.) 
For security we should have 

n X angle RGN= 4>, 
where n is called the fiictor of safety for riiding. In practice n 
should be at least 2 or even more if shocks are to be apprehended. 

The student should note that if the joint AB does not extend 
through the waU, no investigation for sliaing is necessary. 

3d. The greatest imit pressure must not be greater than the 
allowable compressive unit stress C for the materials in contact ; 
otherwise the base AB is overloaded. (For values of C see page 229.) 

4th. For economic proportions e = OB must be just equal to 

^ht , in which case the entire base AB is just brought into action. 
If e is greater or less than >^k, the proportions are not economic, 

o 

but stability exists in any case if condition 3d is fulfilled. 

We make then the construction as directed on page 231. If the 
joint AB extends through the wall, we must have 

n X angle RGN = <p, 

where n should be 3 or more if shocks are to be apprehended. 

If the joint AB does not extend through the wall, there is no 
danger of sliding. 

If the construction gives « = -&,, the proportions are economic, 

and there is also stability provided that (page 230) 



for 6 = -^i 

o 






If the construction gives e greater or less than -- th , the propor- 
tions are not economic, but we still have stability provided that 



for e > -bt 



and provided that 



2iV/- Se\-^ 



for e <. -&j 



2N-^ 



2. By Calculation.— Let the back of the wall AD make the 
batter-angle /? with the vertical, and the pressure P make the angle 

Q with the normal to the wall and therefore 
the angle (jS + 0) with the horizontal. 
Then the vertical component of P is 

F=P8in(/3 + e), . . . 
and the horizontal component of P is 

H = Pcoe,i/3 + 0). . . , 

If d is the density or mass of a unit of 
volume of the masoniy, we have for the 
weight W of the section 

(bi + bi)lhS 




(1) 



(2) 



W = 
(For values of 5 see page 229.) 



(3) 
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Hence the normal component Not R is 

N-W+V. (4) 

If /i is the coefficient of static sliding friction for the base AB^ 
we have for limiting equilibrium, if the joint AB extends through 
the wall, the friction 

(For values of u see page 229.) 

In order that the angle RON shall be less than the angle of fric- 
tion 0, we must have 

jEr<i?'. 
For security let us put nJffss F, or 

n-ff = /i(Tr+ V). 



Then we have 



H ' ® 



where V, Hand Ware given in any case by (1), (2) and (3). 

We call n the fieictor of safety for slidinf . If n is less than unity, 
the wall slides. If n = 1, we have H= For limiting equilibrium, 
and the wall is on the point of sliding. For safety, then, n must be 
greater than unity, and the greater it is the greater the security. 
If n = 2 or 3, it will take two or three times the given pressure P 
to make the wall just begin to slide. In practice n should be at 
least two or even more, if shocks are to be apprehended. If the 
joint AB does not exteiid through the icall^ there w no danger of elid- 
ing and equation (I) need not he applied. 

Let the distance AK of the point of application of P from A be d. 
Let e — GB be the distance of the intersection of the resultant R' 
and the base AB from the ed^ B of the wall. 

Take the point O as the point of moments. Then the lever-arm 
of the horizontal component Hot Pis d cos /5, the lever-arm of the 
vertical component k of P is ( 6i — d sin fi — e), and the lever-arm 

of th e weight W is (6i — AH — e), where the horizontal distance 

AH of W from A is given (page 22) by 

We have then for equilibrium, taking moments about the point 
-Hdco&fi + V(bt - d sin /J - e) + W(h^ - «, - e) = 0, 
or __ Tr(&i ~ 8i) + V(b 9 - d sin fi) — Hd cos fi .,y. 

e— wTHr ' ' ' 

where F, Hand W are given by (1), (2) and (3), and AH=8t is given 
by (5). 

For economic proportions we should have e= ^bt. If then we 
put e= - 6« in (II) and solve for bt , we have 
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6. = - -B + VB* + E, 

where for conyenience of notation 

^ = 6,(6,+ 2/itan/J) + ^(Fsin/J + J5rcoB/J). 



(in) 



Equations (III) give us the length of the lower base AB = bt 
for economic proportions, when the entire base AB just comes into 
action. 

If bt has this value, we must have for security against overload- 
ing (page 230) 

for6 = i5. p==?L^lZ)=o, (6) 

* 

where C is the allowable compressive unit stress as given on page 
229. 

If bt is greater or less them the value given by (III), or if 6 as 

given by (2) is greater or less than -bt , the proportions are not eco- 
nomic, but we still have stabilitv if the base AB is not overloaded, 
that ii^, provided that in the first case (page 230) 



- 1, 2(lF+F)/o 3e\ ^ 

fore>-6. p=A_^_^^2.^J-c7. . . . 



(7) 



and provided that in the second case 

fore < 56. P= o.y <C. 



Sd 



(8) 



It is the custom of some engineers, for the sake of additional 
security, to neglect the vertical comx>onent V of the pressure in 
equations (I), (II) and (III). In such case we have oiuy to make 
K = in these equations. 

Low and High Wall.— If e, as given by equation (II), is less than 

or equal to - &! and at the same time conditions (8) or (6) are found 
3 

to be satisfied, so that the base AB is not overloaded, the wall is 

called a *' loiv '' wall. In such case bt may be made equal to or less 

than its value as given by (III). 

When, however, the wall is so high that, when e is equal to - k, 

condition (6) cannot be satisfied, it is called a '^high^^ waU. In 
such case bt must be greater than its value as given by (III), and e 

must be greater than - bt. 

To find the limiting value of &i in this case: from condition (7) 
let 



^^-v -!)-''• - -f'- 



Clbt' 



6(Tr+ V)' 
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Let e in equation (II) have this value, and solve for &« , and we 
have 

where, for convenience of notation, 

dh* tan /S' 






■]• 



L = ^(61 + ZhtauP) + ^(Fsin/J + HcoBfih 



Y ' 



(IV) 



where Tand H are given hy (1) and (2) If the vertical component 
Fof the pressure is neglected, as is the custom of some engineers 
for the sake of additional security, we have only to make y = in 
(IV). 

Equations (IV) give the least value of &« for a '' high ^' wall, that 

is, for a wall so high that when e = -bt the hase AB is overloaded. 

o 

Low Gravity Dam. — A wall which resists the pressure of water 
hy reason of its weight alone is called a ''gravity dam." It is a 

'' low^^ dam if e can he equal to or less them -&«, without overload- 

o 
ing the hase. 

The general investigation of the stahilitv of a wall given in the 
preceding Article applies to any case where the pressure P is 
known in direction, x>oint of apphcation and magnitude. 

Direction of Water Pressure. — It is a well-known principle of 
Physics that the direction of water pressure 
ux>on a submerged surface is altoaya normal 
to the surface. 

We have then in the formulas of the pre- 
ceding Article 

e = o, 

and the angle of the pressure Pwith the 

horizontal is equal to the batter-angle of the 

back ADO = /a. 

Point of Application of Water Pressure. — Moreover, since the 

pressure at the water level IX is zero and the pressure at any point 

increases directly as the depth of that point 
below the water level, the pressure at any 
point is proportional to the ordinate to a 
straight hne jDF, and the resultant pressure 
P acts at the centre of mass of a triangle 
AD'F, that is, at a distance AK = d equal to 

h 

-- — ^r , where hi is the depth of water back 
8 cos fi 

of the wall. 

In the formulas of the preceding Article we have then 

hi 





d = 



8 cos/? 



Ma^nutude of Water Pressure.^It is also a well-known principle 
of Physics that the pressure is emial to the weight of a prism of 
water whose hase is the submerged surface and whose neight is the 
distance from the water level to the centre of mass of the submerged 
surface. 
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The submerged surface is 



^, where I is the length and — -* is 

cos fi 2 



the distance of the centre of mass of the submerged surface from 
the water level. Let y be the density or mass of a unit of volume 
of water (62.6 lbs. per cubic foot). Then we have for the pressure 



P = 



rlhi* 



2 cos /I? 
We have then for the vertical component of P 



a) 




and for the horizontal component of P 

H=rJ!^. .... 



(2) 



The weight IF of the dam is 



(3) 



A O H Q jB 



h. 



where A is the area of the cross-section 

ABED, 

(For values of ^ see page 229.) 

If then we substitute = 0', 



, and the values of V, ^and TTas given by (1), (2) and 



3cos/f^ 

(3) in the general formulas of the preceding Article, we obtain the 
corresponding formulas for a dam sustaining water pressure only. 
The graphic construction is the same as on page 231. 

Ice and Wave Pressure. — ^A dam, however, nas to sustain, in ad- 
dition to the water pressure on the back, a horizontal pressure at 
the top surface due to waves or the thrust of ice. We denote this 
horizontal thrust per linear foot of dam, due to waves or ice, by T, 
For waves we may take T = 24000 pounds per linear foot, and for 
ice T = 40000 pounds per linear foot. Since both these do not act 
together, we have only to consider T for ice in cold climates and T 
for waves in warm. 

Factor of Safety for Sliding.— The normal component NofRiB 

N=W+ F, (4) 

and the friction is 

where u is the coefficient of static sliding friction for the base AB, 
For values of m see page 229. 

If n is the factor of safety for sliding, we have 



or 



n{H+ T) =F, 



or, if Tis neglected. 



n = 



H+ T 



(D 



where F, TTand H are given by (1), (2) and (3). If there are no 
through joints in the dam, there can be no sliding and equation (I) 
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need not be applied. If there are through joints, n should be at 
least 2 or more if shocks are to be apprehended. 

St ability and ProportionB. — ^We have for the horizontal distance 

AH = 8t of the centre of mass of the section from A (page 22) 



-j=_ __6. 6i + 26i 



6. - &, 



— htajifi 



:]. .. 



(5) 



If we take moments about the point O (figure, page 286), we 
have as on page 238, taking the ice-thrust T into account, 

- jaa cos /? - 2%i + V(bt - d sin /J - e) + W(]bt - «i - e) = 0, 
or, substituting d = » ' ^ and the values of Tand W, 

O COS ^ 



e = 



A(6, - ».) + ?^ tan /J 



i'-'i'^'y-^- 



Thi 
d 



A+r^t^p 



or, if we neglect F, 



A(!b% — ««) — 



c = 



2« 



d 



ai) 



where A is given by (3), and 8s by (5). Equation (II) gives the point 
at which the resultant cuts the base when the ice-thrust acts. 

For economic proportions we should have c = - 6i when the ice- or 

o 

wave-thrust Tdoes not act. Putting, then,6 = »&« in (II) and neg- 
lecting T and solving for 6« , we have 



6. = - -B -»- V^ -»- -&, 



where 



„ 1 r». . ^r^^^ ten /J , . ^1 

B = -|^6. + -21-^^ - 7i tan /Jj; 



yh^ 
8h 



(1 + tan*/?); 



(HI) 



jE? = 6,(61 + 2^tan/3) -f- 

or, if Fis neglected, 

B=i^(6,- Titan/?); ^= 6,(61 -h 2A tan /?) -f- ^'. 
^ on 

Equations (III) give the lower base 61 = AB for economic pro- 
portions, that is, when c = 5 6j , or the whole base AB just comes 

o 
into action when there is no ice- or wave-thrust T. If 6t has this 
viQue, we must have for security against overloading (page 230) 



when e = -61 



_ 2A8 + r^i'tan/g ^^ 



(6) 



where C is the allowable compressive unit stress as given page 229. 

If 6« is taken greater or less than the value given by (III), the 

value of e given by (II) when T is neglected will be greater or less 
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than -6s and the proportions are not economic. But we still have 

stability if the base is not overloaded, that is, if 

, 1, 2Ad + r^i* tan /J / « ^e\-^ ^ 

whene>g6. p = ^ [^ " b'j^ ' ' * ^ 

and if 

whene<g6t p = -^^ -<C. (8) 

But now, when the ice-thrust T acts, e is given by (II) ; and in 
order that the base ma^ not be overloaded, this value of e must 
satisfy condition (8). If it does not, the ice- or wave-thrust T causes 
the base to be overloaded. Substituting then the value of e from 
(II) in (8), and the veAne of St from (5), and neglecting V, and mak- 

ing /J = 0, we have, smce A = ^^ — ^ » 



^« - (26* -^ dh) y \2C - 6?if + ■ dh{2C - 6h) . ' ^^^^ ' 

Equation (IIIO gives the least value of &« consistent with safety 
when the ice- or wave-thrust T acts, for vertical hack. For the sake 
of security and simplicity we take the same limiting value when 
the back is not vertical. If then condition (8) is not satisfied when 
we take for e its value from (II), we cannot have economic proi)or- 
tions, but must take &s equal to or greater than the value given by 

(IID. 

It is the custom of some engineers, for the sake of additional 
security, to neglect the vertical component Vol the pressure in 
equations (I), (II) and (III). We have therefore given these equa- 
tions for both cases. 

When the dam is empty, equation (5) gives the intersection of 
the weight with the base. In tnis case 

we must have p = -7 — 5 C; 



when 


Si 


rr- 


h 


it 


«i > 


1^ 


it 


8s 


< 


b 



CC t( 



•• '-'-^{'-t)^0: 



*- 38. <^- 
When the barCk is vertical, /3 = and (5) becoixifis 

St = ^Of + 



3 ^ 3(6. 4- 6.)* 
That is, St is always greater than -—btfor vertical bach. 
We can put B in equation (III) in the form 

6 . 
We see from the Table page 229 that the specific mass - is 

greater than 2 for all materials except brickwork and small dry 
rubble. We can never have hi or the depth of water greater than 
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h or the height of wall. Hence for all materials except brick and 

small dry rubble the term in the parenthesis is minus, and even for 

9 

the last two materials it is minus if ^i is not more than ^Ji. In 

general, then, B increases and E decreases as the angle fi decreases. 
In the valu e for 6t , then, the magnitude of B increases more 

rapidly than *JB* + E, and 6t has its least value when fi = 0. 

Hence the most economical section of dam is that which has the 
hack vertical. 

High Gravity Dam. — If e as given by equation (II), page 237, is 

less than or equal to 5-69 , and at the same time conditions (8) or (6), 

are satisfied, so that the base AB is not overloaded, the dam is 
*' low?'' In such case 5s mav be made equal to or less than its value 
as given by (III), provided it is greater than the least value given 
by (ino. 

When, however, the dam is so high that when e = —ht condition 

(6) cannot be satisfied, it is called *' high.^^ In such case b, must be 
greater than its value as given by (III), and e must be greater than 

¥-■ 

To iind the limiting value of 6* in this case: From condition (7), 
page 238, let 



2Ad + r^i* tan jS 
6. 



{2^^) = C. or 6=16,- 



Cb,' 



QAd + Syhi'' tan fi' 



Let e in equation (II), page 237, have this value and solve for 61 , 
and we have (page 235) 



where 



^= 



5. = -^+y^* + A 

tany^ 



2C 
or, if F is neglected, 



(r^.« - dh*), 



and 



j^ Wtan/J 
^- 2C~' 

L = fi(6.-.2*tan« + ^^^+§r, 



(TV) 



or, if F is neglected, 

i=^(5.+2fctan/») + ?|!l+^r; 

where C is the allowable compressive unit stress as given page 229, 
^1 is the depth of water, h the height of section, r the density or 
mass of a unit of volume of water, o the density or mass of a unit 
of volume of masonry, fi the batter-angle of hack, 61 the breadth at 
top of section and 6s at bottom. 

Equations (IV) give the least value of 5s for a ** high " dam, that 

is, so high that when e = —5s the base AB is overloaded. 



240 



APPLICATIONS OF STATICS. 



[chap. I. 




Since it is the custom of some engineers, for the sake of addi- 
tional security, to neglect the vertical component V of the pressure, 
we have given these equations for both cases. 

Economic Section for High Oravity Bam.— We have seen, ^age 
239, that the economic section for alow dam has the back vertic^. 

First Sub-section. — ^Let BE = &i be the top base. The economic 
section of the fb:st sub-section AiBiED should then be a rectangle 

for a distance ht such that e = 

BiO shall be just equal to — &i, 

3 

so that the entire joint AiBi 

may €kct, provided this joint is 

not overloaded. 

We find the height ht of 
this rectangular x>ortion as fol- 
lows: 

If ^1 is the depth of water 
above AiBi, the horizontal 

pressure is P = ^- , where r 

is the densitv or mass of a unit 
of volume of water, and I is the 
length of dam considered. This 

pressure P acts at -- ^i above 

AiBu The weight of the sub- 
section is TTi = SlhJ)i = AiZ5, where Ai is the area and d is the 

density or mass of a unit of volume of masonry. It acts at -6i 

from ^1. 

Taking moments about O and neglecting the ice-thrust 7, we 
have 

or, when e = r-6i , inserting the values of Wi and Pi , 

Let a be the distance of the water level below the top of the dam, 
then hi = III — a. Substituting this, we have 

8Wh^ = rih^ - ay, 1 

or for the extreme case of water level with top of dam, 

a = and hi = hiA/z. , 

^ r 

where - is the specific mass (page 10) of the masonry as given 

page 229. 

The same result is obtained from equation (III), page 237, by 
making /5 = 0, fta = 6i , and hi = h^. 

Equation (I) gives the height of the first rectangular sub-section 
ABiED, provided the joint AiBi is not overloaded. 

If there are no through joints, there is no danger of sliding. 
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Top Thickness. — If now we consider the ice-thrust T as acting 
and take moments about G, we have 



Tr.(|-.)-^-m.=o. 



or, substituting the values of Wi and P, 

2 656,71, <5&t;i. ^^^ 

We obtain the same result from equation (II), page 237, by mak- 
ing /? = 0, 6, = 6i , aa = -\ 

For the extreme case of water level with top of dam, hi=.ht ; 
and if we substitute the value of h* from (I), we have 

_ 6. T 

^"Y it: 

But in order that AiBi may not be overloaded, we must have 

2 Aid ^ 2Shibi 

— = C, or e = —^-, 

where C is the allowable unit stress of compression. We have then 

28Mi _bi T 
3C 3 56. ' 
or, substituting the value of h% from (I), 



C 
A high dam would be built of ashlar masonry, and we have from 

St 

page 229 the average values <5 = 150, — = 2.5, C = 50000. Taking 

T = 40000, we have for the average value of &i which allows (I) to 
be fulfilled without overloading, when water is level with top of 
dam, 

0.00966,» - 6.* = - 800, or 6, = about 36 ft. 

When the top base 6i , then, is abotU 35 ft. or over, we can run 
the first rectangular sub-section AiBiED down for the distance 
given by (I) without danger of overloading when the ice-thrust 
acts. 

Local and practical considerations must control the choice of 
top base 6i. But if it is taken less than about 35 ft., e is given by 
(1) and we must have 

?^=C, or 2(56,71, = 3eC, 
3e 

or, substituting the value of e from (1) and putting ^i = ^, — d, 
where a is the depth of water below the top, 

2 2otfi oOi 

From (10 we can find the height h^ of the rectangular sub-section 
A^BiED when &i is less them 35 ft. and the ice-thrust T acts. 
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We find then the first rectangular suh-section AiBiED from (I) 
if &i is greater than 35 ft., and n*om (I) if 61 is less than 35 ft., and 
the Joint AiBi will not be overloaded when the ice-thrust acts. 

Second Sub-section. — ^Below AiBi we still continue tibe back ver- 
ticaly but bi must now increase so that for any joint Ih = At'Btj e 

shall be equal to --Ih, and the joint shall 

<> 

not be overloaded when the ice-thrust 
Tacts. 

Let AiBiBtAt be any section in 
general below AiBi the height of 
which ^ is so small that it may be 
^ regarded as a trapezoid. Let /5 be the 

™- «• w-w,+v/, batter-angle of the back, TT, the result- 

ant weight of all the masonry €dx>ve 
AiBi acting at the distance si &om A, Wt the weight of the section 
acting at the distance «» from As', W the resultant TFi + TF, of 
these two acting at the distance a from At. Then, taking moments 
about At', we have 

_ Wi{8i + ht tan /?) + WtSt __ AijSi + fe» tan /S) + A^St ^^^ 

where Ai , As are the areas of the sections above AiBi and the sec- 
tion AiBiBtAt , so that A1I6 = Wi , A^IS = TTt. 
We have then 

^ (61 + bt)ht jjr {hi + bt)MS 

A. = — ^ — , Tr. = ^ , 

and, from page 22, 

6.^ ft, + 26. r5,-6, ^;^tan/?1. . . (2) 

2 3(6, -hft.jL 2 i^wmA'J. W 

Let P be the horizontal component of the water pressure on the 
entire back above A%Bt\ and hx the height of water level above 

Aa'5a'. Then P = ^^', acting at a distance -- above A,'B,'. We 

have also the ice-thrust T acting at the distcmce hi above AtB^. 
Let the resultant of P. T and W cut the base at the distance 
GB9 = e from Ba', Fig. 2. Then, neglecting, for the sake of security 
and simplicity, the vertic€d component of the water pressure, we 
have 

(Wi + Tr,)(ft, - « - c) - ?^ - Thil = 0; 



hence 






[If in (3) we make Ai = 0, the whole section above AtB% is a 
trapezoid and we have the same value for e as from equation (II), 
page 237, when /? = 0, «» = «, and A = A«.] 

jFbr economic proporf ton« we should have e = - 6j tcA«n f /ie ice- or 
wave-thrust T does not act. Making, then, /9 = in (2) and (II), 
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Bubetituting the corresponding values of 8t and 8 in (II) and (8), and 
making e = -bt and T = 0, we obtain 



where 



&. = - B + i/B" + E, 



* • 



(HI) 



[Here again, if we make A\ = 0, the whole section above A%B^ 
ia a trapezoid and we have the same value for &> as from equation 
(III), page 237, when /tf = 0, ^ = /i,.] 

liquations (III) give the lower base h% = -Aa'Ba' for economic pro- 
portions when there is no ice- or wave-thrust T. If then we assume 
any section AiBiB%'At\ Fig. 1, page 240, of small depth h^ , we can 

find by (III) its base ftn = A%'B%\ since for this section «i = — 6i. We 

2 

can then find A% and then 6, from (3), when the ice- or wave-thrust T 

•acta. 

This value of e must satisfy the condition 



2(Ai +Ai)d ^ 
36 < ' 



(4) 



If it does not, the ice- or wave-thrust T causes AtBt to be over- 
loaded. We have then, taking for the extreme case 



2(Ai -H Aa)5 
3e 



= C, or SeC=2(Ax+At)6, 



and putting for at its value from (2) when /^ = 0, and for s its value 
from (II) when >3 = 0, and then from (3) the corresponding value for 
€, by solving for Ih , 



where 



aiio 



6, = - B, -f- ^Bi* + Ex , 

* h2(2C - Shi,) ■•" i2C - fiW ' 

^ _ 2Ai{2Axd -I- 2<^6i7i« -f- SCsi) 
ht{2C - 8h^) 

Sh^bx^C 4- Sh^) + Chxirhx* -H BIT) 

[This reduces to equation (IID, page 238, when Ai = and 
h^ = /!.] 

Equation (III') gives the least value of Ih consistent unth safety 
when the ice- or wave-thrust T acts, if then condition (4) is not 
satisfied when we take for e its value from (3), we must take for 69 
its value as given by (HI). 

In either case, whether 6s is given by (III) or by (HI), we can 
find s from (II). 

This value of s is the new Si for the next section A^'B^BtAt, 
Fig.. 1, page 240, of small depth h^. The value of bt just found is 
the new bx for this section. From (HI) or fill) we then find 6, for 
this section, then s from (II), which is the new Si for the next 
section. 
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Thus by successive applications of (III) or (IIIO and (II) we find 
successive thicknesses A%B%\ A»Bt\ etc., Fig. 1, page 240. 

We thus determine the economic section until we arrive at a 
section AtBt , Fig. 1, page 240, for which equation (II) gives us 

8 =r ^5a. When this section is reached equations (III) or (III ) no 

longer apply, because if the vertical back were continued farther, 
the resultant pressure for reservoir empty would fall outside the 

middle third, making s less than -&>. 

We thus determine the lower limit AtBt , Fig. 1, page 240, of the 
second sub-section. 

Third Sub-section. — ^Below this limit we must batter both front 

and back, so that both e and s shall always be -&t and the joint 

shall not be overloaded when the ice- or wave-thrust T acts. 

If then in (3) we make « = -6j and e = - 6a and neglect T, we 

obtain 



where &i is the top and &« the bottom base of any trapezoid of small 
height hi, and Ai the area of all the section above tne top base of 
that trapezoid and hi the depth of water above the bottom base of 
that trapezoid. We can then find the area A* of this trapnezoid, and 
then from (3) we can find e when the ice-thrust acts. This value of 
e must satisfy the condition 

2(Ai + A^)S - ^ 

Se ^ 

If it does not, the ice-thrust T causes the base 6a as given by (IV) 
to be overloaded. We have then for the least value of 6a consistent 
with safety to use (III') instead of (IV). In either case we can 

find «a from (2), and then from (II), putting « = -6t and solving for 

tan fi, we have for the bewk batter 

tan/?= . ^\ W (V) 

We can thus determine by successive applications of (IV) or 
(III') and (V) the economic section, until we arrive at a section 
bt = AiBt , Mg. 1, page 240, for which 

2(A. + A,)d _ 

Oa 

We thus determine the limit A^Bi , Fig. 1, page 240, of the third 
sub-section. 

Fourth Snb-section. — Below this limit we must have both 8 and e 

greater than - &a and such that (page 230) 
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3 ' 6e{A, + A,)' 
Substituting these values of e and » in (3) and neglecting T, we 

obtain 

. _ S&A. + h,b,) / S\2A, + ftA.)' ^ rh,' ,™ 
'^- 2(2C-dfc.) '^^ H2C-6h,y +2C-5V ■ ^ ' 
Equation (YI) gives the base b, for each successive trapezoid 
below AtB,, Pig. 1, page 240. From (3) we find e when the ice- 
thrust T actB. This value of e must satisfy tiie condition 
2(A^ + A,)S = „ 
3i <^- 

If it does not, the ice-thrust T causes the base b, as given by 
(VI) to be overloaded. We have then for the least value of bt con- 
sistent with safety to use (III) instead of (TI). In either case we 
find the back batter from (V). 

Arch Dam. — When the dam is made in the form of an arch so 
that it supports the water pressure back of it wholly by virtue of 
its action as an arch, it is called an arch dun. 

The water pressure upon the back of the dam is always normal 
to the surface, and the preesure upon a 
given area is always the same at the 
same depth. 

Let aaa, Fig. 1, be the centre line of 
a horizontal cross-section of the dam, 
one foot in height. Let P, and P, be 
the equal normal pressures upon the 
equal portions a'a', a'a, and H tue hori- 
zontal pressure at the crown. 

In Fig. 2, lay off H from O to hori- c 

zontally, and let 00 represent the mag- rio. t 

nitude of H. Then lay off 01 and 12 
parallel and equal in magnitude to Pi 
and P, , and draw the rays 01, 02. 

In Fig. 1, let H^act at a. and prolong 
its direction till it meets Pi at b. From " 

ft draw be parallel to 01 till it meets 
P, at c. From c draw ixi parallel 
to 02. 

Then (page 140) abca, Fig. 1, is the equUibrium polygon. We 
have by smular triangles 

P, :^;:c6:fcC orcC; .: ^ = M-. 

The same holds true no matter how many equal portions a'a' 
we take. But as we increase the number of portions, the polygon 
approach^ a curve. For an indefinitely great number of portions 

we have for the curve of equilibrium -^ =p = unit pressure and 

cC = r = radius of curvature. Hence 

p = 5, or r^?. 

r p 

But H and p are constant and therefore r ia constant. Hence 
the curve of equilibrium is a circle. 
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If then we make the dam circular in cross-section, the curve of 
equilibrium will coincide with the centre line and the horizontal 
pressure H at the croum acts at the centre line and is equal to 

H=rp (1) 

Also, since in Fig. 2 the force polygon 012 becomes a circle of 
radius H when the segments of tne arch are indefinitely great in 
nimiber, and since any ray, as 1 in Fig. 2, gives the stress in the 
corresponding segment c&, Fig. 1, of the equilibrium polygon (page 
146), it is evident that the pressure at every point of the centre line 
is tangent to the centre line at that point and equal to H. 

If tnen C is the allowable compressive stress per square foot, we 
have for the area A of the cross-section 

^ = ?- = !?- 
C C 

If ^1 is the depth of any point below the water level, we have 
the water pressure per square foot at that point equal tojK^i , where 
r is the mass of a cubic foot of water, or 62.5 lbs. If ris the ice- 
thrust per foot of length, and h is the height of dam, we have the 
ice-thrust pressure per square foot of surface of the dam equal to 
T 

h' 

For an area of one square foot at a depth hi , then, the total 

T 
pressure per footp is numerically equal to yhi + ^, and the thick- 
ness is given by 

rT 

From (2) we can find the thickness of the dam at any point at a 
depth hi below the water level. 

If ^1 = in (2), we have for the thickness at the water level, or 
the top thickness 6i , for ice pressure 

^■=S ^3> 

The choice of top thickness hi must in general be determined by 
local and practical considerations. 

If we make t = hi^ the top thickness in (2), we have for the 
distance ht below the water level for which the cross-section of the 
dam is a recta^le 

ft.=^-4 (4) 

yr yh 

Below this limit the thickness must increase with the depth ^i 
according to (2) ; above it, the thickness is constant and equal to hu 
We should not take hi in (2), then, less than h% as given by (4). 

The arch dam requires far less masonry than tne gravity dam. 
But the pressure on the arch stones increcuses with the span and 
with the depth, and so does the thickness. When the thickness 
becomes great we cannot be sure that each arch stone will take its 
own share of the pressure. The distribution of the pressure over 
the cross-section is then luicertain. For such reasons the arch dam 
is most suitable for short and low dams. It is also manifestly un- 
wise to make the stability of a dam depend wholly upon its action 
as an arch, except imder the most favorable conditions as to rigid 
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side hills for abutments and the most unfavorable conditions as to 
cost of masonry. 

Although it is not, then, generally wise to make the stability of 
dam depend wholly upon its action as an arch, it is well to maKe a 
a gravity dam curved so that the arch action may give additional 
security. 

There are but two dams of the pure arch type in existence : the 
Zola Dam in the city of Aix in France, and the Bear Valley Dam in 
the San Bernardino Mts., Southern California. The m^t is of 
rubble masonry, height 120 ft., radius 158 ft., thickness at top 19 
feet, at base 42 feet. The Bear Valley Dam is of granite, height 64 
feet, radius 300 ft., thickness at top 3.16 ft., at base 20 ft. 

Eetaining Wall. — A wall designed to resist the pressure of earth 
back of it is called a retaining wall. 

The general investigation of the stability of a wall given on page 
231 applies to any case where the pressure P is known in direction, 
point of application and magnitude. 

Point 01 Application of P. — In treating retaining walls, it is cus- 
tomary to neglect the cohesion of the earth. We therefore consider 
the pressure as zero at the earth level and increasing for any point 
of the back of the wall, directly as the depth 
of that point below the earth level. The 
pressure at any point is then proportional to 
the ordinate to a straight line I^Fy and the 
resultant pressure P acts, just as in the case 
of water pressure, at the centre of mass of 
the triangle AD'F, so that the distance 

AK = d is one third of AD', or d = ^ — ^5-, 

' 3 cos fi ' 

where ^1 is the distance nO of the earth surface above A, and P is 
the batter-angle of the back. 

But unlike water pressure, the earth pressure is not normal to 
the wall, but makes an angle B with the normal. 

Also the magnitude of JP is not the same as for water. 
We have therefore to determine the magnitude and direction of 
the e€trth pressure P. We can then investigate the stability pre- 
cisely as on page 231. 

Magnitnde and Direction of P— Graphic Determination. — Let abc, 
Fig. 1, be any small prism, and let + pi be the normal pressure per 

unit of area upon the faces ac 
and be at right angles, the (+) 
sign indicating direction up 
and to the right. 

Then if there is equilib- 
rium, the pressure per unit of 
area upon the third face ab is 
also normal and equal topi. 

For if we multiply tiie area 
of the face ac. Fig. 1, hj + pi , 
we have the total horizontal 
force + Hy and if we multiply 
the area of the face &o. Fig. 1, 
by + pi, wo have the total 
vertical force + T. If we lay 
these forces off in Fig. 3, from 
A to H, so that AH=: + H, and 
from H to Ny eo that HN = + V, the resultant for equilibrium is 
NA. The line NA in Fig. 3 then gives the magnitude and direc- 
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tion of the totel pressure on the third face a5, Fig. 1, which bal- 
ances + pi.ac = + H on the face ac and +pi,bc= + V on the 
face be. 

We have then H and F, Fig. 8, perpendicular to the faces ac and 
6c, Fig. 1, and also _ 

ac :bc: :H:V, 

Hence the triangles abc, Fig. 1, and NAH, Fig. 3, are similar 
and NA is perpendictdar to the face ab. 

Also, we have 

NA= 'v/pi'.ac^ + i>iV6? = l>i Vac* + 6c* = i?i.aF, 

or the normal unit pressure pi on the face ab is the same for equilib- 
rium as that on the other two faces. 

Suppose now the normal unit pressure pi on the face ac, Fig. 2, to 
he reversed in direction^ so that it is — pi. We have then the total 

pressiu'e on the face be equal to + pi . &c = + T the same as before, 

and the total pressure on the face ac equal to — pi . oc = — ^, or 
the same as before in magnitude but opposite in direction. If we 
lay these forces off in Fig. 3, from A to fTand H to N\ the result- 
ant for equilibrium is N'A. It is evident that the magnitude of 
N'A is the same as before, but its direction makes the angle N'AV 
on the other side of AV equal to the angle NA V in the first case. 

If then in Fig. 3 we lav off A^ equal to pi and with ^as a cen- 
tre and NA as radius describe an arc of a circle intersecting the 
vertical AV at the point S, then the line jS^will give the magni- 
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tude and direction of the unit pressure pi on the face ab in the 
second case of Fig. 2. The angle ASN is then equal to the angle 
SAN. 

Now suppose that the normal pressures per unit of area on the 
two faces ac and 6c, Fig. 4, are unequal and are + p« and + pi re- 
spectively. 

We can divide the normal unit pressure + pi on the face be into 

two parts, one equal to + x (pi + pO and the other equal to 

+ - (pi —pa), as indicated in Fig. 4. Similarly, we can divide the 
it 
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Hormal unit pressure +pt on the face ac into two parts, one equal 
to + ~(pi +i>ii) and the other equal to — --(pi — pO- 

Then, as we have just proved, the unit pressure normal to the 

1 1 

face ab which balances + ^(pi + p^) on the face be and + (pi + pt) 

on the face ae is the same, or NA^ Fig. 5, laid off normal to a&, 

where NA = r-(pi +i>9)- 

Also, as we have proved, the unit pressure on the face ah which 

balances + - (pi — pO on the face he and — « (pi - pa) on the face 

ae is the same, but it makes an angle A^^with the vertical AV 
equal to SAN. If, then, we lay off, in Fig. 6, AN equal to 

o (Pi + P«) normal to ab, and with ^ as a centre and NA as a radius 

describe an arc of a circle intersecting the vertical AT^at the point 

8, then SN will give the direction of - (pi — ps) acting on the face 

ab. Hence if we lay off along this line NR = „ (P* ~ P«) *^<1 Join 

RA, the line RA tvill give the maanitude and direction of the result- 
ant unit pressure p on the face ah when the normal unit pressures 
px and Pi on the faces be and ac are unequal. 

Suppose now the faces ac and he, Fig. 4, to remain invariable in 
direction, and the normal unit pressures p« and pi on these faces to 
remain constant, but let the third face ab vary its mclination with the 

horizontal. Then the magnitudes of AN = -(pi + pO and of NR 

= o (P* " P^^ ^^ ^^^' ^ remain unchanged, but their directions will 

change as the face ab changes its inclination. It is evident that 
the greatest possible value of the angle NAR which the resultant 
unit pressure p = RA on the face ab makes with the normal to that 
face will be when NR is perpendicular to AR, or when the angle 
ARN is 90°. /n the case of earth this greatest possible angle is the 
angle of friction or repose <t>\foT earth on earth. 

Also when the angle ARN is 90° and the angle RAN is 0i , the 

angle SNFotpi with the normal ANiB equal to 45** + -^. 

Let then, in Fig. 6, afe be the surface of a prism of earth, and AR 
= p be the magnitude and direction of the unit 
pressure. Draw AN normal to the surface ab, 
and AR making the angle of friction 0, with 
the normal AN We can then find by trial a 
point N in the normal AF, such that if we take 
N && a, centre and NR as a radius, the arc RR' 
will be just tangent to AR'. When this point N 
is thus found by trial, the distance Aiv will be 

- (pi + p«), and NR = NR will be -(pi — pi). 

Also, as seen from Fig. 5. if we bisect the angle 
RNF by the line N8, we obtain the direction 
NS of pi , since the angle RNF, Fig. 5, is twice 
the angle of NA with pi or AT. 
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Application to the Betaixdne: Wall. — ^The application of these 
principles to the retaining wall is obvious. 

Let AD be the back of the waU, and DiFI the earth surface 
making the angle cc with the horizontal. Pass a plane through the 



••*,. 




A OiO B 

foot of the wall A parallel to the earth surface. The pressure upon 

every square foot of this plane, as od, is vert ical and equal to the 

weight of a column of earth of vertical height Ai/and cross-section 
ah . cos ct. 

If ri is the mass of a cubic foot of earth, then we have 

yi . Ai/. oS. cos« 



for the mass of this column. But Ail gob cc = AiF^ hence the maes 

of this column is yi . AiF . ab. 

If then we draw AF perpendicular to the earth surface and 
revolve AiF about Ai as centre to the vertical AiRi, and take 
the area of a6 as one square foot, the distance AiRi in feet will be 
numerically the same as the number of cubic feet of earth resting 
upon a square foot ab, and we have for the vertical pressure p per 
square foot in pounds 

where yi is the mass in pounds of a cubic foot of earth, and AiRi is 
measured in feet. 

Then, as in Fig. 6, draw AiR making with the normal AiF to 
ab the angle RAiF equal to the angle of friction or repose 01 for 
earth on earth. Find b^ trial a point j^i on the normal AiF, such 
that the arc of a circle with ^i as a centre passes through Rx and is 
tangent to AiR. Then 



2 

1 



(Pi + p%) = yi . NxA^ ; 



(pi— Pi) = yx .NxRij 



where yx is the mass in pounds of a cubic foot of earth, and NxAi , 
NiRi are measured in feet. Bisect the angle RxNiF by the line 
NiSu Then the line NiSi gives the direction of pi (Fig. 6). 

Now lay off at the foot of the w€dl A (which may he considered 
as identical with Ax in the figure) the distance NA = NiAi in a 
direction normal to the back or the waU AD at A. Draw the line 
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AS i)arallel to NiSi or the direction of pi already found. Then with 
2^ as a centre and NA as radius describe an arc of a circle inter- 
secting AS at jS>, and lay off along NS the distance NR = NiRi. 
Then, as in Fig. 5, RA represents the magnitude and direction of 
the pressure on a square foot at the foot of the wall. Thus, if ^i is 
the mass in poimds of a cubic foot of earth and we measure RA in 
feet, the pressure per square foot at the foot A of the wall is given 
in magnitude by 

yi . RAj 

and its direction is the direction of RA. 

Since the pressure is zero at the top Di and greatest at the foot 
A, and varies for any point directly as the distance of that point 

from Di , the average pressure is -;^i . RA, The total pressure P 
in poimds is then for a wall one foot in length numerically equal 

to -;^i . RA . D'A^ or if the length of the wall is 7, 
it 



F^\yx.RA,iyAA, 



where yx is the mass of a cubic foot of earth, and RA^ DiA and I 
are taken in feet. 

This pressure P acts at a point Kat & distance d from the foot 

of the wall A equal to d = AK = r- ADi , and is parallel in direction 

to RA alreadv found. 

We thus find by a simple graphic construction, in any given 
case, the magnitude, direction and point of application of t£e earth 
pressure P on the back of the wall. The stability of the waU can 
then be investigated as directed on page 231. 

Analytic Determination of Earth Pressure on a Retaining 

Wall. — From the graphic construction just given, we can easily 
derive the corresponding formulas for the magnitude and direction 
of the earth pressure P. 

Notation. — Let hi = Did be the height of the earth surface at 
2>i above the base AB of the wall ; the angle of the earth surface 
witJi the horizontal is a; the batter-angle of the back of the waU 







OiO 



with the vertical is /?; the earth pressure P makes the angle B with 
the normal to the feack of the wall; the angle RfAiNi = </>i is the 
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angle of friction or rei>OBe for earth on earth ; the angle RiNiF = if, 

and the angles RiNiSi = FNiSi = ^ ; the angle RAS = e ; the angle 

RSA = 00 — all as indicated in the figure. Finally, yi is the mass 
of a cubic foot of earth. 

Then by the graphic construction we have 

2 (Pi + 1>«) sin <Pi = -ipi -pi) (1) 

We have also by our notation 
AD, = -^, AiJP'=AD,cos(a-/J) = -^cos(a-/?); 

cos P COS p 

and since by construction AiRi = AiFj we have from the figure 

1 '^ h 

^Pi — »») sin w = ^' ' . cos (a — A) sin a. . . . (2) 

2 cos p 

We have also from the figure 

I |(P> + P«) + 2 (i>t -P«) cos 37 J + I |(pi -p.) sin 7 I 

= T-^ cos (a - /^T, 
Lcos ifif J 

and also 

-(pi + pO + 2 (pi — pO cos 7 = ^' ' cos (a - A) cos a. . (4) 

From (1), (2) and (3), eliminating - (pi + ps) and —(pi —pa), we 

obtain 

sin' a . //. . , \ /^ sin" a \ ^-. 

cos 7= ^.— — + 4/ 1 — sm'a) 1 -.-T-r). . • (I) 

sm 01 '^ \ /\ Bin* 0il 

We have also directly from the figure qj = angle NAS, or 

« = 90 - /J - I- + a (H) 

From {2i and (1) we have 

__ ;^ i/ii cos ( g — fi) sin a(l + sin <t>i) ,^ 

^*~ cos /S sin 01 sin 7 ' • . . • W 

yl/^l cos Ca - fi) sin a(l — sin 0i) ,-. 

p« = a—- — j: — = \y) 

^ cos p sm <Pi sin 7 

We have also from the figure 



- R8 sin CD 

tan € = -:=r 



AS — RS . COB 09 
But ri .RS=p*y and ri . AS= (pi +p«) cos «. Therefore 

tan ^ = Sll'R^. 

Pi COS (» 
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Substituting the values of pi and p% from (5) and (6), we have 

tan e = i^^-^ tan 09 = tan" f 45^ - ^^ tan «>. . . ffH) 
1 + sin </>! \ 2 J 

We have also directly from the figure 

(IV) 



6 = CO — 



Also 



yi . RA = Vpt* sin* oo + —(yi. A8—pt cos »)* 



= Vi)«' sin' 00 + pi^ cos* CO, 

or, substituting the values of pj andp« from (5) and (6), we have for 
the earth pressure P, 

P=lr^.BA.AD^.l=:.::^.ly^.SA, 



COB/3 2 



or 



n xi^»i COS (a — fi) sm a ./ /-t . ^,' ^ x« 1 — = — 3: — r-s — __ 

P — ^-jr 5^-5^-^ — -p-. V(l + sm <Pir — 4 sm 01 sm* flo, (V) 

2 cos* y9 sm 01 sm 77 • v / 

From (1) and (4) we obtain 

_ yihx cos (a — fi) cos a(l + sin <pi) 
^^ "" cos Al + sin 01 cos r/) ' 

Comparing this with (5), we have 

sin a cos a 

sin 01 sin ^7 "" 1 + sin 0i cos v ' * 

We can make this substitution in equation (V) and thus obtain 
an equivalent expression for P which can be used when a is zero, 
viz., 

^ rjh.^ COB ia^fi) COB a ^(-nrsin ^,f - 4 sin ^siiVc^. (VI) 
2 cos* /tf(l + sm 01 cos J7) ^ ^ ^ 

Surface of Rupture.— If there were no wall and the earth had no 
cohesion, a prism of earth ADiG would tend to slide off along a 
plane AG which would make with the horizontal the angle of 
repose 0i. But on account of the wall 
this plane A G makes with the horizontal 
an angle iff greater than 0i. 

This angle ^ we call the angle of mp- 
tnre, the plane AG is the plane of mptore, 
and the prism ADiG which thus tends 
to separate along AG and force the wall 
is the prism of rupture. 

If in the figure, page 251, pi remains 
unchanged in direction and magnitude 
while ab is revolved about Ai until the 
pressure upon ah makes with the normal 
to ab the angle 0i , then this new position of ab gives the inclination 
of the plane of rupture. But for this new position pi makes (page 

249) the angle 45 + ^ with the normal. The normal AiNi , and 
hence the plane a&, has then been revolved through the angle 

2 2 
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The angle which the plane of rupture AG makes with the hori- 
zontal, or the angle of rupture, is then 

^ = 46+|^-| + a (Vn) 

Creaeral Method.— We have then in any case the following 

method: 

l«t. Find Tf from (I). 

2d. find GO from (II). 

3d. Find e from (III). 

4th. Find from (IV). 

The anele gives the inclination of the pressure with the normal 
to the back of the wall. 

5th. Find P from (V) or (VI). 

Then if desired we can find the angle of rupture from (VTI). 

The magnitude of P and its inclination 6 with the normal to the 
wall are thus determined. The point of application £^ of P is at a 
distance d = AK from the foot of the wall equal to one third the 

back ADi , or cf = - — ^. 

3 cos /? 

Special Caaet. — The formulas just deduced are ^neral and 

admit of simplification for special cases. If the earth surface is 

horizontal, a = and, from (1), 7 = 0. If 0i is zero, there is no 

friction. Making a = and <pi = 0, we have, from (VI), 

2coqP' 

which is the same as for water pressure (page 236). In this case, 
from (III), € = 00 and hence, from (IV), = 0, or the water pressure 
is perpendicular to the back. We have then ^ = 45" for water. 

Case 1. Earth Snrfiei^e Horizontal. — In this case a =0 and hence 
7 = 0, and <» = 90 — y5. We have then, from (III), 

tan e = tan' Ub — ^M cotan /3, . (8) 

Then from (IV) 

e = 90-/J-6, . . (9) 
and from (VI) 




2 r cos »/J (1 + sin 0,)« ^^"^ 

From (VII) the surface of rupture AG makes with the horizontal 
the angle 

V' = 45*' + |-' (11) 

Gate 2. Earth Surface Horizontal — Back Vertical. — ^In this case 
a = and /CJ = 0. Hence 77 = 0, « = 90** and, from (8), e = 90 and, 
from (9), = 0. The pressure is then perpendicular to the back or 
horizontal From (10), making fi = and reducing, 



a 



■■(«-l) 



p_!i^tiiii'|«-¥l (1» 
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The surface of rupture makes as before tbe angle ^ with the hori- 
zontal given by 

Cased. Earth Svr&ceHorisontal.— y9 = 90 — ^. In this case a = 0, 
hence v = and ^=46** + ^, If we make /S = 90 — ^= 46**-- -g'jWe 

have 09 = 45° + ^, e = 46 — Y ^^^ 

= 0, 

or the pressure makes the angle of friction with the normcU. 
In this C£ise, 

rilhi^ COS' (46 + ^) 

^= U ^''^ 

COS 01 COS 1 45 — o-J 

Case 4. Earth Surface Inclined at the Angela of Repose. — In this 
case a = 01. Hence 

J7 = 90 + 01, « = 46'* - /? + 1^", V = 01, 
tan € = o^w 



tan' (45°-f ) tan^45' - /J + ^^ (14) 




e = 46*>-/J + J*-f (16) 



p _ yiZTii' cos (01 — /S) 



2 cos'/J COS ^^^^ + "''^ «*'>* - * «^ ^' ^i^' - '^ + f )• (1«> 
Case 5. Ecirth Snrfkce Inclined at the An^le of Repose— Back Ver- 
tical.— In this case, a = 0i, /S = 0, 37 = 90 + 0i, « = 46"+ ?-*, ^ =0i, 



« = 46 — H", and hence 



« = 0«, 



or the pressure makes the angle of friction with the normaL 
From (16), 

P = >^\/(i + sin 0i)' - 4 Bin 0, sin' (46" + f ). • • (17) 

Cohesion of Earth. — Adhesion is that resistance to motion which 
takes place when two different surfaces are in contact. If the sur- 
faces are of the same kind, it is called cohesion. It is found by ex- 
periment that adhesion or cohesion is directly proportional to the 
area of contact, varies with the nature of the surfax^es in contact, 
and is independent of the pressure. 

It is given then by 

where A is the area of contact and c is the coefficient of cohesion or 
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adhesion, depending upon the nature of the material. The unit of 
c is then 1 pound per square foot. 

If a trench with vertical sides, of 

considerable length as compared to its 

width, is dug in the earth, as shown 
in the figure, with a transverse trench 
at each end, so that lateral cohesion 
may not prevent rupture, aiter a few 
days it will be observed to have caved 
in along some plane as AO. Let the depth AD be ha. 

Then, as we shall see in the next Article, the coefl&cient of cohe- 
sion of the earth is given by 

_ r«^o(l — sin <pi) 
"" 4 cos <pi ' 

where (pi is the angle of friction or repose, and yi is the mass of a 
cubic foot of the earth. 

EquiUbriuiiL of a Mass of Earth. — Let ADQH be a mass of 
earth, the batter-angle of the face 
AD being ft. 

If there were no cohesion, a prism 
of earth ADO would tend to slide 
off along a plane AO which would 
make with the horizontal the angle 
of repose (pi. But if there is cohe- 
sion, this plane, which we have 
called the plane of rapture, will 
make an angle with the horizontal 
greater than 0i , which we call the 
angle of rupture. 

Let the angle of rupture or the 
angle of the plane of rupture AO 

with the horizontal be ^, the angle of the earth surface DO with 
the horizontal be ^, the length of the mass be /, and the weight of 
the prism ADO be W. 

The weight W acting at the centre of mass C can be resolved 
into a force iV normal to the surface of rupture AO and a force P 
parallel to the surface. 

We have then 




P = IT sin ^, iV = IT cos i>. 



(1) 



The force P tends to cause sliding. This force is resisted by the 
friction and the cohesion. The friction is //uV, where ^l = tan <pi is 
the coeffic ient of static sliding friction of the earth, and the cohe- 
sion iBcl. AO, where c is the coefficient of cohesion and / . AO is 
the area of contact. 

We have then for equilibrium 



P-MiN-cl.AO^O, or P-MiN=cl,AO, 



or 



l.AO' 



(2) 



Now for any plane which makes an angle with the horizontal 
greater or less than ^ there will be no sliding, and for that plane 
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P — yui-AT will be less than cl . AO. or - — ==^ will be less than c. 

/. AQ 
for the plane of rupture, then, we must have 

■ 

— ■ = a maxunum (3) 

l,AQ 

h. 

Let the vertical height of the mass be ^i. Then AD = ;»-, 

cos p 

and the weight Wot the prism ADO in gravitation units is 



Insert this value of Win (1) and the corresponding values of P 
and jVin (3), and we have, since ui = tan <t>\ , 

yihi cos (^ + /?) sin (^ — ^i) ^ ^ . ,^ 

c _ir — ^ -^ — zLi_ — c = a maximum. . . (6) 

2 cos /? cos 01 ^ 

An^rle of Buptnre. — Equation (6) is a maximum when 

cos (^ + y») = sin (^ — 00 = cos [90 — (* — 00], 

or when 

V> + /S = 90-^+0,, 
or when 

*=45-f + ^ («) 

Equation (6) gives then the an^le of rupture or the angle which 
the plane of rupture AQ makes with the horizontal. 

Coefficient of Cohesion. — ^If we insert this value of ^ in (6), we 
obtain 

yJii sin [45 - 5-(0i + yS) I cos 146 + --(0i + /S) | = 2c cos 0i cos A 

or 

yjix [1 — sin (01 + )^] = 4c cos 01 cos /ff. . . . . (7) 

Now when AD is vertical ; /^ = 0, and if we denote hi in this case 
by h*^ we have, from (7), 

^_ri ^(l~sin 00 
4 cos 01 

This is the value of the coefficient of cohesion given in the 
preceding Article, where ha is found by experiment. 

Stability of Slope. — If we substitute the value of c from (8) in 
(7), we have 

feifl — sin (01 + /?)]= ^o(l — sin ) cos fly 

or 

, _ feo (l — sin 00 cos p .^. 

'^'- l-sin(0, +/^"" ^^^ 

which is the equation of condition between hi and /5. 

From (6) and (9) we see that the angle of rupture and the rela- 
tion between hi and p are independent of the mclination oc of the 
earth surface witii the horizontal. 
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Equation (9) gives the limiting height hi when sliding is about 
to begin. Let n be the factor of safety, so that if n is 2 or 3 the 
safe height taken can be two or three tunes as great before sliding 
begins. Then we have for the safe height 



^' "" n[l - sin {01 + fi)] 



(10) 



Equation (10) is then the equation of stability of slope for a fac- 
tor of safety n, and gives the safe height of slope for any given 
batter-angle fl. 

Angle of Stability. — ^If hi is given and the corresponding batter- 
angle /S is required, we can write (10) in the form 



1 — sin {(pi + fi) _feo(l — sin fii) _ 



cos /J 



nhi 



= a, 



where the second member, being a known quantity, is denoted by a. 

If we develop the numerator in the first member and substitute for 

1 

sin fi and cos fi their values in terms of tan ^ Z^* ^iz-> 



Bin /S = 



2 tan-/? 
1-l-tan'i/? 



cos/ff = 



l-tan«|/S 
1 -f- tan" i-/J 



we obtain a quadratic whose solution gives 

1 



tan-/? 



1 -I- a -f- sin 01 



[cos <t> — ^aKa + 2 sin 4>)\, . (ll) 



Equation (11) gives the safe batter-angle fi for a factor of safety 
n when the height hi is given. 

Curve of Slope.— Let a be any point of the slope Da A, whose 

vertical distance below D is da = y, and let aG be the plane of 

rupture at the point a, making the 
angle i> with the horizontal. 

Then the prism DOa of weight 
W tends to slide down along aO 
and is prevented by friction and 
cohesion. Let N and P be the 
components of W normal and par- 
allel to aG. Then if n is the factor 
of safety and m is the coefficient of 
static sliding friction, we have 




n(P - MiN) -cl,aG = 0. (12) 

Let A be the area daD. Then yd A is the weight in gravitation 
units of a prism daD, where r» is the mass of a unit of volume of 

the earth. The area daG is ^—k — » and the weight in gravitation 

units of the prism daG is g. — —. Hence the weight in gravi- 

tation imits of the prism DaG is 



w = ra(tSf±^A\ 
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If we insert this value of TT in the expressions for P and N, 
equations (1), and then substitute in (12), we obtain, since 

sin^ 
or, dividing by I sin ^, 



ny\ 



(13) 



If aO makes an angle with the horizontal greater or less than 

^, we have, from (12), n{P — mN) less than cl . aO, or the left side of 
e<iuation (13) less than zero. The value of ^ must then make equa- 
tion (13) a maximum. 

If then we differentiate (13) with reference to cot ^ and put the 
first derivative equal to zero, we obtain 



ny 



;^^1 -//, cot^] - ny.^.iX^^ -A\- 2cy coH = 0. (U) 



Eliminating cot ^ from (13) and (14), we obtain 

A = . ^, riMiyiy + 4C-2 i/2c{nMiyxy + 2c)(l + //i») . 
2nMiyi[_ J 



(16) 



Equation (16) gives the area A between the curve of the slope 
and any ordinate da = y. It evidently holds good whether the area 
A 18 bounded by a curve or a broken line of any form. 

Values of 0, , >w, and y^,—We give in the following Table the 
values of ^1 , >ui , ^1 for earth, sand and gravel. 



Kind of Earth. 



OTavel, round. 
" sharp 

Sand, dry 

" moist. . 

'* wet 

Earth, dry. . . . 
moist. . 
wet... 



Anffle 
Repose, 



80' 

40 

85 

40 

80 

40 

45 

82 



Ooefflcient 

of 
Friction, 



0.58 
0.84 
0.70 
0.84 
0.58 
0.84 
1.00 
0.62 



Mass of 

one cubic foot 

in pounds. 



100 
110 
100 
110 
125 
90 
95 
115 



EXAMPLES. 



(1) A bank of loose earth without cohesion stands SO ft high ioith 
<x slope of 60 ft. Find the coefficient of friction and the angle of 
repose. 

Ans. The boriasontal projection of the slope is 40 ft. Hence Hi = tan ^i = 



— = 0.75, and 0i is about 85'. 
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(2) A bank of earth with vertical face is fcwnd to eaoefor a dis- 
tance ofZft below the surface. The same earth loose ana without 
cohesion takes a slope of 1.25 to 1 horizontal. Find the slope after 
rupture. Also if the mass of a cubic foot is 100 Jbs.y find the coeffl- 
dent of cohesion. 

Ana. From equation (6), page 257, sinoe >9 = 0, the angle of rapture is 
if = 45* + ^- "^^ tangent of the angle of repoae is jit = tan <f>i = 0.75. 

Hence 0i ia about 85" and ^ Is about 62*. 

From equation (8), page 257, since A« z= 8 fl, >^i = 100 lbs. per cubic foot, 
01= 85% 

100 X 8(1 - sin 85*) 128 ^„ ^_^ 

c = j^-3^, = 3^ = 89 lbs. per square foot. 

(3) A bank of earth the same as in the preceding example has a 
height cf 30 feet and a batter of 45''. Find the limiting height for 
the same skpe and the factor of safety. 

Ans. From equation (9), page 2JS^, since A« = 8 ft., /S = 45*, 0i = 85*, the 
limiting height is 

. 8(1 - sin 85*) cos 45* . ^-«,^ 
^'^ 1- sin 80- = •bout 60 ft, 

or the factor of safety is 2. 

(4) A bank of earth the same as in Example (2) is required to 
have a height of 20 ft. and a factor of safety of 2. Find the batter 
of the face. 

Ans. fi = 45*. 

(5) A bank of earth with vertical face caves for a distance of 5 
feet below the surface. The same earth loose and without cohesion 
takes a dope o/lJS5 to 1 horizontal. The mass of a cubicfoot wlOO 
lbs. Find the angle of rupture, the coefficient of cohesion. If the 
batter of the face ts made 45" and the height 30 ft.^ find the factor of 
safety. 

Ans. The angle of repose is 0i = about 85*. The angle of rupture is i^ = 
about 62*. The coefficient of cohesion is c = 65 lbs. per square foot. From 
equation (10), page 258, 

5(1 - sin 86) cos 45 

** "" 30(1 - sin 80') "" ^' 

(6) Find the uniform batter-angle of the slope in the preceding 
example for a height of 20 ft. and a factor of safety of 3i. 

Ans. From equation (11), page 258, we find fl = 45*. 

(7) Find the natural curve of the slope in Eocample (5) for a 
factor of safety of 3 and a height of 40 feet. 

Ans. Since ^ I = 0.75, c = 65 lbs. per square foot» n = H,yi = 100, equa- 
tion (15), page 259, becomes 

A = ^:q[^ + 360-2 l/208i(225y + 180)J. 

If we take y = to 10, 20, 80, 40 ft., we have : 

For y = 10, A=z 88 sq ft. ; 
y = 20, -4 = 167 
y = 80, ^ = 418 
y = 40, -4 = 777 



(4 it 
(( (( 
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We have then, considering the area between the slope and any ordinate 
as made up of trapezoids, as shown in the 
^g^re: D a' &' c' d' 



-.10.2)a'= 83. or Da' = 6.6ft.; 



38 



+ ^^ "I" ^^ . a^y = 167, or a'6' = 9 



<< 




167 + — "t-5? . y<j' = 413, or 6'c' = 9.8" 

80 4-40 
413 + —11^ . c'cf = 777, or «'(f = 10.4 " 

We see from equation (15), page 859, that 
for small values of y ^1 is negative, or, theoret- 
ically, the curve overhangs the slope. The equation should not be used for » 
less than ho , and the upper part of the slope should be rounded off. as shown 
m the figure. 

(8) It is desired to cut a hank 30 feet high into three terraces as 
shown %n the figure with a factor of safety of 1.5. The height of 

each terra^ie is to he IQ feet and there 

are to he two steps^ ab and cdy each 4 

feet wide. The mass per cubic foot is 

1 = 100 Jbs.^ and <pi and Jio as found 

u eomeriment are <f>\ = SI**, ^o = 6 feet, 

inathe hatter for each terrace, 

Ans. We have jm = tan <pi = 0.6, and 
from equation (8), page 257, c = 71, and 
equation (15), page 259, becomes 



Da 6' c g i e' 




A = X(284 + 90y - 2 Vl89(9Qy -f 142)). 



A From this, when y = 10, -4 = 27 ; when 

y = 20, ^ = 159; and wheny = 80, -4 = 421. 
We have then 

|.10.J9a'= 27, or 2>a' = 6.4 ft. ; 



<i 



tt 



27+404-^^^^1^. &V= 159. or ^c' = 6.1 

159-f40 + ?^±^.(f(j'=421, or dV = 8.9 
Hence we have for the batter-angles : 

ForJ9a. tan/J = ^, or /? = 28i'; 

For be, tan /? = ^, or /3 = 81**; 

For dil, tan /? = ^, or fi = 4U'. 

(9) Design a terrace of four planes, the upper one heing 6 feet 
n height, the lowest 10 ft,, and the others Sft, The steps to he 5 feet 
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in width, and the earth such that ^o = 3/t, ri = 100, and Mi = 0.66, 
Take the factor of safety at 2. 

Ans. <j = 40, A = jfg[l88y + 160 - 2i^ll5(18% + 80)J. 

Wheny= 6,-4= 10.9; y = 14, -4= 84.3; 
y=:22. ^ = 286.4; j^ = 82, ^ = 669.2. 



5 a' 6' c' d' 6' /' ^' 



i 6 . J9a' = 10.9, or Da' = 8.68 ft; 
<0 




10.9+30 + 



« + 14 ,,., ^ 



. 6'c' = 84.8, 

or ^0' = 4.84 ft.; 

144-22 
84.8 + 70 + ^^^1^ . <f«' = 236.4, 

or(ftf'=45ft.; 

286.4 + 110 + ffip^ ,/y = 569.2, 

orf^ = 8.2ft. 



We have then for the batter-angles: 

^ 3.68 
For JDa, tan p = -g-, 

4.84 
For 6c, tan y5 = -^ 

^ 4.5 
For d0, tan p = -gr» 

8.2 



or P-ZV\ 
or /5 = 28i'; 
or /5 = 29i* ; 



For/4, tany5 = ^. or /? = 89*'. 

(10) i^'nd f^ batter-angle fi for a railway embankment 30 ft 
high, 12 ft top base. Let r» = 100 lbs. per cubic foot, 0i = 34% h. = 
4 /i. , and factor of safety 2. Let the locomotive wetght be about 
eooo'pounds per linear foot of track. 

Ans If the top base is 12 feet, the weight of locomotive causes a pressure 
of 6000 lbs. on 12 square feet, or 500 lbs, per square foot. This is equivalent 
to a mass of earth 5 feet high. We take then A, = 86 feet in equation (11), 
page 258, and have 

tan 1;^ = i-g84r0.829+ i/o:O^J = 0.416. 

Therefore ^ is about 22*% or >5 = 45*. 

The embankment with this batter contains 47 cubic yards per linear foot, 
while with the natural slope of 34° it would contain 62 cubic yards per linear 
foot. There will then be a saving in cost of construction if the exx>en8e of 
protecting the slope to preserve the cohesion is not greater than the saving in 
embankment. 

(11) A railway cut is made in m>aterialfor which y^ — 100 pounds 
per cubic foot, 4>i = 34% h^ = ^ft. The depth of cut is hi= 40 ft. 
and the roadbed is 16 ft. Find the batter-angle for a factor of 
wfety of 3. 
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Ans. We have (3 = 47**. The cut with this batter contains 87 cubic yards 
per linear foot. If it had the natural slope, it would contain 111 cubic yards. 
There will then be a saving in cost if the expense of protecting the slope is 
less than the saving in excavation. 

(12) At Narthfield, Vt, on the line of the Central Vermont B. B. 
ia a retaining wall 15 ft. high, top base 2 ft., bottom base 6 ft. The 
waU is composed of large blocks of lim^estone without cement, the 
density of the masonry about 170 lbs. per cubic foot. The earth sur- 
face is horizontal and level with the top of the waU ; angle of repose 
38% and density of earth 90 lbs. per cu^ foot. The front face of 
the wall has a batter of 1 inch nonzontal for every foot of height 
This wall is over 30 years old and in as good condition as when laid. 
Investigate its stability and check results of compulalion by graphic 
construction. 

Ans. We have A = A, = 15 ft., a = 0% 5 = 170 lbs. per cubic foot, Xi = W 

Ibe. per cubic foot, <p, = 88% bi = 2ft., 6, = 6 ft., tan /J = -^ or /J = 10* 28'. 

Take a section of the wall one foot in length, so that 1 = 1, Then from 
page 254, Case 1, we have 



We have also from equation (8), page 254, 

tan 6 = tan» 26** cot 10' 23', or e = 52** 26'. 

Then from equation (9), page 254. B = 27° 11'. The angle of P with the 
horizontal is then (0 -{- ft) = ST* 84', and the horizontal and Tertical com- 
ponents of P are 

J7=Poo8 (© + /?)= 2864 lbs.; 
F = Psin(a + /ff) =1814 lbs. 

The weight of a section one foot in length is 

W = 11200 lbs. 

If we take the coefficient of static sliding friction /< = 0.66 (page 229), we 
have from equation (I), page 288, for the factor of safety for sliding 

^ 0.66(11200 + 1814) .^ 
**= 2364 = ^-^' 

or, if we neglect F, n = 8.1. There is therefore ample security against sliding. 
If there are no through joints, there is in any case no possibility of sliding. 

From equation (5). page 288, we have «, = 8.8 ft., and from equation (II), 
page 288, « = 2.1 ft. The resultant of P and W, therefore, cuts the base 
within the middle third and just within the middle third. The proportions 
are then nearly eeonomic. Thus from equation (III), page 284, we have bt =: 
5.86 ft., while the bottom base as built is 6 ft. 

From equation (7), page 284, we have for the g^atest unit compression two 
tons per square foot, wnich, as we see from page 229, is abundantly safe. 

(13) In the preceding eocample. let the back be vertical. Find the 
bottom base. Check the computation by graphic construction. 

Ans. In this case, fi = 0. From page 254. Case 2, we find the earth press- 
ure horizontal or = 0, y5 = 0, and if we take a section of wall one foot in 
length, so that 1 = 1, 



(«--1-> 
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From equation (III), page 284, we have for the bottom base whbn e = jrbu 

or for economic proportions, 

6, = 4.8 ft. 

From (I), page 288, we have the factor of safety for sliding, n = 2.4. 
From equation (6) we have for the greatest unit compression 1.8 tons per 
square foot, which is much less than the allowable safe stress (page 



(14) Find the bottom base of a trapezoidal tvcUl of granite ashlar 
with vertical back, 20 feet high, to retain an embankment, the earth 
surface being horizontal ana level with the top of the wall ; 0i = 
33' 40', yx = 100 lbs, per cubic foot. Check the computation by 
graphic construction. 

Ans. In this case, fi = 0, From page 254, Case 2, we find the earth press- 
ure horizontal, and taking a section of wall one foot in length, or / = 1, 

P = q tan» 28° 16' = 5774 lbs. 

From equation (III), page 284, we have for the bottom base for economic 
proportions, or for e = 5-61, 



V A • A* 



--l'.+v^-+^^' 



If we take the top base 5i = 2 ft. and 8 = 165 lbs. per cubic foot (page 229), 
we have ht = 7.66 ft. 

From equation (6), page 284, the ffreatest unit compression is about 2 tons 
per square foot, which is much less than the allowable safe stress (page 284). 

(15) Same as Example (14), with back batter ft = 8*". Check the 
computation by graphic construction. 

Ans. P= 6420 lbs., = 18" y, £^=5758 lbs.. F= 2825 lbs., 6, = 7.9 ft 
Greatest unit compression 2.4 tons per square foot, which is much less than the 
allowable safe stress (page 229). 

(16) A rubble wall of limestone, mft. high, retains an earth-fiU- 
ing which supports a aouble-track railway. The top base is 61 = 3.5 
ft. Find theoottom base when y^ = 100, ^i = 83'* 40', /J = 8% 6 = 170 
lbs. per cubic foot. 

Ans. If we take the train load at 6000 lbs. per linear foot, and top base of 
the fill 15 ft., the pressure per square foot on the top is 400 lbs., which is 
equivalent to a column of earth 4 ft. high. We have then A = 15 ft. , Ai = 
15 + 4 = 19 ft., and 

P = 6795 lbs., 9 = 18', 5"= 5200 lbs.. F= 2540 lbs.. 

6, = 7 ft. Greatest unit compression 2.8 tons per square foot, which is much 
less than the allowable safe stress (page 229). 

(17) Find the bottom base for a retaining loall 20 ft. high, back 
batter )» = 8**, <5 = 170 lbs. per cubic foot. Earth surface inclined to 
horizontal at angle of repose bi = 33" 40', hi ^20 ft, yi = 100 lbs. 
per cubic foot. 

Ans. In this case we have, from pa^e 255, Case 4. e = 21* 22', © = 32* 28', 
P= 21740 lbs., ff= 16522 lbs., F= 18230 lbs. 

If we take the top base fti = 2 ft., we have, from equation (III), page 234, 
ft, = 9.6 ft. The greatest unit stress of compression is 1.7 tons per square 
foot. 



i 
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(18) The San Mateo damy California, is built of concrete weighing 
about 150 pounds per cubic foot The height i8h=^ 170 ft, top base 
bi = 20 ft.. bottom base 6» = 176 ft., back batter 1 to 4 or tan fl = 0.25. 
Investigcde the stability for depih of water hi = W5ft. 

Ans. We have for a section one foot in length 

F= 212700 lbs., JJ = 850780 lbs., Tr= 2499000 lbs. 

There are no through joints in this dam, and therefore no investigation for 
sliding is needed. If, however, we take the coefficient of static sliding friction 
/I = 0.66 (page 229), we have from equation (I), page 286, n = 2. 

If the dam is empty, we have from equation (5), page 287, «« = 75 ft. The 
weight then cats the base near the middle and well within the middle third. 

From equation (II), page 287, we have, even when we take ice-thrust into 
account, = 86 ft. The resultant of the weight, pressure and ice-thrust then 
cuts the base within the middle third. 

Hence from equation (7), page 288, we have for dam empty the greatest 
unit stress of compression 11 tons per square foot, and for dam full and ice- 
thrust 8 tons per square foot. 

The dam as built is then stable and safe even for a cold climate, and even 
for through joints. 

(19) Desian a dam of sandstone aMar, ^ft. high, top base dft,^ 
depth of tvaler 67 feet, 

Ans. We have /* = 60 ft., A, = 57 ft., 6, = 9 ft., y = 62.5 lbs. per cubic 
foot, and, from page 289, 6 = 150 lbs. per cubic foot, C= 20 tons per square 
foot, /I = 0.6. 

From page 229 we take the back vertical for economic section. Hence 
/? = 0. 

From equation (III), page 287, we have for economic proportions for the 
bottom base ba = 82.7 ft. and hence A = 1250 square feet. 

Then from equation (6), page 287, the greatest compressive stress for reser- 
voir full is j> = 5.7 tons per square foot. For reservoir empty «s is always 

1 
greater than ^b% when back is vertical (page 288), and the unit stress is still 
o 

less. 

We have then for a foot of length of the dam, IT = 187500 lbs. , S= 101530 
lbs., and from equation (I), page 236, if there is no ice- thrust, we have for the 
factor of safety for slidinfi^ n = 1.1. This is small, but if there are no through 
joints the dam cannot slide. 

But now, if we suppose the ice-thrust of 2^ = 40000 lbs. per foot to act, we 
must test and see if the dam with bottom base ba = 82.7 ft. is still safe. 

From (5), page 237, we have «s = 11.6 ft., and from (II), page 287, using 
this value of «a, we obtain = — 1.85 ft. The minus sign shows that the 
resultant passes outside of the base. The dam would therefore rotate under 
the ice-thrust. We must find b^ therefore from (III'), page 288. This gives 
us ba = 36 ft. and ^ = 1350 sq. ft, W= 202500 lbs. 

We have now for the factor of safety for sliding n = 0.9. This is less than 
unity, and hence when the ice-thrust acts, the wall must depend for its safety 
entirely upon the fact that there are no through joints. It would be better, 
then, to give the dam a back batter of, say, tan p =. 0.25. 

If we do this, we have from (III), page 287, 6j = 48.6 ft. and A = 1578 
80. ft. From (5) and (II), pace 237, we then obtain 8% = 21 ft. and e = S ft. 
Then from (8), page 238, we have p = 10.9 tons per square foot, so that so far 
as rotation and compression are concerned the dam is safe even with ice- 
thrust acting. 

We have now from (I), P&ge 236, for the factor of safety for sliding, when 
the ice-thrust acts, n = l.l. We should then have no through joints in the 
dam. 

(20) The height of the proposed Quaker Dam, New York, is 170 
/eef, top thickness 20 feet, specific ma,ss of the masonry 2.6, depth of 
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water 168 feet. Find the economic section for allowable compression 
of 10 tons per square foot. 

Ans. We have 6, = 20 ft., A, = 168 ft., h = 170 ft., - = 2.5, y = 62.5 

lbs. per cubic foot, d = 156.25 lbs. per cubic foot, 7= 40000 lbs. per foot, 
C — 20000 lbs. per square foot, ii = 0.6. 

lit. loe-thnit HaglMted. — Let us first neglect the ice-thrust. 

From equation (I), page 240, we have for the height A« of the first lectan. 
^ular sub-section if the water is level with the top, As = 82 ft. As the water 
IS not level with the top, h must be greater than this. In equation (I), page 
240, bhx^h% = yijit^af^ if we put a = 7 ft., A, = Ai — 7, and insert the values 
of ^, 6i and y^ we have 

625000 A, 4- 4875000 = 62.5Ai>. 
Solving this equation, we have for ^ = - &i =6.66 ft., Ai = 84.7 ft. Hence 

o 

A« = 41.7 ft. and uli = 884 sq. ft. When the dam is emptj «=-'- = 10 ft. 

We have then from (7), page 288, when the dam is empty, the unit compression 
p = 8.26 tons per square n)ot on back edge, and from (6), page 237, when the 
dam is full, p = 6.52 tons per square foot on front edge. 

Below Ai =84.7 ft. we have the badL vertical and the face battered and 
the second sub-section begins. 

Let us take for the height of the next trial section At = 15.8 ft. Then 
A, = 84.7 + 15.8 = 50 ft.,.4,=834 sq. ft., 6, = 20 ft., <» = 10 ft.,>5 = 0, 

— = 2.5. From (III), page 248, when e = -&i, we have &, = 26.2 ft, and 

nence ^ = 8.7 ft. The area of this trial section is then A% = 858 sq. ft. We 
have now from (2) and (II), page 242, «, = 11.6 ft. and « = 10.5 ft. Then from 
(7) and (6), page 288, the unit compression p = 5.66 tons per square foot on 
back edge for dam emptj and p = 7.08 tons per square foot on front edge for 
dam full. 

Take for the height of the next trial section At = 20 ft Then Ai = 70 ft.» 

At = 11.87 sq. ft. h, = 26.2 ft, «, = 10.5 ft. /? = 0, - = 2.6. 

Just as before, from (III), page 248, when e = ^h%, we now have h% = 87.4 

o 

ft, and hence « = 12.5 ft, and ^t =686 sq- ft. Then from (2) and (II), 

?age 242, » = 12.4 ft. Then from (6), page 288, the unit compression is p = 
.62 tons per square foot on back ed^e for dam empty and p = 7.62 tons per 
square foot on front edge for dam full. Since for Ai = 70 we have « = 12.4 = 

^9> this is the limit of the second sub-section, 
o 

Below Ai = 70 ft. we must batter both front and back. If then we take 

As = 20 ft for the next trial section, we have Ai = 90 ft, .Ai = 18.28 sq. 

ft. hi = 87.4 ft, $1 = 12.4 ft., - = 2.5. 

r 

From (IV), page 244, we have then, when e = ^bt = «, 6t = 58.4 Hence 

8 — e = 17.8 and ^t = 908 sq. ft., and from (V), page 244. we obtoin tan 
fi = 0.114. Then from (4), page 244, the compression on front edge for dam 
full or on back edge for dam emptv is p = 7.99 tons per square foot. 

Take A, =20 ft. for the next trial section. Then Ai = 110 ft., Ai = 2781 

sq. ft., 6| = 58.4 ft., Si = 17.8 ft., — = 2.5, and we have from (IV), page 244 

(a\ bt = 67.5 ft , hence At = 1218 sq. ft.. « = « = 22.5 ft., and from (V), page 
244, tan fi — 0.05. From (4), page 248 (a), the compression on front and back 
edge for dam full and empty is p = 9.14 tons per square foot 
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Take A^i = 30 ft. for the next trial section. Then A, = 180 ft., Ax = 8949 
sq. ft., bx = 67.6 ft., «i = 22.5 ft., - = 2.5. We find then for this section 6, = 

y 

81.6 ft.. At = 1490 sq. ft., « = « = 27.2 ft., tan /ff = 0.086, p = 10.4 tons per 
square foot. 

Below Ai = 180 ft., then, the fourth sub-section begins and we must use 
equation (VI), page 245. 

Take A, = 20 ft. for the next trial section. Then hx = 150 ft., Ai = 5489 
sq. ft,, bx = 81.6 ft., «, = 27.2 ft., y = 62.5 lbs. per cubic foot, d = 156.25 lbs. 
per cubic foot. Then, from (VI), page 245, b^ = 106.7 ft. and hence At = 
1888 sq. ft., and from (5), page 244 (a), ^ = « = 88 ft. From (V) we have 
tan /?= 0.18. 

For the remaining depth ht = 18 ft., hx = 168 ft.. Ax = 7322 sq. ft., bi = 
106.7 ft., «i = 88 ft., and we find 6, = 128.6 ft.. At = 1497 sq. ft., « = « = 45.4 
ft., tan /? = 0.00. 

We have then the following Table : 



h 


hi 


h 


A 


tan^ 


e 


a 


P 
back 


P 
front 


41.7 


84.7 


20 


884 





6.6 


10.0 


8.26 


6.52 


57 


50 


26.2 


1187 





8.7 


10.6 


5.66 


7.08 


77 


70 


87.4 


1828 





12.5 


12.4 


7.62 


7.62 


97 


90 


58.4 


2781 


0.114 


17.8 


17.8 


7.99 


7.99 


117 


110 


67.5 


8949 


0.05 


22.5 


22.5 


9.14 


9.14 


187 


180 


81.6 


5489 


0.086 


27.2 


27.2 


10.4 


10.4 


157 


150 


106.7 


7322 


0.18 


88.0 


88.0 


10.0 


10.0 


170 


168 


128.6 


8819 


0.00 


45.4 


45.4 


10.0 


10.0 



In this Table the first column contains the heifi^ht h of the dam in feet 
above the base of each sub-trapezoid, the second tne depth of water hi in 
feet above the base of each sub-trapezoid, the third the base b in feet of each 
sub-trapezoid, the fourth the total area A in square feet above that base, the 
fifth the tangent of the back batter-angle tan ^, the sixth and seventh the dis- 
tances 6 and » in feet from front and back edffes to where the resultant cuts 
the base of each sub-trapezoid for dam full ana empty, the eighth and ninth the 
unit stress p of compression at those edges in tons per square foot. 

Comparing with Ex. (18), we see that the San Mateo dam, 170 ft. hifh, has 
about 88 per cent more material than this economic section of the same height. 

2d. lee- thrust taken into Aeooont. — Let us now consider the same dam, 
taking the ice-thrust into account. 

From equation (I), page 241, putting Aa = ^i +7 and a = 7, we have, after 
substituting r = 62.5, 6 = 156.25, ^ = 20, C= 20000, T = 40000, 

Hence At = 18 ft. and Ax = 860 sq. ft., e = 1.9 ft., p = 10 tons per square 
foot. 

Below hx = 11 ft. we have the back vertical and face battered, and the 
second sub-section befidns. 

Let us take for the height of the next trial section 7i, =28.7 ft. Then 
hx = 84.7 ft, -4, = 360 sq. ft., 6, = 20 ft., «, = 10 ft., S = 0,r = 62.5, d = 
156.26, = 20000, T = 40000. From (HI) we have bt = 28.76 ft. ; hence At = 
577.8 sq. ft., and from (8), page 242, «= 4.8 ft. From (2) and (II), page 242, 
we then have « = 11.4 ft. 

Take At = 15.8 ft. for the height of the next trial section. Then 7ii = 50 
ft., ..d, = 988 SQ. ft., bx = 28.76 ft., «i = 11.4 ft., /9 = 0, and we can find bt, 
At and «« for this section. 

We can then take As = 20 ft., and so on, until we arrive at a section for 

which <=:^&t. 
o 
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Below this section we mast batter face and back, still using (III'), page 243, 
for &9 and finding tan (i from (V), page 244. 
The student shoold complete the example. 

(21) The Bear VaUey dam in the San Bernardino Mountains, 
Calif omia, is an arch dam about 450 ft. long, constructed of granite 
ashlar, height h=Uft,, radius r = 300 ft., top base bx = 3.17 ft., 
bottom base 6s = 20 fi.^ depth of water hx = ^ ft., face vertical. 

Other dimensions as shown in the 
figure. Eocamine its stability. 

Ans. We have from the given dimen- 
sions and from equation (2), page 246 (d), 
neglecting the ice-thrust T, 

for distance from top 

= 12 24 86 48 64 ft. 

A, = 8 20 82 44 60 

1= 4.48 5.79 7.1 8.42 20 

(7=16.74 82.88 42.25 48.05 28.12 

tons per square foot. 

From page 220, the allowable unit com- 
pression U ought not to exceed 30 tons per 
square foot. The dam as built has then a 
higher unit stress than good practice would 
consider allowable. 

(22) Design an arch dam of the same height and radius as the 
Bear Valley dam, Ex. (21), and same depth of tvater, for an allow- 
able compressive stress of 25 tons per square foot. 

Ans. We have A = 64 ft, A, = 60 ft., r = 800 ft., = 50000 lbs. per 
square foot, ^ = 62.5 lbs. per cubic foot. 

In default of local or practical considerations to guide us in choice of the 
top base 5i, let us suppose an ice-thrust ofT= 400(r) lbs. per foot. 

Then from (8), page 246, we have for the top base 




<t 



ti 



bx = 



800 X 40000 
50000X 64 



= 3.75 ft. 



1ft. Without Ice-thnut.— Let us take then bi = 8.75 ft., and suppose first 
that there is no ice-thrust. 

Then from (4), page 246, neglecting T, we have for the distance ht below 
the water level for which the cross-section may 
be made rectangular, 

50000 X 8.75 ,^ ,^ 
^•= 62.5X300 =^^"- 

The dam then is rectangular for 14 ft. be- 
low the top. Below this point we must in- 
crease the thickness as the depth of water 
increases. We have then from (2), page 246, 
neglecting T, 

for distance from top 

= 14 24 86 48 

hx = 10 20 82 44 

t = 8.75 7.5 12 16.5 



ft. 



64 
60 
22.5 " 



<< 



If we make the face vertical and batter the 
back, we have then a cross-section as shown 
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in the fignre 8.75 ft. thick for the first 14 feet, and then with a back batter of 

i^, or tan >5 = 0.875. 

Sd. With loe-tiiniit. — If we consider the ice-thnist T as acting, then we 
have h\ at least 8.75 ft. as Already found. 

From (4), page ^46, taking r= 40000, we have for the distance Aa below 
the water level for which the cross-section may 
be made rectangular 

50000 X 8.75 40000 
^~ 62.6X800 62.5X64*" 

The dam then is rectangular for 4 feet below 
the top. Below this point we must increase 
the thickness as the depth of water increases. 
We have then from (2), page 246 (d), for 

dist. from top 

= 4 24 86 48 64 ft. 

A, = 20 82 44 60 

1 = 8.75 11.25 15.75 20.25 26.25 

If we make the face vertical and batter the back, we have then a cross-sec- 
tion as shown in the figure 8.75 ft. thick for the first 4 feet, and then with a 

hM^ batter of ^', or tan y5 = 0.875. 



(« 
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APPLICATIONS OF STATICS— STRENGTH AND ELASTICITY 

OF MATERIALS. 



lfOME!«T OF IXERTIA OP AH ABEA. RADTUS OF OYRATIOK. DETERMINATION 
OF MOMENT OF INERTIA OF AREAS. STRESS AND STRAIN. EXPERI- 
MENTAL LAWS. COEFFICIENT OF ELASTICITT. WORK AND COEFFICIENT 
OF RESILIENCE. EQUILIBRirM OF A DEFLECTED BEAM. SHEARING 
FORCE AND SHEARING STRESS. BENDING MOMENT. NEUTRAL AXIS. 
RESISTING MOMENT. COEFFICIENT OF RUPTCRE FOR FLEXURE. TABLE 
OF PROPERTIES t)F MATERIALS. FACTOR OF SAFETY AND WORKING 
STRESS. VARIABLE WORKING STRESS. STRENGTH OF PIPES AND CYLIN- 
DERS. RIVETED JOINTS. THEORY AND PRACTICE OF RIVETING. DESIGN- 
ING OP BEAMS. BREAKING WEIGHT. SHAPE FOR UNIFORM STRENGTH. 
THEORY OF PINS AND EYEBARS. TORSION. CO|IBINED STRESSES. 
STRESS DUE TO TEMPERATURE. 

Moment of Inertia of an Area. — ^The term "moment of inertia 
of an area" is used to designate a quantity which occurs so fre- 
quently in the apphcation of statics to the strength and elasticity 
of materials that a special name and symbol for it is essential. 
Before taking up such application, then, it is necessary to define 
what is meant by the term and to show how the quantity it stands 
for may be computed. The use made of it will appear later. 

Definition of Moment of Inertia of an Area. — Any indefinitely 
small area we call an elementary area. Thus the rectangular areas 
cibcd are elementary areas if in the one case the height and breadth 
ab and cb are indefinitely small, and if in the other case, whatever 
the breadth be, the height ab is indefinitely small. An elementary 
areu, then, has one or both of its dimensions indefinitely small. 

Take O as origin and draw the co-ordinate axes OX and OF in 
the plane of the areas, parallel to the base and height. Then in the 

first case, since both dimen- 
sions are indefinitely small, 
they can be neglected with 
reference to any finite dis- 
tance. The perpendicular 
X from ab on OY is then 
the distance of the area abed 
from the axis of Y, or the 
same as the distance of the 
centre of mass C of the area 
from the axis of F, and the 
perpendicular y from ad on 
OX is the same as the dis- 
tance of the centre of mass 
C of the area from the axis 
of X 
In the second case the height ab can be neglected with reference 
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to any finite distance, and the perpendiciilar y from ad on OX is 
the same as the distance of the centre of mass C of the area from 
the axis of X. The perpendicular x from C on OF is the distance 
from the axis of Y. 

In either case, the prodtu^ of the elementary area by the square 
of its distance frwn any axis in the plane of the area is called the 
moment of inertia of the elementary area toith reference to that 
axis. 

Thus if a is the elementary area, oar* is its moment of inertia 
with reference to OF in its plane, and ay' is its moment of inertia 
with reference to OX in its plane. 

In the same way if r is the distance OC of the elementary area 
from the SLxis of z, ar^ is its moment of inertia with reference to 
the axis OZ perpendicular to the plane of the area. This is called 
the polar moment of inertia of the area with reference to OZ. But 
evidently ar* = ax* + ay*. Hence, the polar moment of inertia is 
eqnal to the sum of the moments of inertia with reference to any two 
co-ordinate axes in the plane of the area. 

Now any area may be considered as made up of an indefinitely 
great number of elementary areas. The moment of inertia of an 
area vnth reference to any axis is then the sum of the moments of 
inertia of all its elementary areas. 

Thus the moment of inertia of any area with reference to the 
axes of X and Y in the plane of the area is given by 

2ay* and 2aaf, 

and the polar moment of inertia, or the moment of inertia with 
reference to the axis of Z at right angles to the plane of the area, is 
given by 

2ar* = 2a(af + y*) = Sax* + 2ay*, 

or the sum of the moments of inertia with reference to the two 
co-ordinate axes in the plane of the area. 

If the axis is taken'through the centre of mass C of the area, we 
denote the corresponding moment of in- 
ertia by I. If it is not taken throujgh the 
centre of mass, we call it an eccentric axis, 
and we denote the corresponding moment 
of inertia by J'. 

Let OX be an axis which passes through 
the centre of mass C of a eiven area in its 
plane, and O'X^ a parallel eccentric axis, 
at a distance d from the first axis, also in 
the plane of the £trea. 

Then the moment of inertia of the area with reference to OX is 

I=2ay*, 
and the moment of inertia of the area with reference to O'X' is 

J' = 2a(y + d)* = Say* + 2d2ay + d'Sa. 

But since OX passes through the centre of mass of the area, 
2my = (page 17), where m is the mass of an elementary area. 
But m = day where a is the area and S the surface density. Hence 
2Say = 62ay = 0, or 2ay = 0. Therefore, since 2a =^ A = the 
-entire area, we have 

r = 2ay* + Ad* = I-i-Ad\ 
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That is, the moment of inertia of an area with reference to an eccen- 
tric axis is equal to the moment of inertia with reference to a par- 
allel axis through the centime of mass plus the area into the square 
of the distance oettoeen the two aaoes. 

Badius of Oyratioa of an Area.— The square root of the Quotient 
obtained by dividing the moment of inertia of an area wim refer- 
ence to €my axis by the area is called the radins of e:yration of the 
CLrea with reference to that axis. We denote the radius of gyration 
by K, Then by definition 



K' = |/-j and K- = y-r 



where tc' and I' indicate an eccentric axis, and k and / an €kxis 
through the centre of mass. 
We have then 

Ak^ = I, or AK^ = r. 

That is, the radius of gyration of an area is that distance at which, 
if we suppose the entire area io he concentrated into a point, the 
moment of inertia is the same as for the given area. 

Determination of Moment of Inertia of an Area. — To determine 
the moment of inertia of an area with reference to any axis, we have 
simply to perform the summation indicated by 2aai^, or 2 ay*, or 2ar^. 

(1) Moment of Inertia of the Area of a Rectangrle.— Let ABDE be 

a rectangle of base AB s h and height BD = h. Take the axis CJC 

E o through the centre of mass C in the 

[cf ~i plane of the rectangle and parallel to 

^ j;^ the base h. Let abde be an elementary 
— r — X area or strip parallel to the base at a 
I distance y from the axis. Then the 

— ^ height of this strip is dy and its area is 

a = bdy and its moment of inertia is 
ay* = l^dy. The moment of inertia of the rectangle with referenoe to 
the axis CXis then, since the area of the rectangle i& A = bhj 



e 
a 



'2y ty 



D 



J" 

•■*■- bh* ^ A ^ 



/• « bh* 

Ix= ihy^dy^^^ 



The radius of gyration \%Kx— a/ L=^ . 

^ A 2i^ 

If we take the axis in the plane of the rectangle through the centre of 
mass C and parallel to the height h, we have in the same way 



2 



'"A 




For the polar axis through the centre of mass C at right angles to the 
plane we have 



where d = Vh^ + b^ is the diagonal of the rectangle. 
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(2) Moment of Inertia of the Area of a Triangle.— Let ABB be a 
triangle of base AB := b and height h. Take the axis J^'2^' through the 
apex parallel to the base and in the 
plane of the area. 

Take an elementary strip at a dis- 
tance y from J'^ parallel to the base. 
We have for the length x of this strip 

x:y ::b :h, or « = ^. 

The area of the strip is then a = xdy = ^y^, and the moment of 
inertia of the triangle with reference to XX' is then, since the area of 
the triangle is ^1 = •--, 

We have then for the moment of inertia with reference to the axis 
XX through the centre of mass (7, parallel to the base and in the plane of 

the area, 

— h 



Z. = V-^(?Ay = ^g, and K.= /I = 



84/2 



Again, we have for the moment of inertia with reference to the axis 
coinciding with the base AB^ 



It/ =:I+A 



(H'-T. 



and Kb 



=4/?= 



v^- 



Take the axis J. F through the vertex A in the plane of the triangular 

area ABB. Drop the perpendiculars di and 
dt from B and B upon AT. Produce the side 
BB to intersection E with AY^ and let the dis- 
tance AE =r I. 

Let Ai be the area of the triangle AEB so 

that Ai = — ^. The moment of inertia of this 
2 

triangle with reference to the axis A Y conciding 

with the base AE is, as we have just seen, 

Let At be the area of the triangle AEB, so 
that At = — . The moment of inertia of this 

triangle with reference to the axis AFcoincid- 

dfi* Id • 
ing with the base AE is /«' = A9-- = —^ . 

Hence the moment of inertia of the triangle ABB with reference to the 
axis AFis 




I 



I 



IJ = /,' - /.' = i-idx^ - <?.») = ^(di - dt) . --(<?i' + didt + d^^). 



12 



2 



6 
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Bat -^di — <2s) is the area A of the triangle ABD. Hence we have 

I^' = ^(dt* + didt + d^^. 

V 

If the axis AFis at right angles to the side AB = h, and ais the an^^e 

DAB at A^ then we have di =. •^-- — , d^ = hy and 




V = !•(*• 



bh 



tan a 
h 






/ 



/ 



tan a tan' 
The distance from A to the centre of mass C is 

2 "*■ 3 Vtan a 2 j " 3 V tan a/ 

The moment of inertia with reference to an 
axis in the plane through the centre of mass 
parallel to ^ F is then 

For thb polar axis through the centre of mass C at right angles to the 
plane we have then 



Iz 



18\ 



hh 



tan a. tan 






(3) Moment of Inertia of the Area of a Parallelogram. — We can 

divide the parallelogram ABDE into two triangles by the diagonal EB, 

The moment of inertia of the 
triangle ABE with reference to the 
axis ED is, as we have already 

found, lb' = -7-. The moment of 

4 

inertia of the triangle EDB with 

reference to the axis ED is, as al- 

ready found, h' = -r^. The moment 

of inertia of the parallelogram with reference to the axis ED or AB is 
then 




lb' ^ -r- ^ A' -, and Kb = y -~- = — — . 

^ ^ 4/3 



3 



8' 



The moment of inertia of the parallelogram with reference to the axis 
^X in the plane through the centre of mass C parallel to the base AB is 
then _ 

or the same as for a rectangle. 

In the same way if a is the acute angle at A, we have for the moment 
of inertia with reference to the axis AE or BD^ 



It^A 



6' sin' 



a 



:t I k/l' 6 sin a 
and K-/' = 4/ — - = — =r-i 

^ ^ i/3 



CHAP, n.] STRENGTH AND ELASTICITY OF HATEBIALS. 



275 



and with reference to the axis parallel to AE in the plane through the 
centre of mass (7, 



J. . ft'sm'a , .// 6 sin a 

/z = il • — — — , and Kz = |/ - = — — . 

12 ^ A 2V^ 



We have also for the polar axis through the centre of mass G at right 
angles to the plane 

(4) Moment of Inertia of the Area of a Hezagron.— We can divide 
the hexagon into six equilateral triangles of side & and area Ai = — 1 — 

4 

Take an axis YT in the plane 
of the area through the centre of 
mass perpendicular to the sides. 

For the triangle ABD we have 

from page 273, since di = — -- , 

dt= + '^j the moment of inertia 
Alb* 



24 ' 



For the triangle ABE we 




have, since dt = ^, cft= 6, the mo- 

7 Alb'* 
ment of the inertia is ■ . For the total moment of inertia with ref- 

erence to TT we have then * 

r 7Aib* . Alb* lHAiI^ 
-«y = — ;r— + 



6 



12 



12 



or, since A = 6^i , 



/|f = -2j-, and Ky 



-/i-= 



5^6 



~ • 



2^/6 



If we take the axis 2^2^ through the centre of mass, we have, from 

A 6' 
page 273, for the moment of inertia of the triangle ABE^ — ^, and for 



the moment of inertia of the triangle ABD^ 
inertia with reference to XT is then 



dAib' 
8 



8 



The total moment of 



• ^,5* . 9Aib* SAil^ 



or, since A = 6^i , 



Ix = -S7-, and Kx 



^ "* 2 4^6 



A 



For the polar axis through the centre of mass, perpendicular to the 
plane, 

''^^ and .,= /^=^^ 



1* = 



12 ' 



A 



gf'S 



276 



APPLIGATIOirS OF STATICS. 



[chap. IL. 



(19 MonflAt of iDtrlia of the Area of an OcU^ioii.— We can divide 

the octagon into eight isosceleB tiiangles. 

We find the moment of inertia with 
reference to an axis YY in the plane of the 
area, throagh the centre of mass perpendic- 
ular to the sides, 




iy=^(v^n). 



and 



Ky 



=/!= 



4^5.414 
2^6 



For the polar axis through the centre of mass, perpendicular to the 
plane, we have then 



h = ^{Vi + i), 



and 



Kp=|/J = &. 



i/5.414 
2^8 ' 



For the axis ZZiu the plane of the area, through the centre of mass, 
coinciding with the sides, we obtain 



/» = 2j-{ i''3 + 4), and Kx 



=/?- 



24/6 



(6) Moment of Inertia of the Area of a Cirde.— The area of any 

circular strip of radius x and thickness dx 
is 2icxdx. Its moment of inertia with 
reference to the polar axis through the 
centre of mass is then ^na^dx. The polar 
moment of inertia is then, since ifr* = A 
= the area, 



^'=£^'<^^ = 'T=^-i' 



and 



Kg 







The moment of ipertia with reference to any axis in the plane through 
the centre of mass, as XX or YY^ is evidently the same, and, since 
/a? + /y = 3/= /«, we have for any axis in the plane through the centre 
of mass 

/=_ = 4.-, and 'f = |/j=:j. 

(7) Moment of Inertia of the Area of a Circular Ring:. — Let tx = the 
internal radius and rt the external radius, so that the area is ?r(rt* — r^ 
= A, Then in the preceding case we have simply to integrate between r, 
and Tx , and we have for the polar axis through the centre of mass 



/. 



=£■■ 



r, 2 2 * 2 • 

and for any axis through the centre of mass in the plane of the area 

i = A . : , 



CHAP, n.] 8TBENGTH XSD ELASTICITY OF KATEBIALS. 



277 



(8) Moment of Inertia of the Area of an Sllipee.— Let a = the 

semi -major and h the semi -minor 
axes, and take the origin at the 
centre of mass. Then 



a 

and the area A = leab. The area of a 
strip, as PQ, is 2ydx, and its moment 
of inertia with reference to the axis 
YY in the plane throngh the centre 
of mass is iya^dx. 

Hence the moment of inertia of 
the area with reference to YY is 




= — /* 



a* ya* " a?.dx = —. — = ^ . -7-, 

a 4 4 



or Ky 






In the same way we have for the moment of inertia with reference to 
the axis XX m the plane through the centre of mass 



r ^^« A ^ 



or Kx 






The moment of inertia with reference to the polar axis throngh the 
centre of mass at right angles to the plane is then 



i.=A.^±^. 



or K% 



2 



Bnle for Moment of Inertia of the Area of a Beetangle, Paral- 
lelogram, Circle or Ellipse with Beference to an Axis of Symmetry 
throuffh the Centre of Mass. — The preceding is sufficient to illustrate 
how the moment of inertia of any area may be found. The use 
made of the moment of inertia will appear later. The various roll- 
ing mills furnish their customers with extensive Tables giving the 
moment of inertia of the cross-section of the different sizes and 
shapes of iron and steel beams rolled by them.'*' It is therefore un- 
necessary to multiply illustrations here. 

We give here a simple rule which will enable the student to find 
at once the moment of inertia wiYA reference to, an aods of symmetry 
through the centre of maaSy for the area of the rectangle, parallelo- 
gram, circle or ellipse. This rule is as follows : 



Axis of symmetry in J 
plane of area through > / 
centre of mass : ) 



= area x 



Polar axis through cen- 
tre of mass: 



J = area x 



square of the other perpendic- 
ular se mi-axis . 

3 or 4 ' 

sum of squares of two perpen- 
dicular semi-axesof symmetry 

3 or 4 



The denominator 3 or 4 is taken according as the area is a paral- 
lelogram or an ellipse. The rectangle and circle are special cases 
of parallelogram and ellipse. 



*A most extensive collection is the "Pocket Companion** of Carnegie, 
Phipp9 A Co,, Pitteburgh, Pa. 



278 



APPLICATIONS OF STATICS. 



[chap. II. 



(1) Parallelogram and Rectangle. — ^Thus for the parallelogram 

ABDE of base & and height h^ we nave 
for the axis of symmetry XX through 
the centre of mass C 





f 







and 



=/f= 



h 



and 



Kx 



r Af bemaV . 

^' = t[—2-) =^12 

For the rectangle we have 

J. A fhy . A' 

^ ^ 2VS 

^^ 2Vb' 
and for the polar axis through C, 



For the axis of symmetry FF we have 
&*sin'a _ ., . _ VT__6sinar 



and tcy 



2V3 



and 



E O 


•« 


c 




h 


A— 




6 


^ 


A B 

V 






12 



-^12' "' 



=/?= 



2V3 



— t 



where d is the diagonal of the rectangle. These are the same 

y obtainedjM _ 
(2) Ellipse and Circle.— Ibr the ellipse let a = the semi-major and 



ng 
results as already oDtainedj>ages 272 €mar274. 

pcl 
b the semi-minor axis. 




Then for the axis of symmetry 2CX 
through the centre of mass U we have 



Ix = A—, and Kx 

4 



y A 9 



A 2 

For the axis of symmetry YYwe have 



a' 



Jy = A— , and Ky 

4 



^ A 2 



J, = A. 



a" + 6" 



For the polar axis through C 

= r j" = — o — • 



and K'« 



For the circle a^^h^r — radius, and we have 



Ji = I« = A 



4' 



and J« = A-. 
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These are the same results as already obtained pages 277 and 
277. 

Stress and Strain. — When a force is distributed over some defi- 
nite portion of the surface of a body, we call it external stress, or 
stress on a body. A force between two particles or portions of a 
body is called internal stress, or stress in a body. External stress 
causes change of shape or volume of a body. Internal stress 
opposes such change of shape or volume. 

We distinguish three kinds of simple stress : 

Tensile stress, tending to pull the particles of a body apart in 
parallel straight lines, or resisting such separation. 

Compressive stress, tending to push the particles of a body 
together in parallel straight lines, or resisting such approach. 

Shearing stress, tending to cut a bodv across or to make the par- 
ticles move past one another in parallel lines at right angles to the 
line joining the particles, or resisting such action; as in cutting 
with a pair of shears or in punching a plate. 

We measure stress, then, whether external or internal, in 
pounds per square inch or per square foot. 

The change of distance between two particles of a body in a 
direction opposite to coexisting internal stress between those par- 
ticles is called strain. We distinguish strain according to the 
character of the internal stress to which it is opposite in direction, 
as tensile, compressive or shearing stress. We measure strain, 
then, in feet or inches. 

It will be observed that when there is no coexisting internal 
stress, or if the internal stress is not opposite in direction to the 
change of distance, there is no strain. Internal stress and strain 
must coexist and be opposite in direction. 

Thus when a spring is compressed the external and internal 
stresses balance, and the strain is the distance through which the 
end of the spring has been moved, counting from the unstrained 
position or the neutral point, where there is no external or internal 
stress. Now let the external stress be removed or the spring re- 
leased. Then during the first portion of the expansion the internal 
stress acts in the same direction as the exx)ansion, and this expan- 
sion cannot then be considered as a strain. The spring is not 
strained by such expansion ; on the contrary the original strain is 
diminished. 

But after the end of the spring passes the neutral point, if the 
spring stm continues to expand, the internal stress is opposite in 
direction to the expcmsion, and any expansion beyond this point is 
a strain. The spring is strained by such expansion. In this case, 
then, we have strain without any external stress. 

Experimental Laws. — Experiments made upon materials have 
established the following laws : 

1. When a small stress, either tensile or compressive or shearing, 
is applied to a body, a small corresponding tensile, compressive or 
shearing strain is produced, and on the removal of the stress the 
body returns to its original dimensions. 

When the stress, either tensile or compressive or shearing, ex- 
ceeds a certain amount, which varies according to the character of 
the stress and the material, the body on removal of the stress does 
not return to its original dimensions. The portion of the strain 
which remains permanent is caUed the set. The unit stress for 
which set is firat observed is called the elastic limit for tension, 
compression or shear. 

3. So long as no set is observed, or so long as the unit stress is 
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less than the elastic limit, the strain is proportional to the stress 
which produces it. After set is observed, or when the unit stress is 
greater than the elastic limit, the strain increases more rapidly 
than the stress which produces it, until finally rupture occurs. 

4. A suddenly applied stress or shock is more ^injurious than a 
steady stress or a stress gradually applied. 

Determination of the Elastic Limit.— Let a bar AB of uniform 
cross-section A have an external stress or force F 
— applied to it which elongates, compresses or shears 
the bar. In the figure we suppose elongation. As 
the bar then elongates, internal stress acts in a 
direction opposite to the elongation. The elonga- 
tion is then a strain. Denote this strain by A and 
let the original length of the bar be I. Let s be t^e 
strain per unit of length. Then we have 



B 



\l 



X 



*=r 



(1) 



If the external stress or force F is applied in the axis of the bar, 
the internal unit stress or stress per square unit of cross-section is 



A 



(2) 



Now according to the laws just stated, so long as the unit stress 
is less than the elastic limit Se , tfie strain is proportional to the 
applied stress which produces ity and no set will be observed upon 
removal of the stress. 

If then we double the external stress 2^, we shall observe a double 
strain 2A, and so on. 

It is evident that if we lay off the unit stresses S= -r^ 28=^ -r-, 

SF 
SS= -J-, etc., to scale along a horizontal line, and lay off the cor- 
responding observed strains A, 2A, 3A, etc., as ordinates, we shall 
obtain, so long as the unit stress S 
does not exceed the elastic limit 
Se , a straight line OP. 

By thus carefully plotting the 
results of experiment, whether of 
compression, tension or shear, we 
can detect the point P at which 
deviation from the straight line 
occurs. The correspondmg unit 
stress Se is the elastic limit for 
tension, compression or shear. 

The elastic limit is then the unit stress within which the law of 
proportionality of strain to stress holds ^ood. 

When the unit stress exceeds this limit, we no longer have a 
straight line, but the strain increases more rapidly than the stress 
until rupture occurs, and we have from P a curve convex to the 
horizontal. Also if we observe the set, we have a similar curve 
SeQy the ordinates to which give the set for any unit stress greater 
than Se. 

Coefficient of Elasticity.— If we suppose the law of proportion- 
ality of strain to stress to hold good without limit, it is evident 
that the results of experiment represented by the preceding figure 
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wiU enable us to calculate the unit stress which would cause a 
strain equal to the original length I. This unit stress is called the 
ooefficient of elasticity. We denote it by E. 

The coefficient of elasticity, then, is that unit stress which would 
cause a strain equal to the original lenath provided the law of pro- 
portionality of strain to stress were to hold good without limit. 

We can easily compute it from the preceding figure. Thus let 
the straight line OP oe produced indefinitely and let the strain 
EB = 1 = the original length. Then OE gives the coefficient of 
elasticity E, and we have by similar triangles 

S:X::E:l, or JEJ = ^ = r^. • • • • iX) 

A AA 

E 
since the unit stress 5 = -r-, where F \b the applied stress and A is 

the area over which it is distributed. 

Since the strain per imit of length 8 = 7, we also have 

^=|; (2) 

or, the coefficient of elasticity is the ratio of the unit stress to the 
unit strain. 

From (1) we can determine E by experiment for any given ma- 
terial. When E is thus known we can find in any case the strain 
caused by any unit stress unthin the elastic limits by the equation 

IS _ IF 
^""'E^EA ^^^ 

Inversely, the stress F corresponding to the strain A is given 
within the elastic limit by 

F^j^'^E = sAE. (4) 

These formulas apply either to extension, compression or shear. 

Work and Coefficient of Besilience.— If the unit stress iSdoes not 
exceed the elastic limit Se , we see from the fi^re page 280 that 
since OP is a straight line, the work done per unit of area is equal to 

the unit stress multiplied by the mean strain which is g . We have 

then for the work per unit of area done by the unit stress S in 

causing the strain X 

W 1 

or, since the total stress F = SA, 

W='^FX, (1) 

or the work of the stress J^ in causing the strain A is one half the 
product of the stress and strain within the Mastic limit. 
At the elastic limit we have from equation (3), 

A = i^, and F=zSeA. 

Ml 



282 APPLICATIONS OF STATICS, [CHAP. IL 

Hence the work done in straining the body to the elastic limit is 

where V is the volume of the body, or F = Al. Since at the elastic 
limit there is no set, this is the work which the body can do in re- 
turning to its original dimensions. It is therefore called the work 

of resilience. The coefficient -^, or the work per unit of volmne, 

is called the coefficient of resilience. 

The work of resilience is then the work which a body can do in 
returning to its original dimenaiona when it has been strained up 
to the elastic limit. 

The coefficient of resilience is the v)orh per unit of volume done 
by the body under such circumstances. 

The work of resilience measures the ability of the material to 
withstand shock or the suddenly applied stress produced by a 
moving body. To bring such a body to rest requires work. If this 
work is not greater than the work of resilience, the elastic limit is 
not exceeded. 

From the Table of Average Properties of Materials given on 

Ea^e 290 we can compute the following average values of the coef- 
cient of resilience: 

Coefficient of Resilience. 

Timber 3 inch-pounds per cubic inch. 

Cast iron 1.2 ** 

Wrought iron .. . 12.6 " " ** " 

Steel 26.6 " " '* " ** 

We see from the figure page 280 that we cannot express the 
work done in straining a body to the breaking point by a formula, 
because the law of the relation of stress to strain beyond the elastic 
limit is unknown. Moreover, such work could not be properly 
termed work of resilience^ since it can not be performed by the Dody 
when the stress is removed. The body if strained beyond the 
elastic limit does not return to its original length. Work of 
resilienc ethen is a measure of capacity to resist shock within the 
elastic limit only. 

Conditions of Equilibriom of a Deflected Beam.— A bar of any 
cross-section, constant or variable, whose length is great compared 
to its other dimensions and which is acted upon by forces at right 
angles to its length is caUed a beam. A cantilever beam is fixed at 
one end and free at the other. A bectm in general rests upon sup- 
ports at both ends. When a beam rests on more than two supports 
it is said to be continuons. 

Reactions of the Supports. — The supports of a bectm exert 
pressures caUed reactions. When a beam resting upon supports 
and acted upon by external loads or forces either concentrated or 
distributed, is at rest, we must have for eauilibrium, since the 
loads and reactions may be considered as co-planar (page 99): 

1st. The algebraic sum of all the vertical forces =0; 

2d. The algebraic sum of all the horizontal forces = ; 

3d. The algebraic sum of the moments of all forces with refer- 
ence to any point in the plane of the forces = 0. 

If the 1st condition is complied with, there is no motion up or 
down. If the 2d is complied with, there is no motion right or left. 
If the 3d is complied with, there is no rotation. 
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In taking the algebraic sums, forces upwards or to the right are 
positive, downwards or to the left are negative. Moments which 
tend to cause counter-clockwise rotation are positive, clockwise 
rotation negative. 

Thus suppose we have a horizontal beam AB of length Z, resting 
on the supports A and jB in a horizontal 
line, and loaded with a weight TF at a ^^ 
distance Zi from the left end. Then there 

are no horizontal forces and condition (2) , , . „ 

is satisfied. A«& | ; z^^b 






In order that condition (1) may be ^ *^' 



* — z^Uz^—^, 



satisfied, let R\ and B% be the reactions. w 

Then 

J^i + -R9- Tr=o. 

Take S as a point of moments. Then in order that condition (3) 
may be satisfied, we must have 

- Rd + W(l - zx) = 0. 

From these two equations, if we put Z — 2fi = 2f« , we obtain 

WZx 



^ Wd-^zx) Wz^ „ Wi 



or the reactions are positive and therefore act upwards and are 
inversely as the segments Zx , Zt into which the span I is divided by 
the load W. 

If the load is w per unit of length, uniformly distributed, then 
P ^wl ^ wj the entire load is wl^ and we can 

* * *' » consider this entire load as a single 



"Z 
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force acting at the centre of mass 

I 
of the loading, or at the distance ^ 

from each end. 
jr ' * Since there are no horizontal 

^ • forces, condition (2) is satisfied. In 

order to satisfy condition (1), we must have 

+ iii + ii« - u?^ = 0. 

Taking B as a point of moments, in order to satisfy condition (3) 
we have 

- 22i? + u?2 X =0. 

da 

wl 

From these two equations we obtain Rx = R% = -^,ot the reac- 
tion at each support is positive and therefore upwards and equal to 
one half the total distrinuted load. 

We can find in similar manner the reactions at the supports in 
any case. (For determination of reactions in genercd, see page 100.) 

Shearing Force and Shearing Stress.— The algebraic sum of the 
component parallel to a section at any point, of all the external 
forces on theleft of that section, we call the shearing force of that 
section. 

It is the force which tends to make the section slide upon the 
next consecutive section on the right. 

It is resisted by the shearing stress or resistance of the section to 
sliding. In the case of a beam acted upon by vertical forces, the 
algebraic sum of idl the vertical forces on the left of any vertical 
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cross-section is the vertical shearing force at that cross-section. If x 
is the distance of the cross-section from the left origin, we denote it 
hy Vx- If then Sw is the allowable or working unit shecuing stress 
of the material and A is the area of vertical cross-section of the 
beam at any point, the safe resistance to shear or the shearing 
stress of the beam at that point is SwaA. This must be equal ana 
opposite to the vertical shearing force F«. We must have then for 
safety as regards shearing at any point 



8wiA>-Vx 



(1) 



If Vx is positive or upwards for horizontal beam, StnA is nega- 
tive or downwards, and inversely. 

' Thus for a horizontal beam of length Z, resting on the supports 

A and B and loaded with the weight 
Wat a distance Zi from the left end, 
the left reaction is, as we have just 

seen. Hi = j . 

This then, according to definition, 
is the shearing force Vx for any 
point P between the load TTand the 
left end A. 

For any point between the load 
W and the nght end B the shearing 
force is 




Vx= -l-i^i- Tr=- 



Wzi 
I 



= -12.. 






The shaded area in the figure gives the shear at any point. 

If we have several loads TTi , TFi , TF« , etc., then for any point a 
between the left support and Wi 
we have Vx = Bi- For any point 
b between Wi and Wa we nave 
Vx = Bi— Wi. For any point c 
between Wa and Wa we have Vx = 
Bi — Wi— Wi. For any point d 
between Wa and the right end 

Vx = Bi-'Wi-Wt'-Wa=:-Bi 



A.r 



Wit w| wl 



+Ri 

A' 



The shaded area ^ves the ver- 
tical shear at any pomt. 

If we have a load w per unit of 
length uniformly distributed, we 
have at any point distant x from the left end 
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wl 



p -!^ 



Vx = 



wl 
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which is the equation to a straight 
line A'B'. The ordinate at any 
point a to this line is the shear 
at that point. The shear at the 
centre is evidently zero. At the 

left end A it is + -^, and at the 

2 



light end B it is — 



wl 
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Bending Moment.— In the case of the horizontal beam with a con- 
centrated load W at the distance Zi from the left end, let ifi^ be the 
algebraic sum of the moments 



Ri^^« 



:^.. 



^; 



I 



"■- « — ♦? 
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» ■ ■■■ * 



•«t-2-«r- 



w 



with reference to any point P 
distant x from tiie left end, of 
all the external forces betiveen 
thatpoint and either end. 

This moment tends to turn 
that portion of the beam on the 
left or right of any point about 

that point, or to cause bending. It is therefore called the bending 
moment. 

We have evidently two cases : when x is less than Z\ or when 
the point P is on the left of TT, and when x is greater than Zi or 
when the point P is on the right of W. 

Let us take the algebraic sum of the moments of all the forces 
on the left of the point P. Then we have for the bending moment 
at the point P for the case represented by the figure, 



when x<Zij Jfa = — Rix = — 
wJten x> Ziy 



Wz^x W{1 ~ zi)x 

~7~~ I ' 



* 

The minus sign shows that the forces on the left of any point P 
in the case represented by the figure tend to cause clockwise rota- 
tion of the left-hand portion AP of the beam about that point. 

If we take the algebraic sum of the moments of all the forces on 
the right of the point P, we evidently have for the bending moment 
at the point P, 

when X <Zi, Mx= + RiX ; when x> Zt, Mx= + R^il - x). 

The plus sign shows that the forces on the right of any point P 
in the case represented by the figure tend to cause counter-clock- 
wise rotation of Uie right-hand portion BP of the beam about that 
point. 

In general, since the beam is in equilibrium, the bending moment 
due to all the forces on one aide of any point is alxvays equal in 
nMffnitiide and opposite in direction to the bending moment due to 
all the forces on the other side of that point. 

In the case, again, of the horizontal beam with the load w per 
unit of length urdfonnly distributed, the load over any distance x 

from the left end is tox, and we 
can take this load as acting at its 
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point P 



centre of mass, or at a distance -^ 

from the left end and from P. 

If we take the algebraic sum 
of the moments of all the forces 
on the left of the point P, we have 
for the oending moment at the 



It = - RxX + tuo? X - = — —(JL — x). 



Here again the minus sign shows that the forces on the left of 
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any point P tend to cause clockwise rotation of the left-hand portion 
AP of the be€un about that point. 

If we take the algebraic sum of the moments of all the forces on 

the right of P, we obtain JIf* = + -^(Z — x), or ooimter-clockwise 

rotation. 

We see from the preceding illustrations how to find the bending 
moment Mx in any given case at any point P. 

Although the beam bends under the action of the external forces, 
the deflection in all practical cases is always very small in compari- 
son to the length. 

We therefore always consider the beam as straight in finding 
the reactions and bendinj^ moment ; that is, we assume the deflection 
as very small in comparison ivith tlie length. 

Graphic BepreBentation of tiiie Bending Moment. — The graphic 
method of page 148 can be used to determine the bending moment 
at any point of a beam. 

For a beam with a single concentrated load we see at once from 

the preceding Article that the mo- 
ment at the load is greatest and 

equal to r^'. The moment at 

each end is zero, and the ordinate 
at any point to the lines AC, BC 
gives the bending moment at that 
point. 
For a load w per unit of length uniformly distributed, the bend- 

ing moment Mx= o"(^ "" ^) ^ *^® equation of a parabola whose 

maximum ordinate at the centre of 

the span is -3-. The ordinate at any 

o 

Eoint to this parabola gives the 
ending moment at that point. 

Neutral Axis. — ^We consider a 
beam to be made up of an in- 
definitely great number of horizontal or parallel fibres of indefinitely 
small area of cross-section, placed side by side. 

When a beam bends, the fibres on the convex side are elongated 
and those on the concave side are shortened. Near the centre, then, 
we must have a plane of fibres which are neither extended nor com- 
m'essed, but remain of the same length before and after bending. 
This plane is called the neutral plane, and the line in which the 
neutral plane cuts the plane of any cross-section of the beam is the 
nentral axis for that cross-section. 

Thus in the figure AC represents the neutral plane and XX the 

neutral axis. 
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portional to its distance from the neutral axis. 



Position of the Neutral 
Axis. — ^We assume that anv 
cross-section. as DD^ which 
is plane before fiexure, re- 
mains plane after flexure. 
Thus let the plane DJD before 
flexure be represented by the 
plane BB after flexure. Then 
the sti'ain of any fibre is pro- 
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We also assume that the elastic limit is not exceeded. Hence 
the stress in any fihre is proportional to the strain and therefore 
proportional to the distance of the fibre from the neutral axis. 

Let Sf be the unit stress within the elastic limit in the eoctrem^ 

outer fibre of the cro8Ssection,oT the fibre most remote from the neutral 
axiSy and v its distance from the neutral axis. Let a be the cross- 
section of a fibre. Then the stress in the extreme outer fibre at the 
distance v is Sfdy and the stress in any other fibre at a distance y 

from the neutral axis is ^ Sra. The sum of all the fibre stresses 
above and below the neutral axis is then 



2^Sfaz=.^2ay. 



V V 

But since the beam is in equilibrium and all the external forces 
are vertical, the sum of all the horizontal fibre stresses in any 
cross-section must be zero. We must have then ^ay = 0, or the 
neutral axis must pass through tlie centre of mxiss of the cross- 
section (page 17). 

The line AC passing through the centre of mass of every cross- 
section is the neutral axis of the beam. 

Resisting Moment. — We have seen, page 285, how to find the 
bending moment Mx at any point R| 

of a beam distant x from the left \ Hb^ 

end. The bending moment bends 
the beam or tends to cause the 
portion of the beam between the 
point and the left end to turn 
about that point. 

In the figure take the point C 
on the neutral axis, distant x 
from the left end. Then, as we 
have seen (page 285), we have for ^ 

the case- represented, for the bending moment at any point of the 
cross-section at O, 

^ Wz,{l - X) 

if 0? > Zu This moment is negative and hence the effect of the ex- 
ternal forces Ri and TTon the left of C is to cause clockwise rota- 
tion of the portion AC of the beam about C 

But if the beam is in eouilibrium, the bending moment Mx must 
he balanced by the sum of the moments of the fibre stresses of the 
cross-section (wove and below C, with reference io C. 

Now any fibre stress of the cross-section, at a distance y from 

the neutral axis, is, as we have just seen, -S/a, where a is the cross- 
section of the fibre and Sf the unit stress within the elastic limit in 
the most i*emote fibre of the cross-section at the distance v from the 
neutral axis. The moment of any fibre stress at the distance y 

Sf 
from the neutral axis is then —ay\ and the sum of all the fibre- 

V 

stress moments of the cross section with reference to the neutral 

Sf 
axis is -^2ay\ 

But (page 271) Say* is the moment of inertia I of the cross-sec- 
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tion with reference to the neutral axis. Hence the siun of the 
moments of all the fibre stresses of the cross-section with reference 
to the neutral axis at Cis 

Sfl 

V 

We call this the resisting moment, because it resists the action 
of the bending moment Mx and thus prevents the portion of the 
beam AC from turning about the neutral axis at C under the action 
of the external forces on the portion AC. The bending moment Mx 
is therefore always equal in magnitude and opposite in direction to 
the resisting moment. If we consider always the fibres belonging 
to that portion of the beam on the left of the cross-section, then the 
resisting moment of these fibres is always opposite in direction to 
the benaing moment of aJl external forces on the left and in the 
same direction as the bending moment of all external forces on the 
right. We have then 

^= T Afe, (II) 

where we take the minus sign if we take Mx for all external forces 
on the left J and the plus sign if we take Mr for all external forces 
on the right, the resisting moment being ahcays that due to the 
fibre stresses of the left-hand portion. If this latter moment comes 
out minus, it indicates then compression in the bottom fibres; if 
plus, tension in the bottom fibres. 

By the use of (II) we can find, in any given case, the load which 
a beam will carry for any given value of S/ within the elastic limit. 
We can also determine tne shape of the beam for uniform strength, 
that is, for 8/ the same at every cross-section. 

Equation (II) takes into account the fibre stresses of the entire 
y^-i — SA I AaI cross-section whatever its shape. If 
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a beam consists of two flanges and a 
web, it is sometimes customary to 
disregard the web. In such case, if 
h is tne effective height or disteuice 
from centre to centre of flanges, and 
A is the area of one flange at any point, and S the unit stress, we 
have, taking moments about the centre of the other flange, 

SAh= 7 Mx. 

Coefficient of Rupture. — ^In all the preceding discussion of the 
equilibrium of a beam we have assumed — 

1st. That the deflection is very small compao^ to the length. 
2d. That any cross-section plane before flexure remains plane 

after. 
3d. That the elastic limit is not exceeded. 
When a beam is loaded to the point of rupture, the third as- 
sumption is violated. The strain is then no longer directly as the 
distance from the neutral axis, and the second assumption no longer 
holds. Also, the first is often not allowable. 

We can therefore properly apply equation (II) only when the 
elastic limit is not exceeded. 

Now when a beam is loaded to the point of rupture, we assume 
an equation of the same form as (II), and write 

^=TMr an) 

V 
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where Mr is the bending moment at the croBS-section where rupture 
occurs, or the dangerous cross-section, I is the moment of inertia 
with reference to the neutral axis of that cross-section, and Sr is the 
unit stress in the most remote fibre of that cross-section at the dis- 
tance V from the neutral axis where rupture occurs. 

When the cross-section of the beam is constant, I and v are con- 
stant, and we see from (II) that the outer fibre stress S/ is ^eatest 
at the point where the bending moment Mx is greatest. Tne dan- 
gerous cross-section for a beam of constant cross-section is then the 
one for which the bending moment is a maximum. 

The value of Sr determined from equation (III) by experiments 
made at the breaking point is called the coefficient of mptnre. 

Let St be the iinit stress of direct tension and Sc the unit stress 
of direct compression which ruptures a bar. We call St the nlti- 
mate tensile strength, and Sc the nltimate compressive strength. The 
ultimate compressive strengths of tension and compression are not 
in general equal. Thus for timber (Table page 290) the tensile 
strength is the greater, while for cast iron the compressive strength 
is the greater. 

If equation (II) held good beyond the elastic limit, we should 
expect to find Sr in (III) equal to the least ultimate strength of the 
material, either tension or compression as the case may be. But as 
a matter of fact Sr is always found by experiment to lie necu'ly 
midway between St and Sc when they are different. 

Experiments upon the value of Sr are not numerous ; and when in 
any case the value of Sr is not known, but S^ and Sc are known, we 
can find an approximate value for Sr by taking the mean value of 

St and Sc , or putting Sr = -^ — -. 

By the use of (III), then, we can estimate more or less accurately 
the breaking weight of a beam. 

Table of Properties of Materials. — We give in the following 
Table average values of the ultimate compressive strength Sc , the 
ultimate tensile strength St , the coefficient of rupture Sr , the elas- 
tic limit & and the ultimate strength /Sw— all in pounds per square 
inch. We also give the coefficient of elasticity E in pounds per 
square inch as determined by experiments in direct compression, 
tension and shear. Also the density '^ or mass of a cubic foot of 
material in pounds. 

All these values are averages and liable to great variations for 
different grades and qualities of materials. Thus, for instance, 
timber varies in its qualities according to kind, and each kind 
varies according to soU, climate, season when cut, method and 
duration of seasoning, direction of fibres with reference to stress, 
form and size of test specimen, etc. So, also, iron and steel vary 
according to quality, process of manufacture, whether in bars, 

Elates or wire, etc. Such average values as we ffive, then, can only 
e used in preliminary computations. In actual cases of investiga- 
tion and design, special experiments must be made with tne 
materials actu^ly used. 

As to density or mass per cubic foot, a rule which should be 
noted by the student is that a bar of wrought-iron one squ^are inch 
in cross-section and one yard long (or 36 cubic inches) weighs ten 
pounds. Thus the weight per foot in pounds of a bar of uniform 
cross-section is at once given by multiplying the area of cross-sec- 
tion in square inches by 10 and dividing ov 3. Inversely, if the 
weighf per foot in pounds is given, multiply by 3 and divide by 10 
for the area of cross-section in square incnes. 
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Steel is about two per cent heavier and cast iron six per cent 
lighter than wrought iron. 

Stone is about one third, brick one fourth, timber one twelfth 
the weight of wrought iron. 

When a test specimen is ruptured by direct tension, it elongates 
rapidly after the elastic Umit is reached, and the area of cross-sec- 
tion is in general greatly reduced. The ultimate elongation, taken 
in connection with the reduction of area, indicates the ductility of 
the material. 

Thus a material which has a high ultimate strength hut shows 
little elongation and reduction of area is brittle. We have there- 
fore given in the Table the average value of the ultimate elonga- 

tion per unit of original length ^ = y- 

TABLE OF AVERAGE PROPERTIES OF MATERIAIA. 





Ultimate 
Compres- 

sive 

Stren^h. 

Sc 


Ultimate 

Tensile 

Strength. 

8t 


intimate 
Elongation 

X 


Coefficient 

of 
Rupture. 

8r 


Elastic limit. 


Timber 

Brick 


Ibiiperfq.in. 

8000 
2500 
6000 

90000 

55000 
150000 


lbs. per fq. in. 
10000 


In. p«rUn.4B. 

0.015 


Ibs.perw].ln. 
9000 


Ib>. per sq. In. 

8000 


Stone 


20000 

55000 
100000 


• • • • • • • 

0.005 

0.15 
0.10 


2000 

85000 

55000 
120000 




Cast iron 

Wrought iron. . 
Steel (stractaral) 


j 6000 tension 
(60000comprwmon 

25000 

40000 




Ultimate 
Shearini? Strength. 


Ck)efflcient of 

Elasticity 

K 


Density 


Timber 

Brick 


U«.per tq. Iil 

600 longitudinal 
8000 transverse 


Iba. par aq. in. 

j 1500000 tens, or compress. ) 
] 400000 shear \ 


lb. puoalt. 

40 

125 


Stone 




OOOOOOn rtnmnraAainn 


160 


Cast iron 

Wrought iron . 
Steel (structural) 


20000 

50000 
70000 


j 1500000 

1 600000 

J2500000 

(1500000 

8000000 


tens, or < 
shear 
tens, or < 
shear 
tens, or < 


x>mpre88. ) 

compress. 

Bomprees. 


450 

480 
490 



Factor of Safety and Working Strets.—- The ratio in any case of 
the ultimate strength to the actual working unit stress is called the 
factor of safety. Thus if the ultimate stengUi or unit stress at the 
point of rupture in any case is denoted in general bv /Su, and if Sm 
IS the working unit stress, we have for the factor of safety in that 
case 

ti ^ -^— , or fiSw = Su ' 

The factor of safety, then, is a number which tells how many 
times the actual unit stress are necessary to produce rupture. 
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The safe or working unit stress is then found by dividing the 
ultimate strength by the proper factor of safety. It should always 
be well within the elastic limit. If then the elastic limit is known, 
the working stress can be chosen with reference to it. This is the 
best and most rational method of determining the working unit 
stress. But it is in many cases difficult to determme the elastic limit, 
while the ultimate strength is more readily and definitely deter- 
mined and in general better known. Hence the employment of a 
factor of safety in connection with the ultimate strength. 

The f ollowmg Table gives the average values of the factors of 
safetj usually adopted. These values are not to be used arbitrarily, 
but m the bght of judgment and experience. In any important 
engineerine structure special experiments upon the materials actu- 
ally used should be made in order to determine their properties as 
to coefficient of elasticity, elastic limit, ultimate strength, etc., and 
materials not coming up to a specified standard rejected. From 
such experiments the working stress can be decided m view of the 
actual qualities of the material. The average values in the Table 
can, however, be used for preliminary estimates. 

TABLE OF AVERAGE FACTORS OF SAFETY. 



liaterua. 



Timber 

Brick and stone. 

Cast iron 

Wrought iron. . . 
Steel (structural) 



For Steady 

Stress 
(Buildings). 



8 
15 
6 
4 
5 



For Varjring 

Stress 
(Bridges, etc.). 



10 

25 

10 

6 

7 



For Shocks 
(Machines). 



15 
80 
16 
10 
10 



In order, then, to find the working unit stress Sto in any ease, we 

divide the ultimate unit stress Su by the factor of safety n, as given 

by the preceding Table. This gives us in any case a constant work- 

S 
ing unit stress Sw = -^. For average values we have then the 

n 

following Table for working unit stress, which may be used for 
preliminary estimates. 

TABLE OF WORKING UNIT STRESS 8^, IN POUNDS PER SQUARE INOH. 



IfaterfaL 


Steady Stress 
CBuildings). 
Ste 


Yarying Stress 
(Bridcres, Roofs, etc.). 
Sw 


Shocks 
(Machines, etc.). 
&0 




Tens. 

laoo 


Comp. 

1000 
170 


Shear. 


Tens. 


Comp. 

800 

100 

240 

9000 

9000 

21000 


Shear. 


Tena 
[700 


Comp 


Shear. 


Timber.... 
Brick 


J 80 long. 
'i400tnuu. 


[lOOO 


j 80ioii«. 
ISOOtnni. 


600 

80 

200 

8000 

5500 

15000 


j 40 long. 
(200tnuM. 


Stone 




400 












Cast iron . . 
Wrought 

iron 
Steel (struc- 
tural).... 


8800 
14000 
90000 


16000 
14000 
80000 


8800 
12500 
14000 


2000 

9000 

14000 


2000 

9000 

10000 


1800 

5500 

10000 


1300 
5000 
7000 
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In order to determine the area of cross-section A for simple 
tension or compression or shear, we have then simply to divide the 
total stress hy the working unit stress S^, We nave then, wJien 
flexure ia not to he apprehended^ for steady or varying stress or 
shocks, 

A — ^^ stress 

Svo 

Sometimes we have alternating stress^ i.e., sometimes tension 
and sometimes compression, as in the connecting rod of a steam- 
engine. In such case it is a common practice, for the sake of 
security, to find the area of cross-section for each stress and t^ike 
the sum. Thus, if flexure ia not to be apprehended, 



A = 



total tensile stress total compressive stress 



Sto S\ 



w 



When flexure is to he provided against, we must proceed as on 
page 361. 

Variable Working Stress.— The fact that the working unit stress 
StOi as determined in the preceding Article, is constant in any case 
is by many engineers considered oojectionable. 

The toUd unit stress can in general be divided into two portions. 
The one portion is a steady unit stress always existing, such as that 
due to weight or dead load. The other portion is a repeated unit 
stress such as that due to loads recurring at intervals. 

Evidently, when the ratio of the steaay stress to the total stress 
is great, we should be able to take a greater working unit stress 
than when it is small. Thus when the steady stress is equal to the 
total stress, there is no repeated stress at all and the working unit 
stress should have its greatest value. On the other hand, when the 
steady stress is zero, we have repeated stress only and the work- 
ing stress should have its least value. 

It is therefore custonmry to take for the working unit stress, 
whenfleocure is not to be apprehended, for repeated stress, 

a — ^ /i . Su — Sp steady s tress \ ^ 

Su:^—^1 + —^ totS"SSirj- • • • ^^> 

From equation (I) we see that when the steady stress is equal to 
the total stress, that is, when there is no repeated stress, we have 

Sto = — , where Su is the ultimate strength and n the factor of 

safety, just as in the preceding Article. 

But when the steaay stress is zero, we have only repeated stress, 

and equation (I) gives us Sw=—' Hence Sp must be the ultimate 

strength for repeated stress. We call this the " repetition strength^ 
In like manner, when flexure is not to be apprehended, we have 
for the working unit stress, for alternating stress, 

o — §p( 1 _ Sp~-Sv least of the two opposite stresses \ .jj. 
n \ 'Sp ' greatest of the two opposite stresses/ 

From equation (II) we see that when one of the two opposite 

stresses is zero we have Sw ~ — , as in the previous case for 

n 

steady stress zero. 
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But when the two opi>osite stresses are equal we have Sw = — ^. 

Hence Sv must be the ultimate strength for equal alternating 
stresses. We call this the ** vibration strength^ 

The difficultv and uncertainty of determining Sp and Sv by 
experiment, ana the few experiments available, make the method 
of the preceding Article the most generally accepted. 

The method of equations (I) and (II) of the present Article is, 
however, the most rational, and it is quite extensively used with 
certain assumed average values for Su^ Sp and Sv, as given in the 
foUowing tabulation : 



Wood 



Wrought iron. 



Cast iron. 



Steel (structural) 



Sp 


8u-8p 


n 


Sp 


400 


2 


7500 


1 


10000 


4 
8 


17870 


1 



sp-89 
Sp 



1^ 

2 
1 
2 
2 
5 
7_ 
15 



These values are for direct stress of tension or compression. For 
shear we take four fifths of Stoss determined above. 

In order to determine the area of cross-section A, we have in all 
cases 



A = 



total maximum stress 

Sto 



: When flexure is to be provided against we must proceed as on 
page 361. 

Strength of Pipes and Cylinders. — Let p be the pressure per 
square inch on the interior surface of a pipe or cylinder due to the 
pressure of water or steam. It is a well-known principle of physics 
that the pressure of a fluid in any direction is equal to the pressiu*e 
on a plane perpendicular to that direction. 

Hence in the figure the pressure P, say in a vertical direction, is 
equal to the pressure on a horizontal 
plane Id, where I is the length and d is 
the interior diameter. We have then 
P = pld. If Sw is the safe working 
unit stress for the material for tension, 
and t is the thickness, we must have 
then 

_ pd 




pld = W^Sw , or ^ = 



2S 



w 



(1) 




Pipes come in commercial sizes, and the preceding formula en- 
ables us to select the nearest commercial size for given pressure, 
diameter and safe working unit stress. 

If we consider the preceding figure as a closed cylinder, then the 
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pressure on the head is p x — , and the area of cross-section is 
icdt. We have then 



p X ^ = ndtSto, or * = . ^ • 

4 4oio 



(2) 



Hence the thickness to resist longitudinal rupture is twice that 
necessary to resist end rupture. For water pressure, if the head h 
is taken in feet, the pressure in pounds per square inch is p = 0.434^ . 

Biveted Joints. — In a riveted joint the resistance of the rivets 
due to shear should equal the tensile stren^h of the plates joined. 

Kinds of Riveted Joints. — We may distinguish the following 

joints : 

Ut. Simple ''Lap'' Joint, Single-riveted,— Fig. 1 shows this 

joint front and side. The two plates overlie 
each other by an amount equal to the ''lap'' 
and are united by a single row of rivets. The 
distance p from centre to centre of a rivet is 
called the pitch. We denote the diameter of 
rivet by d and the thickness of plate by t. 

2d. "Lap" Joint, Double - riveted. — This 
joint is similar to the preceding, except two 
rows of rivets are used. In both cases the 
rivets are in single shear. 

In all cases where more than one row of 
rivets is used the rivets are "staggered," or 
so spaced that those in one row come midway 
between those in the next, as shown in Fig. 2. 
Lap joints are used in tension only. 




t 



Fig. 1. 




i^/l 



( = ::) 



< = :> 



u 



o o o 



o_^o o 



^ M •■ M ^ 



(:: 



Fig. 3. 



Fig. 8. 



3d. " Butt" Joint, Single-riveted, Tico Cover-pUUes. — ^Here the 
two plates are set end to end, making a " btdt " joint, and a pair of 
"cover-plates" are placed on the back and cront and riveted 
throuen by a single row of rivets on each side of the joint (Fig. 3). 
The plates in such a joint are in general not allowed to actually 
touch, and the entire stress, whether tensile or compressive, is there- 
fore transmitted by the rivets. The thickness of the cover-plates 
should not be less £han half the thickness of the plates joinea, ex- 
cept when this rule would give a thickness less than i inch. Owing 
to deterioration of the metm by the action of the weather, no plate 
is used in construction less than \ inch in thickness. Hence if the 
plates joined are less than i inch, the cover-plates should be i inch. 
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Fig. 4. 



4tth, '' Buit^^ Joiniy One Cover-plate, Single-riveted, — This is the 
same as the preceding except that one cover-plate only is used, of 
the same thickness as the plates themselves. 

5th. Double-riveted ''BuM^^ Joint, Two Cover-plates. — This joint 
is the same as case 3, except that we 
have two rows of rivets on each side 
of the joint. 

The thickness of the cover-plates 
is determined by the same considera- 
tions as in case 3. 

eth, ''Butt'' Joint, One Cover- 
plate, Double - riveted. — This is the 
same as the preceding case, except 
that there is only one cover-plate of 
the same thickness as the plates them- 
selves. 

7th, Chain Riveting, — When we 
have more than two rows of rivets on 
each side of a butt joint, the system 
is called chain riveting. Such a dis- 
position becomes necessary when the 
requisite number of rivets is so great that they cannot be disposed 
in two rows without unduly weakening the plates. 

Theory and Practice of Eiveting. — A rivet may fail by shearing 
across or by being crushed. The plate may fail by rupture between 
the rivets or by tearing through of the rivets at the edge of plate. 
The rivets should be so proportioned and spaced that the strength 
for any method of failure may be equal and the plates weakened as 
little as possible. 

Notation. — Let Sw be the working: unit stress of the plates, either 
compression or tension, Swc the working unit stress for compression, 
StoB the working unit stress for shear, t the thickness of the plates, 
d the diameter of rivet, p the pitch of rivets in a row, or the distance 
from centre to centre in a row, and n the niunber of rivets. 

Diameter of Rivets. — ^Then the area of a rivet is -— = 0.7864(r. 

4 

The shearing resistance of a rivet is 0.7854d'jSiw, and the total shear- 
ing resistance of n rivets is 0.7864nd*S«w. The bearing surface of a 
rivet is dt, of n rivets ndt, and the resistance to crushing ndtSti^. 
For equal strength of crushing and shearing we have for single 
shear, or lap joint, 

0.7SUnd*Sw8 = ndtStce, or d = ~^='. . . . (1) 
For double shear, or butt joint with two cover-plates, we have 

tSwc 



1, ^OSnd^Sttm = ndtStoc , or d = 



. (2) 



1.5708&M 

For threefold shear we have 3 x 0.7854 in place of 0.7854 in (1), 
and so on. 

It is customary to take Sine = 12500 lbs. per square inch and 
Sw$ = 7600 lbs. per square inch for wrought-iron rivets in single 
shear. 

We have then 

d = 2.12^ for single shear; 

d = 1.06^ for double shear 

Practical Value of d. — Owing to risk of injury to the material in 
punching, the diameter of rivet must always he at least as large as 



'.\ 



(3) 
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the thickness of the thickest plate through which it passes, and the 
diameter as given by (1), (2) or (3) must be chosen with reference to 
this restriction. The least allowable thickness of a plate is i inch. 
We should have then as a lower limit for double shear, d = i inch. 
But rivets as small as this are rarely used. Usually | inch is the 
least diameter allowable. A common practical rule is 

d = l« + ^/ (4) 

where d is the diameter of rivet, and t the thickness of the plate in 
inches. When this rule gives d greater than (1), (2) or (3), we use 
it; otherwise we use (1), (2) or (3), unless considerations of pitchy as 
given in what follows, prevent. 

Pitch of Rivets— The area of plate between two rivets is (p— d)t\ 
and if /St0 is the working unit stress of tension or compression for 
the plates, and Su» the working tmit stress for shear, we have for 
equal strength: 

for single shear or lap joint ' 

(p^d)tSw = '^SwM, or p = df 1 + 0.7864^V- 

for double shear or butt joint 

(p-'d)tSw = ^S^es. or p = d(l + 1.6708^V 

Since Su>» and Sw are nearly equal, we have practically, if A is 
the area of cross-section of a rivet, 
for single shear 



p = dfl + 0.7854^ j =d + j; 

for double shear 

p = d(l + 1.5708^] = d + 



2A 

t ' 



(JS) 



The plate section is reduced by punching from jp^ between two 
rivets to (p — d)t, so that in the case of a tension jomt the strength 
is reduced in the ratio 

p-d 1 1 

^ — or — 



p 1 + 4 1+^* 



3rd ltd 

We see at once that for a given thickness t a large rivet gives a 
large pitch and less reduction in strength than a snmll rivet. Small 
rivets allow a less pitch at a sacrifice of strength. But the less the 

Sitch the tighter the joint. When strength rather than tightness is 
esired, as in bridges and parts of buildings and machines, we should 
then use a large rivet. When tightness is essential, as in steam- 
boilers, we should use a small rivet with a sacrifice of strength. 

Practical Restrictions, — Owing to risk of injury to the material 
in punching and liability to tear out, rivets are not allowed a pitch 
of less than 3 diameters^ or, if this distance is less then 3 inches, as 
it usually is, less than 3 inches. Rivets should not be spaced farther 
apart than 6 inches in any case, or, when the plate is in compres- 
sion, 16 times the thickness of the thinnest outsiae plate. This last is 
to guard against buckling of the outside plate between rivets. With 
these restrictions we may apply (5). 

Number of Rivets, — Guiaea by the preceding restrictions and 
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rulee, we can select in any caae a suitable size of rivet. This done, 
we can easily determine the number required. 

A rivet ia considered ae failing either by shearing across or by 
crushing. In any case, then, the diameter being chosen, we must 
take such a number as shall give security aeainst these two methods 
of failure, choosinz the greater number. In general the number to 
resist crushing-will be more than enough to resist shear. Still we 
should try for both. The bearing area of a rivet is the projection 
of the hole upon the diameter, or dt. 

The allowable compressive stress is about 12500 Ibe. per square 
inch. The allowable shear is taken at 7S00 lbs. per square inch for 
single shear. 

In the f ollowingTable we have ^ven the safe shearing and bearing 
resistance for rivets of different sizes and for different thickneeses 
of plate. Having chosen, then, the size of rivet, an inspection of 
the Table will give its resistance. The stress to be resisted being 
known, the number to resist this stress either by bearing or shear- 
ing is easily determined. The greatest of these two numbers is 
taken, with enoueh over in any case to complete the row or rows. 
As most practical cases are double shear, the greatest number will 
usually 1^ determined by the bearing resistance. 

Distance from End to Edge. — The distance between the end and 
edge of any plate and the centre of rivet-hole, or between rows, is 
fixed by practice at never leaa than li inches, and when practicable 
it should De at least 3 diameters for rivets over 6 inch diameter. 

Joints in Compreaaion. — The size and number of rivets are deter- 
mined for joints in compression precisely as for joints in tension, 
because the joints are not considered as in contact and hence the 
rivets must transmit the stress in either case. 
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Investigation and Designing of Beams. — From page 284 we 
must hav^for safety, as regar& shearing, at every point of abeam 

SwbA^-Vx, (I> 

where A is the area of vertical cross-section at any point, Sw» is the 
working unit stress for shear and Vx is the vertical shearing force 
at any point, or the algebraic sum of all the vertical eztemai forces 
between any point ana the left end. 
From page 288 we have 

^ = T Afc, (II> 

where J^ is the unit stress within the elastic limit in the most* 
remote ffbre of any cross-section at a distance v from the neutral 
axis, I is the moment of inertia of that cross-section with refer- 
ence to the neutral axis, Mx is the bending moment at that cross- 
section of all the external forces on either side between the cross- 
section and either end, the minus sign being taken for forces on 

the left and the plus sign for forces on the right, and =^ is 

the resisting moment at the cross-section of the fibres belonging la 
the left-harSi portion of the beam. If then this comes out minus 
we have compression in the bottom fibres, and if it comes out plus 
we have tension in the bottom fibres. 
We have also, from page 288, 

-^ = Tjif„ ail) 

where Sr is the coefficient of rupture, or the breaking unit stress in 
the most remote fibre at the dangerous section, and Mr m the bend- 
ing moment at that section. 

From (III), if Sr is known, we can find in any case the breaking 
we ig ht. Average values of Sr are given in the Table page 290. 

When experiments upon Sr are lacking we may use a mean 
value between the ultimate tensile and compressive strength for 
approximate calculations. If we divide the breckking weight by 
the fax^tor of safety (page 291), we obtain the allowable or working 
load. 

From (II) we can find the load for any value of Sf within the 
elastic limit Se (page 290). If we put for aj the working unit stress 
Sto (page 292), we also obtain the working load. 

We can also find from (II) the shape for uniform strength. The 
following cases will make plain the application of these equations. 

Casel. Cantilever Beam— Load w at the Free End. — Let I be 
the length of the beam and x the distance from the free end of any 
cross-section through the point C of the neutral pZane (page 286). 

Then the bending moment at that point is 

Mx= -¥ Wx, or -Mt = — Wx, 

according as the weight TFis on the left or right of the point P. 

In both, cases, then we have from (II), for the resisting moment 
of the fibres belonging to the left-hand portion of the beam ACy 

V 
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where J is the moment of inertia of the cross-section at C, and Sf is 
the stress in the most remote fibre of that cross-section at the dis- 
tance V from the neutral axis. The minus sign denotes that we 
have compression in the lower fibre in both cases, as shown in the 
figure. 




A 



We have then, without reference to direction of rotation, 

Wvx 



Sf = 



or 



1F= 



-Sjl 



vx 



(1) 



(2) 



From (2) we can find in any case the load TT which will cause a 

fiven stress Sf in the most remote fibre of any cross-section at any 
istance x from the free end. 
From (1) we can find the stress Sf for any given load W. 
In any case we have only to substitute the value of r, x and /. 
1. Breaking Weight — Constant Cross-section. — Rupture will 
occur at that section for which Sf ia the greatest. 

If lis constant, v is constant and we see from (1) that Sr will be 
greatest when x = L The dangerous section is then at the fixed 
end. We have then from (III), page 298, 



Sri 



V 



= ^Wl, 



where the minus sign denotes, as before, compression in the lower 
fibres and Sr is the coefficient of rupture. We have then, without 
reference to direction of rotation, for the breaking weight 



vl 



(3) 



If, for instance, the beam is rectangular in cross-section of 

1 h 

breadth 6 and height h^ then (page 278)I=TJ>h\ v = ai ^^^ ^^ 
breaking weight is 

If the beam is triangular in cross-section of horizontal base h 

bh* 2 

and height b, then (page 271) I = ^-, v = -h^ and the breaking 

weight is 



Tr= 



Srbh' 
241 ' 
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In the same way we can find the breaJdng weight for any form 
of cross-section by substituting in (3) the value of I and v. The 
value of Sr C6ui be taken 'from our Table page 290 for approximate 
determinations. We see that the strength of a beam is directly as 
the breadth and as the square of the height, and inversely as the 
length. 

2. Shape for Uniform Strength. — ^Let the cross-section vary so 
that lis the moment of inertia of any cross-section at the distance 
X from the free end, and Ii the moment of inertia of the cross- 
section at the fixed end. 

Then from (1) the unit stress in the most remote fibre of any 
cross-section is 

« Wvx 

where, v is the distance of that fibre from the neutral axis. 

For the most remote fibre of the end cross-section we have then 

Sf = J- ' , where Vi is the distance of that fibre from the neutral 

axis. 

Now for uniform strength the outer Jihre stress must be the same 

at every cross-section. We have then for the condition of uniform 

strength 

Wvx Wvil vx Vil ,.. 

__ = .__. or -^- = j. (4) 

If, for instance, the beam is rectangular in cross-section at every 
point, the breadth and height at the fixed end bi and ^i , and at 
any point b and h^ we have (page 278) 



/=>•. . = |; 



I. = j^6.fc.', 



k. 



and hence, from (4), we have for the condition of uniform strength 

m'^b^h? ^^ 

Now if the height is constant, ^ = ^i , and we have for the 
breadth at any point distant x from the free end 



b^jX. 



(6) 



The breadth then varies as the ordinate to a straight line from 
bi at the fixed end to zero, theoretically, at the free end. Practi- 
cally the breadth cannot be zero at the free end, but must have a 
value &o such that the area A = &o^i at the free end may resist the 
shear. 

W 
We have then from (I), page 284, bJii at least equal to -^- , or we 

Sw 

must have &o a^t least equal to 

W 




6« = 



hiSwa 



free end at least equal to 



Substituting this value of &o for b in 
(6), we find that the cross-section must 
be constant for a distance Xq from the 



Xq = 



Wl 
hibiSw9 
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For any value of x greater than a^ the breadth is given by equa- 
tion (6). 

If the breadth is constant, b = bi, and we have from (5), for the 
height at any point distant x from the free end. 



h* = —X. 



(7) 



The height then varies as the ordinate to a parabola from hi at 
the fixed end to zero, theoretically, at the free end. Here, again, 
we must have the height at the free 
end practically at least equal to 

W 



ho = 



6.S 



ws 



Substituting this for h in (7), we 
find that the cross-section must be 
constant for a distance Xt from the 
free end at least equal to 

WH 

Xo = 




hi Oi o tiw 



For any value of x greater than Xo the height is given by equa- 
tion (7). 

If both b and h vary, but the cross-section at every point is rect- 
angular, we have 



bi :hi ::b: hj or 6 = 
Substituting these in (5), we have 



bih 
hi' 



h = 



hib 
bi 



h* = -^x, 6* = -^a:. 



(8) 



The height and breadth vary then as the ordinates to a cubic 
parabola from hi and bi at the fixed end to zero, theoretically, at 

the free end. The area at any point 
is then, from (8), 

bh = hibi y Tj-. 

The area A at the free end should 
be at least, from (I), page 284, 

W 
A = bohi = —- . 

The cross-section should therefore be constfiuit and equal to 

W 
boht = -— at least, for a distance Xo from the free end given by 

Ot0« 




Xo = 



Wl 



y\ 



w 



hihiSws hibiS\ 



W8 



For any value of x greater than xo the height and breadth are 
given by (8). Inserting the value of Xo in (8), we obtain ho and &o at 
ti^e free end. 

In a similar way we can find the shape for uniform streneth for 
any other form of cross-section, by substituting in (4) the values of 
J, ii , I? and Vi, 
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Case 2. Cantilever Beam—Load per TJait of Lengtli w nniformly 
Distributed.— The total load on the whole beam is TT = wl. The 

load over an^ distance x from 
the free end is too?, and we can 
take it acting at its centre of 

imiimimiiiiiiii iiiiiiiiiJA noafis or at a? from the free 

end. 



.^ ^ 



AllilHIllllllllilillTTTTmTn 



% ^ % 



, — J, 



* wx 



We have then for the bend- 
ing moment at any point dis- 
tant X from the free end 



3Cr = + -g-, or J& = - — , 

according as the load wx is on the left or right of the point. 

In both cases, then, we have from (II), for the resisting moment 
of the fibres belonging to the left-hand portion of the beam AC, 

Sfl __uxx* 

IT" T' 

The minus sign denotes that we have compression in the lower 
fibres. 

We have then, without reference to direction of rotation, 



uwx^ 



^/=^' <i) 

or 

wx = ^^ (2) 

vx 

From (2) we can find the load which will cause a given stress S/ 
in the most remote fibre of any cross-section at a distance x from 
the free end. From (1) we can find the stress S/ for any given load 
wx. In any case we have only to substitute the v^ue of /, x 
andd. 

1. Breaking Weight — Constant Cross-section. — Rupture will occur 
at that section for which Sr is greatest. If J is constant, d is con- 
stant, and we see from (1) that §/ will be greatest when x = L The 
dangerous section is then at the fixed end. We have then from 
(III), page 298, 

Sri _ wP 
IT ~ "" "2 ' 

where the minus sign denotes, as before, compression in the lower 
fibres, and Sr is the coefficient of rupture. We have then, without 
reference to direction of rotation, for tbe breaking weight 

TF:=wZ = ?^, (3) 

or twice as miich as for the same beam with the same load Wat the 
free end (page 299). 

If, for instance, the beam is rectangular in cross-section, of 

breadth h and height A, then (page 278) 1= -t^*> ^ ~ « ' ^'^'^ ^® 

breaking weight is 

■or 1 -S-**' 
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If the beam is triangulai in cross-section, of horizontal base h 

and height h, then (page 273) / = -^^^ v = -hj and the breaking 

oo 3 



weight is 



W=iWl=: 



121 



In the same way we can find the breaking weight for any form 
of cross-section by substituting in (3) the values or J and v. 

2. Shape for Uniform Strength.— Ist J be the moment of inertia 
at any cross-section and L the moment of inertia at the fixed end, 
the distance of the outer fibre being v and Vi. Then for uniform 
strength we must have S/ at the end equal to S/ at any cross-sec- 
tion, or, from (1), 



ti?t«c* uwiV 



21 21, ' 
For rectangular cross-section 



or 



va^ viP 



ii 



(4) 



L^^h.h.\ t;. = |; 



and hence 

hh^ ■" h^h^'' 
For constant height h = hi and 



(5) 



(6) 



The breadth then varies as the ordinate to a parabola. From 
equation (I), page 284, we must have for 
the breadth o» at the distance Xa from 
the free end 

WXq 



&• = 



hiSws 




Substituting this in (6), we find that ' 
the cross-section must be constant for the distcmce Xo from the free 
end at least equal to 

bihiStn 

and the breadth at the free end is then 



&.= 



6,^.*/Sf, 



urn 



For any value of x greater than Xo the breadth is given by (6). 
For constant breadth 6 = &i in (5) and 



h^j^x. 



(7) 




From equation (I), page 284, we 
have for the height ^o at the dis- 
tance X9 from the free end 



h^ = 



WXv 



biSws 
Substituting this in (7), we find 
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that in order to resist shear we must have the end cross-section 
Ai = bihi at least equal to 

Ai = bihi = -^1 — . 

If then the end cross-section is safe for shear, every cross-sec- 
tion is safe, and for any value of x the height is given hy (7). 

The height varies then as the ordinate to a straight line, from hi 
at the fixea end to zero at the free end. ^ 

If hoth b and h vary, we have for rectangular cross-section at 
every point 

, , , , , bih , hib 

Oi : /li : : o : A, or = -=— , n = -r— . 

Substituting in (6), we have for the height and breadth at any 
point 

h' = ^x', 6' = ^V (8) 

From equation (I), page 284, we must 
have at least 




S* 



w$ 



Hence, from (8), the cross-section 



WXft 



must be constant and equal to bohQ = ^*"— at least, for a distance x* 

OtOf 



from the free end given by 

Xo = 



wH* 



fti'feiW 



W8 



For any value of x greater than Xo the height and breadth are 
given by (8). Inserting the value of Xo in (8), we obtain h9 and &• at 
me free end. 

In a similar way we can find the shape for uniform strength for 
any other form of cross-section by substituting in (4) the values of 
/, ii , t? and Vi. 

Case 3. Beam Loaded with W Between the Supports. — Let I be 
the length of the beam, Zi the dis- 
tance of W from the left end and 
Zt from the right end. ^ i 

JVzt 

Then the left reaction Ri = 






For any point distant x from the 
left end we have for the bending 
moment (page 285), 



L 



I 



* i ?. >l r. ^ ^ 



f 

w 



, ^ Wzt W(l — Zi)x 

when X <Zij Afc = ; — x = — ^ ^ 



I 
Wz, 



I 



when x> Ziy Jlfc = r-^a; + W{x — 2fi) = — 



Wzid-x) 



In each case, then, we have for the resisting moment, from (IT)* 
page 288, 

whenar<^,. — = + j-L, or TF=^^^; (1) 

, ^ Sfl , Wziil-x) riT Sf^ /ox 

whenx>^., ^ = + _i^-^ or W^^^^^^y (2) 
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The plus sign denotes tension in the lower fibres. 

From (1) and (2) we can find in any case the load W which 
placed at any given point will cause a ^iven stress Bf in the most 
remote fibre of any cross-section at a distance x from the left end, 
or we can find the stress Sj for any given W, In any case we have 
only to substitute the value of J, v and x. 

1. Bredking Weight — Constant Cross-section.— We see from (1) 
and (2) that tor constant I and v, 8/ is greatest when x <Zi for 
the greatest value of x or x = Zi , and when x> Zi for the least 
value of a; or a; = Zu The dangerous section is then at the weight. 
We have then from (III), page 288, 

Sri WZiZi ,« Sril 

or£ ^nifif! or Tr=^^^, (3) 

Wzt 
or the same as for a cantilever beam of length Zi with a load — =— 

at the free end (page 299). 

All the results of page 299 hold, then, in this case if we put l = Zi 

and W = — f-^. For the load at the middle of the beam W = — '—. 
^ vl 

or four times as great as for a cantilever beam of the same length 

similarly loaded. 

2. Shape for Uniform Strength — .The shape for uniform strength, 

in any case, is for each portion of the beam Zi and z^ , precisely the 

same as for a cantilever beam of length Zi or Zt witn the weight 

Wz« Wzi 

—J- or —=— at the free end, instead of W (page 300). 

- Case 4. Beam Loaded with w Uniformly Distributed.— The reac- 
tion at each end is y . r^. ^^ ^^^^ 

For any point distant x from the 
left end the oending moment is 

^ Wl . WX^ WX,. . 

The resisting moment is from (II), page 288, for the fibres belong- 
ing to the left-hand portion of the beam, 

Sfl , wx,, . 




The plus sign denotes tension in the lower fibres. 
We have then 

— 2/ ; . • • • 



(1) 



WX = -pi : (2) 

v{l — x) 

1. Breaking Weight-— Constant Cross-section,— We see from (1) 

that for constant I and d, Sf is greatest when a; = (Z — a;) or a? = o"- 

The dangerous section is then at the middle of the span. We have 
then from (III), page 288, 

Srl^^, or W=u>l = ^-^, (3) 

V 8 vl 
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or eight times as much as for a cantilever becon with the same load 
W at the free end (page 299). 

2. iShapefor Uniform Strength. — Let J be the moment of inertia 
at any cross-section distant x from the left end, and L at the middle 
of span, the distances of the outer fibre being v and Vi. Then, from 
(1), for uniform strength 

WVXJl — X) _ WVxP VX( l — X) _ ViP .. 

U SlT' ^^ T "'Ux' • • • w 

For rectangular crossHsection 

and hence 

x{l - a?) _ r 

For constant height h = hi and 

h^^^x{l-x) (6) 

The breadth then varies as the ordinate to a parabola, as on page 
803, and the end cross-section must have a constant brecidth 

ft — ^^ f " ^^ 

hlSwi 

for a distance from the left end 



.( 1 - "^ ] 



x» 






For any value of x greater than Xo the breadth is eiven by (6). 

In the same way we can find the shape for uniform s^ngth 
when the breadth is constant, or when both b and h vary and the 
cross-section is rectangular, as on page 304. Or, by substituting in 
(4) the values of J, Ji , v and Vi , we can find the shape for uniform 
strength for any form of cross-section. 

Theory of Pins and Eyebars. — The bearing resistance of a pin 
should equal the greatest pressure ux)on it due to any plate through 
which it passes. 

Bearing. — If d is the diameter of pin, t the thickness of any plate 
through which it passes, then dt is the bearing area. Let Sioc be 
the working unit stress for compression, then atSwc is the beaiing 
resistance of the pin. This should equal the stress transmitted by 
the plate, or 

dtSioc = stress. 

We may take Swe at 6. 25 tons. The stress transmitted is always 
known. For a transmitted stress of one ton the required bearing 
area is then 

6.26 ' 
and hence we have 

linecU hearing on pin per ton of stress = . . . (1) 
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From (1), having given the diameter d, we can find the corre- 
si)onding lineal bearing or thickness Of plate for every ton of trans- 
mitted stress. We have only to multiply this by the number of 
tons transmitted stress in any case to find the requisite thickness of 
theplate. 

Diameter of Pin.— Let t be the thickness of plate or eyebar, and 
h its depth, then th is the area of cross-section of plate or eyebar. 
If Swt is the working unit stress for tension, then thSwt is the trans- 
mitted sinress. Now if d is the diameter of the pin, and the thickness 
of tlie eyebar h^id is equal to the thickness of the bar, we have td 
for the bearing area of pin, and tdSwc for its bearing resistance. 
We must have, then, for equal strengUi 

tdSwe = thStot , or d = "3 — h. 

St 3 
We can take the ratio -^p = -. Hence the least diameter of 

btoc 4 



jpmis 



d = ^h (2) 

4 



The diameter of pin may need to be greater than this, but it 
cannot be less, imless the thickness of eyebar head is made greater 
th^i the thickness of the bar itself. 

When this is the case, if ti is the thickness of the bar and t the 
thickness of the head, we have for the least diameter of pin 

3 t 
tdSwc = tihSwt » or d = - -h^ (3) 



and for the thickness of head 



^t 



'=^ (^> 



The pin is a round beam subjected to flexure. The size of pin as 
thus determined is greater than the diameter required for safe 
bearing or shearing. For a beam we have (page 288) 

^f^ -M 

— iurnazi 

r 

where r is the radius of the pin and Sf is the unit stress in the 
outer fibre, and J= -7-. Hence 

4 

MmtJi = gg , (5) 

where ilfmax is the maximum bending moment. The usual value 
for Sf is 16000 lbs. per square inch for iron and 20000 lbs. per square 
inch for steel. 

We have then, in any case, to find the maximum bending mo- 
ment Mx-t and then, from (5), we can find d. 

Maximum Bending Moment. — In general for any pin, we must 
resolve the stress in every bar through which the pm passes into its 
vertical and horizontal components. The stress in each bar is 
considered as acting along the centre line or axis, and hence the 
point of application of each vertical and horizontal component is at 
the centre of the bearing of the corresponding bar. 
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Let Mh be the rn ftyiiniim bendins; moment of all the horuontal 
and JUTd of aJl the vertical forces. Then the resultant mnTimiim 
bending moment is 

Vroia (6) we then find the diameter d of the 
pin. 

Let the parallel horizontal or vertical 
componente on one side of the centre of pin 
be Fi, Ft, Ft, Ft, etc., the odd indices 
£"1 , Ft, etc., acting in one direction, and the 
even indices F,.F,, etc.. acting in the other. 
Let I1 be the distance between centres of 
bearing Fi and F, . U the distance between 
Ft and Ft , etc. We can now easily find the 
maximum moment by trial. 
Thus the moment at F, is F,l.. Add to this (F. — F,)U and we 
have the moment at Ft. Adda|eain {F, —F, + Ft)li and we have 
the moment at Fi , and so on. T%e greatest of all these is the mo- 
ment required. 

Since all the forces F, , Ft, Ft, etc.. on one side are equal to all 
on ttie other, Ft, Ft. Fi, etc. , they reduce to a couple on each side 
of centre of the pin, and hence the moment at any point P bevond 
the last force, as Ft, is constant. We have then only to find the 
greatest moment Mh or Mb by trial as directed. 

Practical Sixes for Pin*.— Pins are furnished in sizes differing by 
i inch, and all sizes are an even number of sixteenths. A pin must 
always be ordered at least one sixteenth larger than the hole it is to 
fit. in order that it may be turned down to fit. We must then add 
^ inch to the calculated size, and if this gives an even number of 
Biztoenths it can be ordered; if not, add -^ more. 

Thus if the size of a pin is 4| inches by calculation, it should be 
ordered at least 4^, ; but since only even sLxteentJis are furnished, 
we should order 4i and turn down to fit the hole. 

Torsion. — Torsion occurs when the external forces acting upon 
a body tend to twist it, so that each section turns on the next ad- 
jacent section about a common 
axis at right angles to the plane of +Fi I^-^^^^;>— ^ 

section. ». J.^ I ^'"S^ 

Let a horizontal shaft of length 
I be fixed at one end, and let a 
force couple + F, — F&at &t the 
free end whose moment about the 
axis AC is Fp. 

The shaft will be twisted about 
the axis AC eo that any radial line as aC moves to bC through the 
anele aCb = e. 

If the elastic limit is not exceeded, any longitudinal plane oBAC 
before twisting remains plane after, as bBAC, and when the couple 
+ F, ~ FJB removed the line bC returns to its original pnisition aC. 
Also the angle aCb is proportional to F and to the distance AC = I 
of the cross-section from the fixed end. Thus if fi is the angle aCb 
at the distance I from the fixed end, the angle aiCA, at the distance 

x from the fixed end is y'i. If the elastic limit is exceeded, this 

proportionality does not hold, the line hC does not return to its 
original position when the couple ■\- F, — F ia removed, and if the 
twist is great enough we have rupture. 
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These tactB are but a restatement of the general experimental 
laws of page 279. 

Neatral Axis. — Consider the shaft to be made up of an indefinitely 
^reat number of parallel fibres. Since within the elastic limit stress 
IS proportional to strain, as one cross-section of the shaft turns 
about the axis and slides upon the adjacent cross-section, the strain 
and therefore the shearing stress on each fibre of a cross-section is 
proportional to its distance from the a>xis AC- For the fibre at the 
axis AC there is then no shearing stress. The axis AC is then the 
neutral axis. (Ck)mpare page 286.) 

Position of the l<leatral Axis. -—Let a be the cross-section of any 

fibre, and & the unit shearing stress within the elastic limit for 

that fibre in any cross-section most remote from the neutral aads at 

the distance v. Then the shearing stress for the most remote fibre 

in any cross-section at the distance v is Ssa, and for any other fibre 

r 
in that cross-section, at the distance r, it is —S^ia, The sum of all 

V 

the fibre stresses of any section in any straight line per- 
pendicular to the axis is then —^2ra. 

But the sum of the external forces + F, — Fis zero, 
hence for equilibrium we must have 2ar = 0. ^ 

Therefore the neutral axis AC must pass through tJie ^ _ 
centre of mass of the cross-sections. ((Compare page 287.) 

Twisting Moment and Resisting Moment.— All the external forces 
acting upon the shaft reduce to a couple 4- -F, — i'', as shown in the 
figure, whose moment Fp with reference to the neutral axis is the 
twisting moment Mt. Tms moment is the same at every point of 
the neutral axis AC, and therefore tends to make each cross-section 
turn on its adjacent cross-section nearest the fixed end, about the 
axis AC, so that there must be for equilibrium between every two 
<;ross-sections an equal and opposite resisting moment due to the 
shearing stress between these two cross-sections. 

Since for any cross-section the shearing stress for any fibre at a 

r 
distance r from the neutral ctxis is -&a, the moment of that stress 

V 

about the neutral axis is —^ar*, and the sum of the moments of all 

V 

the stresses for any cross-section about the axis, or the resisting 
moment, is then — -Sar*. 

V 

For equilibrium this is balanced by the twisting moment Mt. 

But Sar* is the polar moment of inertia Iz of the cross-section 
with reference to the axis through the centre of mass (pa^e 271). 

We have then for equilibrium, without reference to direction of 
rotation, 



SJz 
V 



= Mt, (I) 



where Ss is the unit shearing stress within the limit of elasticity in 
the most remote fibre of any cross-section at the distance v from the 
neutral 6txis, Is is the polar moment of inertia of the cross-section 
with reference to that axis, which always passes through its centre 
of mass, £md Mt is the twisting moment. 

The student should note the analogy of this equation with that 
for flexure of beams, page 288. 
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From (I) we can find Mt for any given S9 when h and v are 
known and the elastic limit is not exceeded. 

Coefficient of Rupture. — Equation (I) holds within the elastic limit. 
The value of S» computed by means of (I) from experiments carried 
to the j>oint of rupture we c»ll the 

Coefficient of Bupture for Torsion. — It is found by experiment to 
agree closely with the ultimate shearing strengtii as given in our 
Table page 290. 

We have then for rupture 



Sriz 



V 



= Mt, (II; 



where 8r is the shearing unit stress in the most remote fibre of that 
cross-section where rupture occurs, or the dangerous cross-section. 

This is evidently the cross-section for which -^ is a minimum, 

since Mt is the same for every cross-section. 

fYom (II) we can find m for Sr , Iz and v given, at the point of 
rupture. 

Coefficient of Elasticity for Shearing: Determined by Torsion. — Let 
the length of shaft be I and let the angle of torsion or the angle of 
twist of the end cross-section be B and the twisting moment Mt. 
Then within the limit of elasticity the strain of the outer fibre for 
the end cross-section is d6 and the strain per unit of length is 

8 = — . The unit shearing stress of the outer fibre of the end cross- 

section is &. Then from page 281, since the coefficient of elasticity 
is the ratio of the unit stress to the unit strain, 

jp Sb IS9 

where v is the distance of the outer fibre of the end cross-section 
from the neutral axis. 

If we substitute for S9 its value from (I), we have 

^=% (HI) 

from which E can be computed if the other quantities are known 
and the elastic limit is not exceeded. 
Inversely we have 

^ = Mt. (IT) 

From (IV) we can find Mt for any given ©, when E^ Iz and I are 
given and the elastic limit is not exceeded. 

Work of Torsion. —If B is the angle of torsion for any cross-section, 
the strain of any fibre in that cross-section at a distance r from the 

neutral axis is re, and the stress for that fibre is — &a. The work 

of the fibre is then one half the product of the stress and strain 

(page 281), or ^o^. The work of all the fibres is then ^Sar^; 

or, since Sar^ = /«, we have from (IV) and (I), for the work, 

jrr_^ BSJz _MtB ^ EI^ _^Mtn 

2v 2 21 2EIz ^^ 



OHAP. II.] STBEKGTH AND ELASTICITT OF HATEEIALS. 311 



of Power by Shafts. — ^Work is the product of a force 
by the distance throtlgh which it acts. Power is rate of work. A 
horse-power is 88000 ft. -lbs. of work per minute.* If a shaft makes n 
revolutions per minute and the twisting force is F with a lever-arm 
p, then 2itp x n is the distance and 2^npF is the work per minute, 
and the horse-power is, if p is in inches, 

jj._ 2nnFp 
"33000 X 12" 

But i?3p = Jfe = ^. Hence 

"• -^-^ <^" 

where n is the number of revolutions per minute, H the horse- 
power transmitted, Iz and v must be taken in inches and & in 
poimds per square inch. 

Combined Stresses. — ^We have thus far considered stresses of 
pure tension, compression and shear, also flexure and torsion. But 
we may have tension or compression combined with flexure, as when 
a beam is in direct longituainal tension or compression and at the 
same time supx)orts a load. We may also have tension or compres- 
sion combined with shear, as when a shaft is in direct longituainal 
compression or tension and at the scone time in torsion. We may 
alsonave torsion and flexure combined. 

Combined Tension and Flexure. — ^For flexure alone we have, page 
288, 

a MxV 

Sf^—j-, 

where Sf is the unit stress in the extreme outer fibre in any cross- 
section at the distance v from the neutral axis. If this cross-section 
is also in direct tension, then the tensile fibre stresses due to flexure 
will be increased and the compressive flbre stresses due to flexure 
will be diminished. The neutral axis is then no longer at the centre 
of mass of the cross-section; and if we consider the deflection, a 
strict discussion leads to results of great complexity. 

If, however, we neglect the deflection, and let T be the direct 

tension over the area A, then -^ is the unit stress of direct tension.' 
In the extreme outer tensile flbre, then, the total imit stress is 

If iStnaz is the maximum unit stress, we have then at the cross- 

T 
section where Sf ^-—-isa maocimum 

A. 

-SL« = -S/ + 5- = ^ + |-. (1) 

where Mx is the bending moment at that cross-section of area A for 

T 
which 8/ + -J is a maximum, T is the direct tension, Sf is the unit 

stress due to flexure in the extreme outer tensile fibre of that cross- 
section at tiie distance v from the neutral axis. 
From (1) we have 
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If we put for Jits value At^^ where tc is the radius of gyration 

T 
of the cross-section of area A, for which S/-^ -j-isa maximum, we 

have, putting Smax, = the working unit stress Ao, 






(?) 



From (1) we can find in any case the ma xi mum unit stress in 
the extreme outer fihre on the tensile side. From (2) we can find 
the area of cross-section hy taking for Sw its value as found on 
page 291, by dividing the ultimate strength by the factor of safety, 
or as found by the method of page 292. 

* Combined Compression and Fleznre. — This case is the same as 
the preceding, except that we must ^ut the direct compression C in 

Slace of T and take for Sio the working stress for compression. If 
exure is to be apprehended, we must take /Su* as given on pa^ 291. 
Combined Tension and Shear. — If a body whose cross-section at 
any point is A is subjected to a direct tension T, the direct imit 

T 
tensile stress is ^ = -^. Suppose at the same time a direct vertical 

a 

shear S, then the unit shearing stress is « = -7. 



-86-* 




+««<* 



~th^ 



•*+» 



•-+86 



Take any element of breadth 6, height h and unit thickness. 
Then we have acting on this element the tensile stresses + th, — th, 
and the shearing stresses + ah, — sh. The two equal and opposite 
stresses + th, — th hold each other in equilibrium. The couple 
+ ah, — ah can only be held in equilibrium by the opposite couple 
+ 8b, — ab. Let doe the diagonal, and a the angle of the diagonal 
with the side b. Then we have the components parallel to the 
diagonal forming the combined shearing stresses + 8>d, — agd, and 
the components perpendicular to the diagonal forming the com- 
bined tensile stresses + 8td, — atd> 

For equilibrium we have then 

+ 8gd — th cos a — ab cos a '\- ah sin a = 0; 
+ atd — th sin a — sb sin a — sh cos a = 0. 

Since we have sin a =^, cos a s= 3 , dividing these equations 

a a 

by d, we obtain 

88 = t sin a cos a + s cos* a —a sin* a = - ain2a + a cos 2a ; 

at =t sin' a +2a sin a cos a = — — — cos 2a + a sin 2a, 
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From these equations, by placing the first differential coefficient 
equal to zero, we have, when b$ is a maximum, 

tan 2a =s 5-, sin 2a = — , cos 2a = 



when ^ is a maximum, 

2s 28 * 

tan 2a = 7-. sin 2a = . cos 2a = 



Therefore we have 

max«t=y«' + j; (1) 



max «« = 2 "^ r * "^ P 



(2) 



Equation (1) gives the unit shearing stress when we have the 
direct unit tensile stress t and unit shearing stress v combined. 
Equation (2) gives the imit tensile stress when we have the direct 
tensile stress t and imit shearing stress v combined. 

Combined Compression and Shear. — Let the direct unit compres- 
sive stress be c, and the direct unit shearing stress be s. Then, just 
as before, we have for the combined unit shearing stress 



a, = |/77|, (1) 

and for the combined unit compressive stress 

V'^ + i (2) 



Sc = l + 



Combined Flexnre and Torsion.—Let S/ be the greatest unit stress 
for flexure as given by equation (II), page 288, viz., 

« Mxv 

and Ss the unit shearing stress for torsion as given by equation (I), 
page 309, viz., 

Iz 

Then, as we have just seen, we have for the combined unit 
stresses of shear and compression or tension 



Bi or Bc^^+\/s^ + ^. 



stress Due to Temperature. — ^We have from equation (3), page 
281, 

where ^ is the strain produced by the imit stress iSf in a bar of 
length Ij the coefficient of elasticity being E. 
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If a bar is constrained so that it cannot change in len^h and 
then exposed to change of temperature, a unit stress will oe pro- 
duced equal to that which would cause a strain equal to the change 
of length of the unconstrained bar under the same change of tem- 
perature. 

Thus if e is the coefficient of linear eznansion for one degree of 
temperature, t the number of degrees of cnange of temperature and 
I the original length, the change of length of an unconstrained bar 

is A = etL The strain per unit of length is then y = et The coef- 
ficient of linear expansion ^ = n is then the strain per unit of length 

per degree. 

If the bar is constrained so that it cannot change its length, we 
then have a unit stress 

S = ^=Eet, 

which is independent of the length I, The total stress, if the area is 
A, is then 

AS = AEet 

We ^ve the following average values of the coefficient of linear 
expansion e for one degree Fahrenheit : 

Brick and stone e = 0.0000050 

Cast iron e = 0.0000062 

Wrought iron e = 0.0000067 

Steel 6 = 0.0000066 



EXAMPLES. 

(1) A wrought-iron tie-rod, 30 ft. long and 4 eq. in. in area of 
cross-eectiony is subjected to 40000 lbs. tension. Find the unit stress. 
If the coefficient of elasticity is 30000000 Jbs. per square inch, find the 
elongation. 

Ana. Unit stress = 10000 lbs. per square inch. Elongation = 0.01 ft. 

(2) An iron bar 10 ft. long has a strain of 0.012 ft. under a unit 
stress of 25000 lbs. per square inch. Find the coefficient of daeticity . 

Ans. E = 20883888 lbs. per square inch. 

(3) A rectangular timber tie is 12 inches deep and 40 ft. long. If 
E = 1200000 lbs. per square inch, find the thickness so that the 
elongation under a pull of 270000 lbs. may not exceed 1.2 inches. 

Ans. Thickness = 7.5 in. 

(4) A wrought-iron tie-rod 142 ft. long and 4 sq. in. area is sub- 
jected to a stress of 80000 Iba. IfE = 30000000 Ws. per square inch, 
find the elongation, 

Ans. Elongation = 1.186 in. 

(6) The length of a cast-iron pUlar is diminished from 20 ft. to 
19.97 ft. under a given load. Find the unit stress of compression^ 
E being 17000000 iba. per square inch. 

Ans. Unit stress = 25500 lbs. per square inch. 
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(6) A wrought-iron bar 2 sq. in. area of croaS'Section has its 
ends confined between two immovable blocks at a temperature of 60° 
Fahr, Taking the coefficient of expansion at 0.000006944, fivJa the 
pressure upon the blocks when the lemperature is 100** Fahr,^ sup- 
posing there is no flexure, 

Ans. Pressare = 0.00055552 S, It S = 80000000 lbs. per square inch, 
pressure = 16665.6 lbs. 

(7) The dead load of a bridge is 5 tons and the live load 10 tons 
\perpanely the corresponding factors of safety being 3 and 6. Find 
i the combined factor of safety. 

Ans. Factor = 5. 

(8) The dead load upon a short hoUoiv cast-iron pillar, vnth a 
rectangular area of 20 sq, in., is 50 tons. If the compression is 
not to exceed 0.0015 of the length, find the greatest live load, E being 
17000000 U>s. per square inch. 

Ans. Live load = 410000 lbs. = 205 tons. 

(9) A steel suspension rod in a suspension bridge carries 3500 
lbs. of roadway and 3000 lbs. of live load. Its length is 30 ft. and 
sectioned area one half square inch. Find the gross load and the 
extension of the rod, JE being 35000000 lbs. per square inch. 

Ans. Gross load = 6500 lbs. Extension 0.133 inch. 

(10) A beam 40 ft. long carries a load of 20000 lbs. Find the 
shearing force ai 15 ft. from one end, and also the maximum bend- 
ing moment : (a) wKen the beam is supported at the ends and loaded 
in the middle; (b) when it is supported at the ends and loaded 
uniformly ; (c) when it is fixed at one end and loaded at the other; 
(d) when it is fixed at one end and loaded uniformly. 

Ans. (a) Shear = 10000 lbs., max. moment = 200000 ft. -lbs. at middle; 
{b) Shear = 2500 lbs., max. moment = 100000 ft. -lbs. at middle; 
(c) Shear = 20000 lbs., max. moment = 800000 ft.-lbs. at end; 
{d) Shear = 7500 lbs., max. moment = 400000 ft.-lbs. at end. 

Draw the diagrams for shear and bending moment in each case. 

(11) A beam 20 ft. long rests on two supports and carries a 
load of 10 tons at 5 ft. from one end. Find the maximum bending 
moment. 

Ans. Maximum moment 87.5 ft. -tons at the weight. Draw the diagrams 
for shear and bending moment. 

(12) Find the breadth and depth of the strongest rectangular 
beam which can be cut from a cylindrical log of diameter D 

Ans. Breadth = D y i-, depth = D y | • 

(13) A round and a square beam are equal in length and equally 
loaded. Find the ratio of the diameter to the side o/ the square, so 
that the two beams may lie of equal strength. * 

Diameter ^ * /~W 



Ans. 



= 2^/, 



Side r 8^ 

(14) Compare the relative strengths of a cylindrical beam and the 
strongest rectangular and squareoeams that can be cut from it. 
. Strength of cylindrical 9it f^ ^ .. 
Strongest rectangular 82 ' 

Strength of cylindrical _ Sie 4/2 _ ^ «n 
Strongest square "" 8 "" 
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(16) Comx>are the relative strengtJ^ of a solid square beam to 
that of the solid inscribed cylinder. 

Strength of sgn^re _ 16 _ - « 
Strength of cylinder " 8* ~" 

(16) Compare the strength of a square beam with its sides vertical 
to that of tne same beam with a diagonal vertical. 

Diagonal vertical 

(17) A beam of yellow pine^ 14 inches wide. 15 inches deep^ resting 
upon supports 10 ft. 9 in. apart, ums just dole to bear a weight o/ 
84 tons at the centre. Whot weight at the centre will a beam of 
the same material, 3 ft. 9 in. between the supports and 6 inches 
square bear f 

Ans. 8.86 tons. 

(18) Compare the strengths of two rectangular beams of equal 
length, the breadth and depth of one being respectively equal to the 
depth and breadth of the other. 

Ans. The strengths are directlj as the breadths and inversely as the 
depths. 

(19) A cast-iron beam 4 inches square rests upon supports 6 ft. 
apart. Find the breaking weight at the centre, taking Sr ^ 80000 
lbs. per square inch. 

Ans. Breaking weight = 17777^ lbs. 

(20) A yellow-pine beam, 14 inches wide, 15 inches deep, resting 
tmon supports 10 ft. 6 in. apart, broke down under a uniformly- 
atstributed load of 60.97 tons. Find the coefficient of rupture Sr- 

Ans. 8r = 8658.2 lbs. per square inch. 

(21) A cast-iron rectangular beam rests upon supports 12 ft. 
apart and carries a weight of 2000 lbs. at the centre. If the breadth 
is one half the depth, find tJie sectional area so that the unit stress 
may nowhere exceed 4000 lbs. per sqvxire inch. 

Ans. Area = 18 sq. in., depth = 6 inches, breadth = 8 inches. 

(22) A wrought-iron beam, 4 incites deep, i inch wide, fixed hori- 
zontally at one end, aave way when loaded, with 1568 lbs. at the free 
end, at a point 2 ft. S in. from the load. Find the confident of 
rupture Sr. 

Ans. 8r = 25088 lbs. per square inch. 

(23) A wrought-iron beam 2 inches wide and 4 inches deep rests 
upon supports 12 ft. apart. Find the uniformly distributed load it 
will carry in addition to its own weight if Sr = 50000 lbs. per square 
inch and the factor of safety t8 4. A bar of iron Sft. long and one 
square inch %n cross-section weighs 10 lbs. 

Ans. Load = 8884 lbs. 

(24) Find the length of a beam of ash 6 inches square which 
would break of its own weight when supported at the ends, the 
weight of the timber being 80 lbs. per cubic foot and Sr = 7000 lbs. per 
square inch. 

Ans. Length = 149| ft. 

(25) A cast-iron cantilever beam 8 ft. long and 12 inches deep, 
centre to centre of the flanges, carries a uniformly-distributed load 
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« 

of 16000 2&6. FinA the area of the top flange at the fixed end, neg- 
lecting the web^ eo that the unit stress shall not exceed dOOO lbs. per 
square inch, 

Ans. Area = 21.8 square inches. 

{2%) A cast-iron beam 27i inches deep, centre to centre of the 
flanges, rests upon supports IM ft. apart. Its bottom flange is 16 
inches wide ana 3 inches deep. Neglecting the web, find the break- 
ing toeight at the centre, the coefficient of rupture 8r being 15000 lbs, 
per square inch. 

Ans. Weight = 268846 lbs. 

(27) A cantilever plate girder 44.7 ft. long and 22.26 ft, deep, 
centre to centre of the flanges, supports a uniform load of 1.82 tons 
per foot and a weight of 161.6 tons at the free end. Find the unit 
stress on the net section of the tension flange at the point of support, 
neglecting the web, the gross area being 132.6 inches but reduced by 
rivet-holes two ninths. 

Ans. Unit stress = 3.94 tons per square inch. 

(28) A girder 50 ft, long and 4 ft. deep, centre to centre of flanges, 
supports a uniform load of 32 tons. Find the stress in eitner flange 
at 9 feet from one end, neglecting the web, 

Ans. Stress = 29.6 tons. 

(29) Required the depth of a rectangular beam supported at the 
ends and carrying a load Wat the miadlCj in order that the elonga- 
tion of the loudest fibre shall equal iVnr of its original length. 



/2 
Ans. Depth = 4/ - 



2100 FZ 



M 



(30) A beam of depth 8 inches, length 8 ft,, supported at ends, 
sustains 600 lbs, per foot. Find its breadth for a factor of safety 
of 10, Sr being 14000 lbs. per square inch, 

Ans. Breadth = 3-f^ inches. 

(31) A beam of length 12 ft. , breadth 2 in, , depth 6 in., is supported 
at the ends. Find the uniform load it will safely sustain for a 
factor of safety of 4, Sr being 80000 lbs. per square inch. 

Ans. Weight = 9259 lbs. 

(32) A wooden beam of length 12 ft, is supported at the ends. 
Find its breadth and depth so that it may safely sustain one ton 
uniformly distributed over its whole length, for the factor of safety 
10, 8r being 15000 lbs, per square inch ana the depth 4 times the 
breadth, 

Ans. Breadth = 2.06 in.; depth = 8.82 in. 

(33) A wrought-iron beam 12 ft. long, 2 in. wide, 4 in, deep is 
supported at the ends. The mmerial weighs \ lb. per cubic inch. 
Talcing Sr at 64000 lbs., find the uniform load it will sustain, 

Ans. Without the weight of beam, 16000 lbs. 
O^er the weight of beam, 15712 lbs. 

(34) A beam is fixed horizontally at one end. Length 20 ft,, 
breadth H in., Sr = 40000 lbs, per square inch. If the weight of the 
material is lib, per cubic inch, find the depth so that it may just 
sustain its own weight and 600 lbs, at the free end. 

Ans. Depth = 4.05 inches. 
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(35) Find the sectional area of a square beam of 12 ft. span which 
sustains a load of 300 lbs. at the centre and has at the same time a 
direct longitudinal tension of 2000 lbs.; the toorking unit stress being 
taken at 1000 lbs. per square inch. 

Ans. 4.18 inches square. 

(36) Find the sectional area of a square beam of 12 ft. span which 
sustains a load of 50 lbs. per foot uniformly distributed and has at 
the same time a direct longitudinal tension of 2000 lbs.; the working 
unit stress being taken at 1000 lbs. per square inch. 

Ans. 4.18 inches square. 

(37) A beam of uniform cross-section A is inclined at the angle cc 
to the horizontal and rests without slipping on two supports. The 
load is w per linear unit, uniformly distributed. Find the nuncimum 
unit stress. 

Ans. This is the case of a roof -truss rafter at the bottom or at an inter- 

mediate panel, loaded by its own weight 

f^r^i, only. 

* ''^ The vertical reaction at the top end 

is given by 

£i cos a X { = t0< X o'cos a. 




or 



B^ = 



wl 



wl 



The bendinff moment at any point 
distant x from the upper end is then 

xcoaa 



Mx = "o-cos ax^ — WDX 

A no 

The unit stress in the outer fibre at the distance « from the neutral axis is 
then for any cross-section at a distance x from the upper end 

^/ = -J" = — 21^ (te - aj*). 
The direct compression at the distance x from the upper end is 

rt ^l • to Bin a 

0=tDXsma — ^sma= — -^ — {2x — *)• 



The combined unit stress is then 
« . twcosa 



trsin 



(to-^+Hgi!(ar-j). 



This iB • niKdmam when X = 4 + ^^^. 

2 ' Av 

Hence the maTimum unit stress is 

^ imp cos a Iw tan asln a 

OmwJi — 5^: T" 



8/ 



2^>o 



If there is an additional compression applied at the ends of 0, the iwn'Hni nm 
unit stress ^b -r -f '^x* 

(38) The top rafter of a roof -truss of uniform cross-section A is 
inclined at the anple n to the horizontal. The load is w per linear 
unit uniformly distributed. Find the maximum unit stress. 
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Ana, The reaction at the top end J? is horizontal. We have then 



or 



H= -g cot a. 

At any point x from the upper 
end the unit streBS for flexure is then 



IDX* 



Sf = 



{BtBiaa 5- cos a)ti. 




The direct compression is (7 = ^cos a -f- 1^ sin a. 
The combined unit stress is then 



a^. C fnjDcoBa,. ^ , i/T^cotacosa , 10a; sin a 

*^+ A'=—^r^^-'^+ — 2j— +— I— 

This is a maximum when a; = -- H — . 

Hence the maximum unit stress is 

^ twP cos a loZcosec a , Iw tan a sin a 
Omax. = TTP 1 jTl 1 



8/ 



2A 



2AH 



If there is an additional compression applied at the ends of C, the TnATimnm 
unit stress is -7 + ^Sinax- 

(39) A loooden beam 10 inches wide^ 9 inches deep and 8ft long 
carries a uniform load of 500 lbs. per linear foot and is subjected to 
a Umgitvdinal compression of 40000 lbs. ffind the maadmum unit 
stress, 

Ans. 800 lbs. per square inch. 

(40) If the beam in Example (39) forms one of the panels of the 
rafter of a roof -truss of 4S^ft. span and l^ft, high^find the maocimum 
unit stress. 

Ans. Let b = breadth, h = height of cross-section. 

Then « = ^, A = bh, 1= Tifi^\ *nd we have, from Example (87), 

40000 . dwP COB a , to tan a sin a 
maximum unit stress = -r^i 1 j^li r 



bh 



4dA> 



12b 



500 



In the present case w = -tt^, ^ = 96, 6 = 10, A = 9, sin a = 0.6, cos 0:=: 0.8, 
tan a = 0.75. Hence 

maximum unit stress = 729 lbs. per square inch. 

(41) A rivet i inch in diameter is subjected to a tension of 2000 
lbs. and at the same time to a shear of 3000 lbs. Find the combined 
maoeimum tensile and shearing unit stresses and the angles they 
make with the axis of the rivet. 

Ans. Maximum shearing unit stress = 7155 pounds per square inch, making 
an angle of 9'' 18' with the axis of the rivet. 

Maximum tensile unit stress =9420 pounds per square inch, making an 
angle of 54"* 28^ with the axis of the rivet. 
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(42) A circular shaft 2ft long is hoisted through an angle of 7 
degrees by a couple of ± 200 lhs» with a lever-arm of 6 inches. Exnd 
the angle for a shaft of the same size and m>aterial 4 ft. long when 
twistea by a couple of 500 lbs. with a lever-arm of 18 inches. 

Ans. 105 degrees. 

(43) A circular shaft when twisted by a couple of ±90 lbs. with a 
lever-arm of 27 inches has a unit shearing stress of 2000 lbs. per 
square inch. If the same shaft is twisted by a couple of ± AQlbs. 
with a lever-arm of 57 inches, what is the unit shearing stress % 

Ans. 1877 poands per square inch. 

(44) An iron shaft 6 ft. long and 2 inches diameter is twisted 
through an angle of 7 degrees by a couple of ± 6000 lbs. with a lever- 
arm of 6 inches, and on the removal of the couple springs back to its 
original position. Find the value of Efor shearing. 

Ans. 9890000 pounds per square inch. 

(45) What is the couple which acting with a lever-arm of 12 inches 
will twist asunder a steel shaft 1.4 inches diameter, the coefficient of 
rupture by torsion being 75000 lbs. per square inch. 

Ans. ± 1683 pounds. 

(46) Compare the strength of a square shaft with that of a circvJar 
shaft of equal area. 



Ans. 



8 



(47) Find the combined unit stresses for a wrought-iron shaft 3 
inches diameter and 12 feet long, resting on bearings at each end, 
which transmits 40 horse-jtower while making 120 revolutions per 
minute, upon which a load of 800 pounds is brought by a belt and 
pulley at the middle. 

Ans. The unit stress for flexure is 

The unit stress for torsion is 

_ 198000dJ? A^^^^^ . v 

89 = J = 4000 lbs. per square inch. 

The maximum combined unit stresses are then : 

for tension or compression, 5400 4- ^^4000* + 5400* = 12100 lbs. per square inch; 
for shear 6700 lbs. per square inch. 

(48) A vertical shaft weighing with its loads 6000 lbs. is subjected 
to a twisting moment by a force of 300 pounds acting urith a lever- 
arm of 4 feet. If the shaft is of wrought iron 4 feet long and 2 inches 
in diameter y find its maximum unit stress, provided the shaft is so 
supported that it cannot bend sideways. 

Ans. Compressive unit«tress = 10170 lbs. per square inch. 
Shearing " '* = 9215 " " " 

(49) Find the diameter of a short vertical steel shaft to carry a 
load of 6000 lbs. when twisted by a force of 300 lbs. with a leverage 
of 4 ft., taking unit stress for shear at 7000 lbs. and for compression 
at 10000 lbs. per square inch. 

Ans. About 2.5 inches. 
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(50) A caft'iran waterjyipe 12 inches diameter and i in. thick is 
under a head ofm/t. Taking the ultimate strength at 20000 lbs. 
per square inch, find the factor of safety. 

Ana. The unit P^essard is 484 X 800 = 180.2 lbs. per sqaare inch. Hence 
the unit 8tree8i8i9= ' ^^^ = 1280 Iba. per square inch. The factor of 

.... ^, aoooo 

safety is then ^^ = about 16. 

(61) Find the thicJmeaa o/ a cast-iron pipe 18 indiee diameter for 
a factor of safety of 10, taking the uUimdteTtrmgth at 2(»00^«er 
aqttare inch and the head oftoaterSOO feet. ^^ 

Ans. 0.586 inch. 

loi*®^ ^ Jf'^'oughf^ron pipe, 4 J. inches internal diameter, toeighs 
n.5 pounds p^ hnmrfoot. What preemre can it carrifSa 
^^iLhf ^ ^'""^ ««re«j/*A 55000 Iba. p^ 

Am. a bar of wrought iron one aqoare inch in croes-section and 8 ft. long 
weighs 10 lbs. Hence the area of the pipe metal is 18.6 X ^ = 8.76 square 

inches. The thickness is then ( = ^^ = 1 inch 

2xr i 

Ti 3 X 66000< 

Hence p = ^ = 768 lbs. per sqaare inch. 

(68) A boiUr is to be made of wrought-iron nlatea * inch thu'k 
umtedby single lap-joints. Fiid thTUze andC^Uh ofHv^ If 
the boiler is 30 irAesvn diameter and carri^ap^uLZfm U. 
per scruarejnch above the atmosphere, find thefaStor c^aahtviak- 
tng tfie tdtimate strength at 5S0W lbs. per squareir^.^ '^' 

»..,'t^-.„^.?l-^*^'P'**' ^^'7* ^^^ i-*"- ''^«*«- Bot '«>°» (8). page 896 we 
have fin. This mze would be chosen for ordinaiy construction wST T'thiB 
case we wish a tight joint, and therefore use asmaU rivet ^sa^fii* of«t,^^h 
Let us take then fin. rivets. Then from (6* pS^ m weXd Se ifc*1^" 
But this violates the practical restriction that rtvf^Xuld no?ha* a^^ niteh 
than three diameters. We take the pitch then 2 inches Tlieo^Z «l^ 
length equal to the pitch is 80 x s/ 100 = 6000 Iblw ^ k tfTn?t1tJL* 
ihe resisting stress is s(2-|)< = g5. Hence5= «i>y000^ ^^^^^^ 

S!!T.^*2.".„i'!?'* '"^' of safety is then about 6. If this is considered too 
nnall, we should use a less pitch or a larger rivet. A kxger rivet would not b^ 
tight enough. For a lees pitch the holes must be drilled lad not punched. 

{54,) Required to unite two i-inch plates by a butt joint unth two 
cowries; the stress to be transmitted being 400)0 ift» a«d <A^ 
untt working stress 10000 lbs. per square inch. ^^ 

Ans. The area of the plates must then be 4 square inches net if the ioint ia 
in tension «•<>«. if in compression. The cover-pLtes can bTwch 4 inch tUA 
Our rule (4). page 296, gives for diameter of rivet d = « tech Thii li 
greater than given by (8). page 896. therefore we take it ^m our T^wf 
page 807 we have for the resistance to shear of a «-inch rivet^W^te. The 
rivets are in double shear in a butt joint, hence we require ?^ = about 6 



rivets. The be^ng resistance from our Table is 6080 lbs. We require then 



40000 



for bearing -^^ = about 8 rivets. This, then, is the number we should use. 
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For tlie pitch we have from (5), pa^ 296, 2.887 inches. This is less than 
8 inches. We therefore take the pitch 8 inches. We mast have at least 1^ 
inches for distance from end and edge (page 297). 

If the plates are 8i inches wide, we must then have three rows of rivets, three 
in the first and last and two in the middle on each side of the joint. The cover- 
plates mast then be 10 inches long. The student can now sketch the cover- 
plates with the rivet-holes properly spaced. 

(65) A plate girder is 17 feet long and 27 inches deep. The uni- 
formly-distrihvied load is 65,000 lbs. The thickness of the web is i 
inch and of the flp/nge angles -K inch. Find the size^ number and 
spacing of the rivets to unite the web and flanges. 

Ans. From (4), page 296, we have d = ^ inch. This is less than the size 
given by (3), page 295. We take the rivets then | inch diameter. 

If we neglect the web, the stress of compression in the upper flange or of 
tension in the lower, at any point distant x feet from the end, is given by 

4.5 V f7J' 
If we take a; = 0, 2.6 ft., 5 ft., 8.5 ft., we have the stress at these 

points = 0, 26062 lbs., 43137 lbs, 51944 lbs. 

We have then for the first division of 2.5 ft. the horizontal stress 26062 lbs., 
or 13 tons, to be taken by the rivets. 

In the second division of 2.5 ft. we have 43187 — 26062 = 17075 lbs., or 
8.5 tons ; and in the third division of 8.5 ft. wo have 51944 - 43137 = 8807 
lbs. , or 4.4 tons, to be taken by the rivets. 

For the shear at any point distant x feet from the end we have 

55000 / __ ??.\ 
2 1^' 17J- 

If we take a; = 0, 2.5 ft.', 5 ft., 8.5 ft., we have the shear 

at these points, = 27500 lbs., 19400 lbs., 11300 lbs., 0. 

We have then for the first division of 2.5 ft. the shear 27500 — 19400 = 
8100 lbs. , or 4 tons, to be taken by the rivets. 

In the second division of 2.5 ft. we have 19400 — 11300 = 8100 lbs., or 4 
tons; and in the third division of 8.5 ft. we have 11300 lbs., or 5.65 tons, to be 
taken by the rivets. 

Hence the combined shear (page 818) in the first division of 2.5 feet is 



yV+^ = 7.63 tons = 15260 lbs. 



In the second division of 2.5 ft., 



♦/ 



4»+-— =:6.9ton8 =11800 lbs. 



In the third division of 8.5 ft. 



|/5.66« + ^ = 6 tons = 12000 lbs. 

The bearing resistance of a seven-eighths inch rivet is, from oor Table 
page 297, 2730 lbs. We reqaire then for bearing, in the first 2.5 feet, 
iRQfin 11800 

i^^ = 6 rivets, in the next 2.5 ft., ^-^-^^ = 5 rivets, in the third division of 
2730 AliS^j 

o e rx 12000 - . . 
^•^ •' 2780" ~ " 

We most not pitch the rivets less than 8 inches or more than 6 inches (pa^ 
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296). A pitch of 4 inches for the first 2.5 ft. , then 6 inches for the next 2.5 
ft. and then 6 inches to the middle will therefore give more rivets than are 
necessary. 

(56) A pin 3 inches diameter passes throvgh the web of a channel 
bar three fifths of an inch thick. The transmitted stress is 65500 
lbs. Fina the thickness of re-enforcing plate necessary to give 
sufficient bearing ou the pin. 

Ans. The thickness for each ton (page 306 (b)) is 

For 55500 lbs. = 27.75 tons we should have a thickness of 0.0588 X 27.75 
= 1.48 inches. 

The channel web is only — = 0.6 inch thick. In order to have the proper 

thickness for safe bearing on the pin, we mast then increase the thickness by 
1.48 — 0.6 = 0.88 inch. Two reinforcing plates on each side of the web, 
each 0.44 inch thick or about ^ inch each, will then give the required thick- 
ness. 

(57) If the depth of an eyebar is 10 inches^ find the least diameter 
of pin which can be used tvitJiout having the thickness of the head 
greater than that of the bar. 

Ans. (Page 307 (c).) d = 7i inches. 

(58) A bar Sin. by i in. has a pin 4f inches diameter passing 
through it. Find the thickness of bar head. 

Ans. The least diameter without having the head thicker than bar is 6 
inches. As the pin is less than this, the head must be thicker than the bar 
and equal to 

^=ld = 4x48i =^/r"^<^^^«- 

(59) In a panel of a bridge truss we have at each end of the pin 
two eyebars on one side, 4 in. by 1^\ in., and on the other side one 
eyebar 4 in. by lj\ in. Also one tie on each side of centre of pin 
1^ in. thick. The tie is packed close to the vertical post, which con- 
sists of two channels ofi-in. thickness. The bars are packed snug. 
The vertical compression in the half post is 40000 lbs. The working 
unit stress of the bars is 10000 lbs. per square inch. Find the size of 
pin required. 

Ans. We have here on one side acting horizontally 

F» = jp; = 4 X 1 A X 10000 = 47500 lbs., 
and on the other side 

i^. = 4 X lA X 10000 = 57500 lbs. 

The horizontal component of the tie-stress is 

F^=:2X 47500 - 57500 = 57500 lbs. 

The distances are 

^ = ^. =^aA +1A) = lA inches; 
h = |aA + lA) + g = 2i inches. 
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We hxwe then at Fn the momeiit J^i^i = 47600 X lA = ^^^^^^ ineh-lbs.; 

at F, we have 62844 + {Ft - F^yit = 40219 inch.lbct.; 
at F^ we have 48219 + (Fi -Ft + F^jlt = 188S94 inch-lbs. 

The nftT?"*"^ hoiiaontal bending moment ia then 

Mh = 188594 inch4b8. = 66.797 inch-tons. 

The vertical compresalon in post is 40000 Iba. Its leyer-ann is 



i(lA + g) = lA. 



Hence 

Jfvs; 40000 X lA - 487G0 inch-lbs. c= 24.876 inch-tona. 

The resultant maximum bending moment is then 

JTmaz = V Jfjk* + Mt^ = V66.8* + 24.4* = 71.11 inch-tons = 142220 inch-lbs. 

We have then for slae of pin about 4| inches diameter, or 4| commercial 

o 

size. The least allowable diameter is jA = 8 inches. Hence the bearing is 
abundant 
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APPLICATIONS OF STATlCS-THBOfiY OF FLEXURE. 



CHAlfOB OF BHAPB OF NSXTTBAL AXIS OF A BBAM. ABSUMFTIONB OF THB 
THBOBT. APPLICATION OF BQUATIOH I. DBFLBCTIOK AND BBEAXINCI 
WBIGHT OF BEAMS. DBFLBCTION OF A FBAXBD BTBUCTUBB. DBFLBC- 
TION OF BEAliS FOUND BT THB PRDTOIPIJI OF WOBK. FOKKULAa FOB 
LONG STBtm. 

Change of Shape of Ventral Azis of a Beam. — ^Let a beam be 
deflected from its original straight line by external forces, as shown in the 
figure. 

L^t the two sections AC and BD be consecntiTe plane sections parallel 
before flexure and remaining plane after. 

Let the length of the neutral axis of the 
beam na^s^ then the indefinitely smidl 
distance ba=-ds. Let be the angle AOn, 
Then dip is the angle BOA. 

If the deflection is small, we can take 
na=i8 equal too;, and ab = ds equal to dx. 

Let the bending moment at the point a 
of the neutral axis of the beam of the ex- 
ternal forces be Mx , let £^ be the stress in 
the most remote fibre of any cross-section 
AC at the distance r from the neutral 
axis of the cross-section at a, and / be the 
moment of inertia of the cross-section AC 
with reference to the neutral axis of the 
cross- section at a. 

Then, as proved page 288 (a), the resist- 
ing moment of the fibre stresses at the 

cross-section AC is -^^ and we have 

y 




^^. 



= Tifi 



«f 



(1) 



where we take the minus sign if we take Mx for all external forces on the 
left of ACs and the plus sign if we take Mx for all external forces on th* 
rigJU of AC. If then Mx comes out minus, it indicates compression in the 
bottom fibres as in the figure; if plus, tension in the bottom fibres. 

Now the strain in the most remote fibre at the distance r from the 
neutral axis, we see from the figure, is vd^, and the unit strain is then 

^^, or, since we can take dx for ds, ^^. The unit stress in this fibre is 
df ' ' dx 
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Sf. Since the coefficient of elasticity U is equal to the unit stress divided 
by the unit strain (page 281), we have 

rdip ' ^ . dx 

dx 
Hence we have 

EId<t> 
dx 



= =F Jfe (2) 



But we see from the figure that -^ equals the tangent of the angle 0. 

dx 

Since the deflection is very small, we can take the tangent as equal to the 

arc, and hence = -^^-- Therefore d<p = — ^, and hence, from (2), 

dx dx 

^^S = =F^ (8) 

From similar triangles we also have rd^ iviidsip, where p is the 

radius of curvature at a. Since we can take dx for ds^ we have — = L. 

dx p 
Hence, from (2), 

7' = =F-»i (4) 



We have then 



:^ = _ = ^/^= T Jfc. (I) 



p da? 



These are the fundamental equations of the theory of flexure. 

The first of these equations, (1), we have already deduced in the pre- 
ceding chapter, page 288, and have used it to find breaking weight and 
shape for uniform strength for ordinary cases of beams (page 299). From 
(4) we can find in any case the radius of curvature of the beam at any 
point. From (3) we can find the deflection at any point of a beam. Equa- 
tion (8) is then the differential equation of the curve of deflection. 

Thus by the application of one or the other of equations (I) all ques- 
tions of flexure can be solved. 

AMumptionB of the Theory.— The assumptions upon which the 
theory of flexure as expressed by equations (I) rests should be clearly 
recognized. Thus we have assumed : 

1st. That the deflection is very small, so that we can put x for «, dx 

for (fo, -^ for <t>, 
dx 

2d. That a section plane before flexure remains plane after flexure 

8d. That the elastic limit is not exceeded. 

4th. That the coefficient of elasticity E is constant. 

Upon these assumptions the theory rests. Comparison of its results 
with the results of experiment shows that within the elastic limit the 
theory is reliable. 

Application of Equations (I).— The first of equations (I), 
we have already seen how to apply in the preceding chapter. 
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The second of equations (I), 



P 



needs no special explanation. 
The third of equations (I), 



EI%:=^J^ 



(1) 



requires a little general explanation before we proceed to its special ap- 
plications. 

In equation (1), EI—^^ is the resisting moment at any cross-section, 

cur 

that is, the algebraic sum of the moments of the fibre forces in the cross- 
section at any point with reference to the neutral axis of that cross-section. 
These fibre forces are always considered as belonging to that portion of the 
beam on the left of the cross-section. The bending moment^ or the alge- 
braic sum of the moments of all the external forces either on the right or 
left of the cross-section at any point, is denoted by Mx. We always con- 
sider a moment positive when it tends to cause counter clockwise rotation, 
and negative when it tends to cause clockwise rotation. In any case, then, 
we can write the algebraic sum denoted by Mx with the proper sign for 
each term, whether we take Mx for all forces on the left or on the right. 
We then use in (1) the minus sign when Mx is taken for all forces on the 
l^j and the plus sign when Mx is taken for all forces on t?ie rigJU, of the 
cross-section at any point. 

Thus, for example, take a beam AB of length 21, resting on the support 
C at its centre, with a load W at each end. The upward reaction is then 
2W, Let ACB represent the slightly 
deflected neutral axis of the beam. 

For any point P' of the neutral 
axis of the beam distant x from the 
left end A we have, taking the alge- 
braic sum of the moments of all ex- 
ternal forces on the left of P', 

Mx= + Wx, 

where the plus sign indicates counter-clockwise rotation. If, however, we 
take the idgebraic sum of the moments of all external forces on the right 
of P', we have ifo: = — W{1 + Z — re) + 2W{1 — «) = — Wx^ where the 
minus sign denotes clockwise rotation. In the first case we use in (1) the 
minus sign, in the second case we use in (1) the plus sign. We therefore 
write /or both cases, as we evidently ought to, 

dx* 

Again, take any point P distant x from the right end B, Here we 
have for the algebraic sum of the moments of all external forces on the 
^ftoiP 

Mx = W(L + Z — a;) - 2TF(Z — a?) = + Wx, 

and for the algebraic sum of the moments of all external forces on the 
right of P we have 1& = — . Wx. In the first case we use in (1) the minus 
sign, in the second case we use in (1) the plus sign. We therefore again 
write for both oases 







Wx. 
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We obtain then in any given case the same expression from (1) for 
Sl-P^i or the resisting moment of the fibre forces of the beam on the left 

CUDr 

of P, no matter where we take P, and no matter whether we take Hit for 
all forces on the left or right of P. 

The minus sign for Wm in the present case denotes compression in the 
lotoer fibre. If the sign had come out plus, it would denote tension in the 
lower fibre, because in each case the sign giyes the direction of rotation of 
the fibre moments of the beam on left of the section. This is in accord 

with the principle of the Differential Calculus that --^ is minus or plus 

asT 

according as a curve is concave downwards or upwards. In the present 
case the curve of deflection is concave downwards. 

The vertical sTiearing force at any section (page 988) is the algebraic 
sum of all the vertical forces on the l^ of that section. At any cross- 
section whose abscissa is x the bending moment is JfaQ* and the vertical 
shear is Vx, At the next consecutive section the moment is 

Jtfi + c!ifc=:i&T F«tfaj, or ^=TFa, 
Hence from (1) we have 

*^=^=-'* « 

where the minus sign is taken when dx is negative and the plus sign when 
dx is positive. 

If we put -T^ = 0, we obtain the value of x for which Mt is a maxi- 
dx 

mum or a minimum. Hence the bending moment is either a maximum or 

a minimum at the point where the shear is zero. 

If we integrate (1), we obtain 



i = '/ 



"^^'^ 



When x = 0, -^ is the tangent t of the angle which the tangent to the 

dx 



curve at the origin makes with the axis of X Hence Const. = t and 

dy .^ I MaOiXi 






(8) 



If we pnt -— = or, from (1), J& = 0, we obtain the Talae of as for 

CM/ 

which ^ is a maximum or a minimum. Hence the tangent to the curve has 

dx 
either its maximum or a minimum inclination at the point where the bend- 
ing moment Mx is zero. 

If we integrate (8), we obtain 



/dx I 



-^ + Const. 
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For « = 0, y la the deflection ^o lit the origin. Hence Const, ss yt and 



U^ I dx I ' 
%/o t/o 




y = te + y.T I dxl^. (4) 

If we put -^ = 0, we obtain the yalue of x for which y is a maximum 
ax 

or a minimum. Hence the deflection is either a maximum or a minimum at 

the point where the tangent to the curve is horizontal. 

Let us now apply these principles to special cases. 

Case 1. Cantilever Beam—fixed Horizontally at One End— Load 
TFat the Other End. — We have already seen how to find the breaking 
weight and shape for uniform strength in this case (page 299). It remains 
to find the deflection. 

(a) Deflection— Uniform Gross-section. — ^Let the beam of length AB 
s 2 be fixed horizontally at one end B and carry the load W at the other 
end A, Take the origin at the end J) before 
deflection, and let x be the distance to any 
cross-section at P. 

We have then for the bending moment at 
any point P of the neutral axis, taking moments 
on the left of P as in the figure, Mx = + W»» 
Hence, from (I), page 820, 

-l& = J&/g = -lVb. (1) 

If the cross-section is constant, /is constant. We have then, by inte- 
grating (1), 

"S=-^*« (») 

Integrating (2), we have 

-E^y=-^ + ^««+ ft (8) 

o 

The curve APB must pass through B, and the tangent at B must be 

horizontal. Hence we must have ^ = for a? = Zin (8) and -^ = for a; 

dx 

= Z in (2). If then we make ^ = andaj = Zin (2), we have (7i = + -^. 

dx ^ ^^ 2 

If we make y = and « = Z in (8), we have C. = — 5-. Substituting 



these values of the constants of integration in (2) and (3), we have 

•dy_^ 
dx^~2 

-ETy = - ~(2Z + «)(Z - «)•. (5) 

Equation (4) gives the tangent of the angle which the tangent to the 
curve at any point makes with the horizontal. Equation (5) gives the 
deflection y for any point P of the neutral axis distant x from the free end. 
The maximum deflection ^ is evidently at the free end. Making, then, 
« = in (6), we have for the maximum deflection 



m^ = ^(l + xXl-a»; (4) 
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The minns sign shows that the deflection A = AD is downwards or 
below the horizontal through the origin B, From (6) we can find the 
deflection for any form of cross-section, according to the Talae of /. Thus 

for rectangolar cross-section of breadth h and height A, i = —W (page 
277) and 

- EhhT 

[The student should solve this case taking the origin at B^ C and A. 
He should also draw the figure with the load W at the right end and take 
the ori^ at J., iJ, C and 2).] 

(6) Deflection — ^Beam of uniform Strength. — If the beam is of uni- 
form strength, / is no longer constant. Suppose, for instance, a rectangular 
cross-section, the breadth and depth at the fixed end being hi and hi. 
Then for constant height we have (page 300) for the breadth h at any point 

distant x from the free end h = hi-. Hence /= — &iAa*T« and from (1) 

I 12 r ^ ' 

we have 

_try_ 12 WZ 

"^'"d^-^EbJi:* ^^^ 

Integrating this we have 

dy 12 Wlx ^ 

Makinff ~ =0 for » = Z in (2), we have d = -=-=-; ; and making v = 
ax JSoiiii 

f or iT = 2 in (8), we have (7, = — . Hence 

The greatest deflection is at the free end and equal to 

^ = -.Sm7' <«> 

Q 

or — times as much as for beam of constant cross-section. 
2 

If we take the cross-section rectangular and the breadth constant, we 

have (page 301) for the height A at any point distant « from the free end 

h = Aif^. Hence / = ^5,A,«|/^, and 

^^ Sbihi*^' 

Integrating twice and determining the constants of integration aa 
before, we obtain 
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y==- 



SWl 



-(P — 8te + 2xVUo). 



For the greatest deflection at the free end we have 

. SWP 

^ = — 



or twice as much as for beam of constant cross-section. 

For similar rectangular cross-sections we have (page 801) 5 = l/-y- , 

h = |/^. Hence / = -^ bxh.^jj/- , and 



^ j&6,Ai» fa? 

Integrating twice and determining the constants of integration as bef ore, 
we have 



y = - 



dx Ehihi 
18 FZ 



-(2? - 5& -I- 3 t^Z«*). 



^Ehihi} 

For the greatest deflection at the free end we have 

36TF? 



J = - 



6i?&iA, 



i> 



or nme fifths as much as for beam of constant cross-section. 

2 1 

The Yolnme of the beam in the first case is -, in the second case — 

8 2 

and in the third case — of the volume of a rectangular beam of uniform 

cross-section. Hence the deflection at the end for a rectangular beam of 
uniform strength is proportional to the volume of the beam. 

Case 2. Cantilever Beam — Fixed Horizontally at one End— Load 
Uniformly Distributed. — Here again we have already found the breaking 
weight and shape for uniform strength (page 802). It remains to find the 
deflection. 

(a) Deflection— Uniform Cross-section.— Let t<^ be the load per unit of 
length uniformly distributed, I the length AB k 

of the beam, and take the origin at the end D ^ '^ ^ 

before deflection. . ^.-flsSt^s^^"*****" — ($» 

Since we can take the load wx as acting ^\^f^ \ 

at its centre of mass or at a distance ~ from 
P, we have for the moment at P 




Mx = tJOX X r = 






and from (I), page 826, 






(1) 
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If the oross-seotion is constant, /is oonstant We haye then by inte^ 
grating (1) 

^S--T^ + ^«' W 

iZr/y = -^ + Ci«+(7.. (8) 

The cnrre APB mnst pass through B^ and the tangent at B must bo 

horizontal Henoe we hare y = f or « = Z in (2) and -J^ = for a; = { in 

dx 

(8). The constants are then C^i = + -r-Ct = — -x- and 

O o 

^^S=?<^-*^*. w 

i5Jy=-^(«*-4raj + 8l*) (5) 

The maximmn deflection is at the free end and equal to 



J = 



8BT "■ SEI 



D 

if we put the load tvl = W, or only - as great as for an equal load at the 

end. 

[The student should note this case, taking the origin at B, C, and A» 
He should also draw the figure with the fixed end on left and take the 
origin at A^ B^ C and D.] 

(b) Deflection — Beam of Uniform Streii|Sth. — ^For uniform strength 
/is not constant. If we take the cross-section rectangular, the breadth 
and depth at the fixed end being 5i and hi , we haye 5>age 803) for con- 
stant height for the breadth b at any point distant x from the free end 

1 1 ^ TT w bihi*x* , 
J = J~. Hence /=-T^yp and 



daf Bbxhi* 



Integrating this twice and determining the constants of integration as 
before, we haye 






dx M^hi^ 



" Ebihi 

9 

The deflection at the end is then 



-,(« «)•. 



J = - 



Ebxhx*' 



or 24 times as much as for the same beam of constant cross-section. In 
the same way we can find the deflection for breadth constant and for 
similar cross-sections. 
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Case 3. Horizontal Beam Loaded with W between the Snpporti 
Constant Cross-ieetion. — Let ^ 

be the length of the beam, Zi the 
distance of W from the left end, 
and take the origin at the left end. 
(For breaking weight see page 805.) 
The reaction at the left end is 

■ — ^, and we have from (I), 

page 896, for any point P of the 
neutral axis distant x from the left 
end, 




when X <sii 
when x> gi 






If the cross-section is constant, /is constant. 
Integrating (1), we obtain 



i^) 



fora,<^. JP/^ = -^ ^ + C. 



Litogtatmg (2), we obtain 



ax 



22 



(8) 



W 



Integrating again, we obtain from (8) 



for x<gi Ely = 



Waj» Wzio^ 



and from (4) 



for x> gi Ely = 



6 62 



+ Cia; + C«, 



a 



62 



+ fta? + ft. 



(5) 



(«) 



The curve APS must pass through A and B^ and each portion ilP and 
PB must have a common tangent and deflection at P, JBence we must 

dy . 

dto 



have ^ = for a; = in (6) and a; = 2 in (6). Also when 0; = ^i, -=^ in 



(8) must equal ^ in (4), and y in (6) must equal y in (6). 

If then we make a; = and y=: in (5), we find C% = 0. 
If we make x^l and y = in (6), we obtain 

ft + ft2 = g— . 

If we make a; = ^1 in (8) and (4) and place the two vfdues of ^ 



equal, we have 



ft - ft = 



Wzi' 



If we make a? = 2ri in (5) and (6) and place the two values of y equal, 
we have 

(ft - Ct)gi -- ft = ^. 
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Hence we find, for the constants of integration, 

^ TTzi* Wza Wzi^ ^ Wzd Wzx^ n ix f^ ^^»* 
Ci = -^ 3 ^, C. = 3 gp, C7, = 0, C74 = -y-. 

Substituting ttiese, we obtain 

iQTX>Zi iW-$f=^(6te-8a?-2P-^i«); ... (8) 

ax 0/ 

for«<2r, Ely = ^^^ ~ ^'^^ (a^ ~ 2Zg, + g.*); . . . (9) 

for x>Zx Ely = ^Lz^(x^ - 2te + Zx*). . . . (10) 

If we make a; = ^i in (9) or (10), we have for the deflection ^w at the 
load 

. WziW 

where 2^1 and Zt are the distances of the load from the right and left ends. 

The deflection at the load is evidently a maximum when j?i r= j?, = ~ , that 

is, when the load is at the middle of the span. In this case the tangent 
at the middle is horizontal. When the load is not at the centre of the 
span, the maximum deflection will evidently be at the same point C in the 
figure between the load and the farthest end. 

Let the distance of this point from the left end be m. If then Zi is less 

than -, 971 is greater than Zi. If Zx is greater than -, m is less than Zx, If 

then we put -^ in (8) equal to zero, we have for the distance m from the 
left end to the point C at which the deflection is a maximum, 

when ^1 < o m = ? - |/q (2i — z%)Zt (11) 

If we put -^ in (7) equal to zero, we find for the value of x which 
makes the deflection a maximum, 



when zi> K ^ = |/ o (^^ "" ^")^» (^^) 

The distance l — m from the right end in this case is the same as the 
distance from the left end in the first case, if Zx in (13) is taken equal to z^ 
in (11). 

If we substitute the value of m in (12) in the place of x in (9), or the 
value of m in (11) in the place of x in (10), we have for the maximum 
deflection, 

when^.>| ^ = - ^^'^if^^ ^^^ V^^{^1 - zx)\ . . (18) 

when^.<| ^ = - ^g|^V3..(2i - •.). . . (14) 
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If the load IF is at the middle of the span, Zi=z^= ~, and from (7) 
and (9) we have for any point between the left end and the centre 



BIy = 



Wx 
12 



(.--), 



(16) 



The mazimnm deflection is at the centre and equal to 



^ = - 



48Jr/' 



(17) 



or only -- as much as for a beam of the same length fixed at one end and 
16 

loaded at the other. 

Case 4. Horizontal Beam — Uniformly Distributed Load — Constant 
Cross-section. — Let w be the load per unit of length imiformly distributed. 
Take the origin at the left end A, 

Then the reaction at each end is 

— - ; and since we can take the load tox 

as acting at its centre of mass or at a 

distance of > from any point P of the 

neutral axis, we have for the bending 
moment at that point 



wl 



X 



Mx=- —X + tttr X ~. 
Hence, from (I), page 826, 

daf 2 2 




(1) 



If the cross-section is constant, /is constant. For a; = we must have 

y = 0, and for a; = — we must have ^^ = 0, since the curve passes through 

2 ax 

A and B and the tangent is horizontal at the centre C. Determining the 

constants of integration by these conditions, we have, by integrating (1), 



dx^T "6" 24' 



Integrating (2), we have 



EIy = 



wla^ w^ fvPx 



12 



24 



24 



(2) 



(8) 



I 



The maximum deflection ^ occurs at the centre for xs=^: henoe 

2 



^ = - 



5wl* 
884^/* 



4>v only --^ of a beam of the same length fixed at one end and uniformly 
128 

loaded. (For breaking weight see page 806.) 
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Caae 6. Horizontal Beam Supported at Ends— Constant CroM- 
ition— With Two Bqnal Symmetrically Plaeed Loads.— Let the 

beam A£ of length I support two loads 
Wy TF placed at equal distances 3, s &om 
the ends. 

The reaction at each support is then 
^ W, and the maximum moment is at the 
centre and eoual to Wb. 

For the breaking weigJUy then, we 
have 




Wz = 



Sri 



or 1^=*:^, 



where 8r is the coefficient of rupture (page 288). 
We haye from (I), page 826, 



tOTX> 3 






a) 



(8) 



If ttie croM-section is constant, / is constant Since the cnrre passes 
tbroo^h A and B and is horizontal at the centre, we have y = Otorx = 



da 



and -T- = f or a = -^. Hence, integrating (1), we have 



i<am<3 JBI^ 

dx 



Wa? 



+ Ci 



(8) 



Integrating (2), we hare 



fora.>i. EI^^W3x^^ 

dx 2 



W 



Integratmg again, we obtam from (8), 

f or a; < ^ 
and from (4), 



Ely^^ + C^Xy 



toTx>. EIy^^^^^.a.. 



2 



2 



(6) 



(«) 



When a? = s, ^ in (8) and (4) must be equal. Hence we have 

* 2 *15 • 

Also, when a? = s , y in (6) and (6) must be equal. Hence we have 

we 



(7,= 



6 



Substituting these values of the constants of integration, we have 



f or « < 



D 



• • 



(8) 
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for a> > e BI$- = ^^2x - I), 

dx 2 ' 



Wk 

Ely = ^(8a^ - 8Z« + O- 
o 



(10) 



The xnazimnm deflection is at the centre and equal to 

We 



z/ = — 



UEI 



(3?~4«0< 



(11) 



If the loads are uniformly distributed over the distance ea — «i , instead 

of being concentrated, we can put 

iodB in place of W. Equation (11) ^-f *" 

then becomes I 



-f^'f'-'^- 




I*- — zt — H 



If we integrate this between the limits et and zi , we have for the 
deflection at the centre 



^ = - 4^W"82"(««' - f .•) - 2(ea* - «.*)1, 



(12) 



If the load covers the whole beam, e^ = -, ei = 0, and we have 

2 



^ = - 



5wZ* 



as already found. 

Case 6. Horizontal Beam Fixed at one End and Supported at the 

Other — Constant Cross-section — 
Concentrated Load. — ^Let i be the 
length of the beam, ei the distance 
of the load W from the supported 
end, 0s from the fixed end. Take 
the origin at the fixed end and let 
Bi be the reaction at the supported 
end A, 

Then from (I), page 826, we 
have 




for « > »« ^Mx=EIy^^=: Bxil- «); 



(1) 



-Mx = EI^=zB,{l-x) -^17(9^^9).. . (2) 



f or a; < «• 
For constant cross-section /is constant. Integrating (1), we have 

for«>e, EI^ = Bxlx —^ + Oi (3) 

ax 2 

Integrating (2), we have 

... (4) 



fora5<0. EJ^=Bxlx^?^^W2,x + ^ + 0u 



dx ■ 2 

Integrating again, we obtain from (3), 

f0T«>«. EIy=?^-^?^ + (/,«+ (7. 



(5) 
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and from (4) 

for a; < 0a 

BIy = — ^ + -j-^ + CtPD + (74. . . . (6) 



The curve APB must pass through A and^i?, have a horizontal tangent 
B^ and each portion from il to W^ 
tangent and denection at the load W, 



at B^ and each portion from il to W" and W tQ B must have a common 

jfle 



dy 
Hence we must have y = for a; = in (6) and x = l in (5). Also -^ 

= for a; = in (4); and when rr = 2rs , -^ in (8) must equal ^ in (4), 

ax ax 

and y in (5) must equal y in (6). 

If then we make a; = and -^ = in (4), we hare d = 0; and if we 

ax 

make a; = and y = in (6), we have Ca = 0. If we make x = l and y = 

in (5), we have 

dy 
If we make a; = o^ in (3) and (4) and place the two yalues of ^ equal, 

we have 

If we make a; = 0« in (6) and (6) and place the two yalues of y equal, 
we have 

Cxz^ + a = - ■^. 

We have then 

C. = + ^ and R,^^(U^z,). 

Substituting these values, we have 

foraj>«. iW:^ = ^[(2to-a^)(82-«,)-2H; ... (7) 

foraj<«, ET^ = ^M2Z-aj)(8Z-«,)-2Z*(2if,-aj)]; . (8) 
tOTX>z^ Ely =z Y^^-[(8^ - aJ»X3^ - «t) - ^\Zx - «,)] ; (9) 

for«<e, Ely = j^^MSZ - a^XSZ - 1.) - 2Z^8f, - a?)]. (10) 

If we make a; = ei in (9) or (10), we have for the deflection ^w at the 
load 

where 09 is the distance of the load from the fixed end. This deflection at 
the load is a maximum when 0, = Z(2 — |/2). 

If 0s is greater than this, the maximum deflection will be at some point 
C in the figure between the load and the fixed end. If 0s is less than this. 
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the point C will be between the load and the supported end. Let the dis- 
tance of this point from the fixed end be m. If then we put -^ in (7) and (8) 

equal to zero, we have for the distance mfrom t?ie fixed end to the point 
C at which the deflection is a maximum, 



when «, < 2(2 - i/2) m = l-l a/L.JL; 

o* — 0* 



(11) 



when^>Z(3-4^) m = ^^^-^^ (12) 

If we substitute these yalues of m in the place of x in (9) and (10), we 
have for the maximum deflection 



when ..<J(3- 4/2) ^ = -^(3 _ Vjn^J • 



(18) 



when*>i(3-4^) ^ = -^-^^l^_A^^.. . . (14) 

These values of J are themselves a maximum and equal when 

«, = 2(2 - 4/2 ) = 0.585752. 

The greatest possible deflection is then at the load when the load is at 
a distance of about 0.5862 from the fixed end. 
This greatest possible deflection is 

_ 47094 m * 

"" 4800000^/ ' 

47 
or only about — - as much as for a beam supported at both ends. 

If the load is at the middle of the span, we have Bi = :~-Wj instead of 
r-IFas it would be for a beam supported at the ends; and since in this case 
«• = 2j;2 < 2(2 — i^), we have, from (11) and (18), the maximum deflection 

a 

at a distance from the fixed end x = rr2, and equal to 

WP 
^ " "" 48 4/6^/' 
or only as much as for beam supported at the ends. 

There is evidently a point between the load and the fixed end for which 
the moment is zero. 

This is the poirU of inflection. At this point the curve changes from 
concave to convex. If we put equation (2) equal to zero, and insert the 
value of Bi , we obtain for the distance of the point of inflection from the 
fixed end 

Q 

If the load is at the centre of the span, this becomes —2. 
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Breaking; Weicrht. — Rupture will occur where the moment is greatest, 
that is, either at the load or at the fixed end. 

The moment at the load is, from the figure page 897, 

— 12if 1 ^ Iiit% — Mil, 

The moment at the fixed end is 

Now W is always greater than Bi , and hence Wz^ is greater than Bi9%. 
The moment is therefore greatest at the fixed end. 

Inserting the yalue of Ei , we have for the moment at the fixed end 

where Sr is the coefficient of rupture and v the distance of the most remote 
fibre from the neutral axis. Hence the breaking weight in general is 

^ = t».(2^-e.)(Z-«.) ^^^^ 

The moment at the fixed end is a maximum for 



= l(l- j/T] = 0.43261. 



This maximum moment at the fixed end is then 

Wl _/8rI 

84/3" ^ ' 
and the least breaking weight is then 



W= 



or 



84/8 



vl 



= 1.8 times as great as for beam supported at the ends. 



If the load is at the centre of the span, ^ = j^ ^^^ ^^® breaking 



weight is 



Tr= 






or f as much as for beam supported at the ends. 

Case 7. Horizontid Beam — Fixed at One End and Supported at the 
Other — Constant Cross-section^Load Uniformly Distributed. — Let I 
be the length of the beam, take the origin at the fixed end, and let Mi be 
the reaction at the supported end and w the load per unit of length. 

Then from (I), page 826, we have, since we can take the loi^ to(l — x 

M as acting at its centre of mass, or at a 

distance —-- — from P, 
2 ' 

-31,=EI^=B,(l-x)-^f^. (1) 

For constant cross-section / is eon* 
stant. 

Since the curve passes through A and 
B and the tangent is horizontol at B, 

we must have y = when a; = and x = lf and -^=^0 when xssO. 

dx 
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The coDfltants of integration are therefore zero, and we have by inte 
grating (1) 

dx 8 a a d 

Integrating (2), we obtain 

„- -Rite* -RiiT* UfPaf wJa? «IWJ* ,o\ 

Biv=—^ 6 — 4- + -r-ir-- • • <*^ 

Since f or a; = 2, ^ = 0, we have from (8) 

instead of -wl as it would be for a beam supported at the ends. 
Inserting this value of R\ in (2) and (8), we have 

-»/f^=-^(6P-15te + 8ir»); (4) 

ax 4o 

JEZy = - ^-(? - «)(W - 205) (6) 

48 

Putting (4) equal to zero> we have for the distance of the point (7 from 
the fixed end at which the deflection is a maximum 

m = — "" ■ ■ h or f7» = 0.67862. 
16 

The TnitTiTTrmTn deflection itself is then 

89 + 66i^ wl> 



^ = -. 



16* EI 



If we put (1) equal to zero, and insert the value of i2i, we have for the 
distance of the point of inflection from the fixed end 

aj= -/. 
4 

Breaking Weigrht. — If we insert the value of Rv in (1), we have for 
the moment at any point 

- Jfx = - — + — (5/ — 4aj). 

This is a maximum when a; = 0. The maximum moment is then — 

8 

at the fixed end. We have then 

t£P _BrI 

or the breaking weight 

8&-J 



tt7Z = 



vl ' 



or ~ as great as for the same load in the centre, and just the same as for 

8 
beam of same length and load supported at the ends. 



342 



APPLICATIONS OF STATICS. 



[chap. III. 



Case 8. Horizontal Beam Eized at Both Ends — Constant Cross- 
section — Concentrated Load. — ^Let I be the length of beam, 1 1 the dis- 
tance of the load IT from the left end, «« from the right end. Take the 
origin at the left end and let Ex be the reaction at the left end. 




The left end mnst be fixed by a couple + J^, - J^ whose moment Mi is 
the same at every point of the beam. 
Then from (I) page 826, we have 



for a; < f 1 



for x> Zi 



dor 



RiX — Ml \ 



- Jfe = EI^ = Rix - W{x - «i) - Ml. 
oaf 



(1) 

(8) 



For constant (nxws-seotion /is constant. 
Integrating (1), we have 

fora!<f. bM ^?^ - M,x ^- Or. 

ax 2 



(8> 



Integrating (2), we have 

for x> Bi EI^ = 

dx 2 



Wo? 



+ WZxX — MxX + ft. 



W 



Integrating again, we obtain from (8) 



for x<Zx Ely = 

and from (4) 

for2;>fi Ely^ 



-RiiT* Mxx^ 



6 

Bx^ 
6 



2 

6 



+ OxX + ft, . 



WZxH^ MxQ^ 



(5) 



+ (7,aj + ft. (6) 



The curve APB mnst pass through A and P, the tangent must be hori- 
zontal at A and B^ and each portion from A to the load and from B to the 
load must have a common tangent and deflection at the load. Hence we 
must have y = for rr = in (5) and x^l in (6). Also we must have 

^ = for « = in (8) and « = Mn (4); and when a? = f i , -i^ in (8) must 
ax ax 

equal ~y in (4), and y in (5) must equal y in (6). 
ax 

We have then, making a; = in (8) and (5), ft = and ft = 0. Making 

Wz * 
09 = Si in (8) and (4) and equating them, we have ft = — — ^. Making 



fl? = «i in (6) and (6) and equating, we have ft = 



Wz: 
6 



Making x^l and 



y = in (6) and inserting the values of ft and ft, we obtain 
8JfiP = 8TrP«, - 8Tr&i* + ijjp - F? + Wzx\ 
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Making a? = 2 and ^ = in (4) and inserting the value of ft we have 
Eliminating Jfi and Ei from these equations, we obtain 

^1 - -y-, Jf, = ^ — 

Substituting these values of J?i and Jf, and also the values of the con- 
stants of integration in equations (8) to (6), we have 

fora;<«. ^^%=^[{f^^ +^.)x-20^i]; (7) 

fOTX>3r iKr^ = ^[(3«i+«.)hV-?(a;-f,)«-2«A«te]; . (8) 
foraj<«i i?/y = -^^[(3«i + e,)a;-8B,i]; (9) 



for x>zi Ely = -^[(8«» + ««)««'a?* — ^(« — «i)* — 8f itt*Za?]. . (lo) 

If we make 21; = f i in (9) or (10), we have for the deflection ^w at the 
load 



^w= — 



where f 1 and f* are the distances of the load from the right and left ends. 
The deflection at the load is evidently a maximum when ei = 0, = ~, or 

when the load is at the middle of the span. If the load is not at the centre 
of the span, the maximum deflection will be at some point C in the 
figure between the load and the farthest end. Let the distance of this 

point from the left end be m. If then ci is greater than —, m is less than 

2x ; and if 2r, is less than — , fi» is greater than zu If then we put ^ in 

« dx 

(7) and (8) equal to zero, we have for the distance m from the left end to 

the point C at which the deflection is a maximum, 

when..>- «» = gj-j-^; (11) 

when..<l «» = 8;^ (12) 

If we substitute these values of m in the place of a; in (9) and (10), we 
have for Uie maximum deflection 

u ^ J 2WzxW 
when..>- ^ = -^^-__^; (18) 

when^.<- ^ = -.^^^--^^ (14) 
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These values of ^ are themaelveB a maximum and equal when 



I 

S 
load is in the centre and equal to 



;?! = ^, = -. The greatest possible deflection is then at the load when the 

2 



192Et 

or only one fourth as much as for a beam supported at both ends. 

If we put (1) and (2) equal to zero, we have for the distances of the 
oints of inflection 

X = and X = (16) 

If the load is at the centre, we have 

x= -I and x^-l. 

4 4 

Breaking: Weigrht. — We easily And the greatest moment to be at the 
end nearest the load and equal to 

WZiZt^ _' Sri 

where Zx is the distance from the load to the nearest end. 
Hence the breaking weight in general is 

^=^. (i«) 

f>ZiZ\ 

The moment at the nearest end is a maximum for Zi = -Land the least 

8 ' 

breaking weight is then 

27 
or -r^ times as great as for a beam supported at the ends. 
16 

If the load is at the centre, we have 

%SrI 



ir= 



IST' 



or twice as much sa for a beam supported at the end. 

Case 9. Horizontal Beam Fixed at Both Ends — Constant Cross- 
section— Load TTniformly Distributed.— Let / be the length of beam, to 




the load per unit of length, and take the origin at the left end. The reac- 
tion at each end is evidently — . The ends must be fixed by the moments 
Ml , Mt. We have then from (I), page 826, 



-ifx = JS/^ = ^«-^'-Jf.. 



d3? i- a - ^^ 
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For constant cro6s«8eotion /is constant. Since for x^OjV and -r- are 

dx 

zero, we haye, integrating (1), 

JE/^=!^_!^_Jft«; (2) 

dx 4 9 ^ 



and int^rating (2), 






For a; a: L --^ = 0, and we have from (2) and (1) 
dx 

^12' 12 

Snbstitating the yalae of Mi in (2) and (8), we have 

Bi%^-'^ii-m-^y, 



(4) 



iWy = -^i-«)*. (6) 

Pntting (4) equal to zero, we have for the point C at which the deflec- 
tion ia a nuudmnm, m = -. The nuudmnm deflection is then 

2 

A !??1-, 

884B/' 

or only one fifth as much as for the same beam supported at the ends. 

If we pnt (1) equal to zero, we find for the distances of the points of 
inflection from the origin 

II I . I 

« = - -, « = — + 



2 2i^' 2 2i^8' 

or a? = 0.2118/ and x = 0.78872. 

Breakiner Weii:ht.~The greatest moment is at the fixed ends. Hence 

12 " t> ' 
and the breaking weight is 

12^7 



wl = 



vl 



or -- as much as for beam supported at the ends. 

Deflection of a Framed Stmctnre. — Let a framed structure as shown 
in the figure be acted upon by the loads Wi , Fi , IT. , applied at the 
apices 6, d, /, and by the reactions Ri 
and B^&t A and B. 

Let the defiection A at any apex e, 
loaded or unloaded, be required. 

Suppose a load w of any convenient 
amount placed at that apex. Let the 
cross-section of any member, as a5, be a, 
its length Z, and its stress due to the 

total loading, including w, be S. Then its unit stress is - : and since £ is 

a 
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equal to unit stress divided by unit strain (page 281), its unit strain is ^—^ 

and its entire strain due to the total loading, including Wy is -— . 

Now let s be the stress in the same member aby due to to considered as 

acting alone. Then, since work = -- stress x strain, we have for the work 

sSl 
on that member due to w alone. 



2aE 
The work on all the members due to u; is then 



881 

2aE' 



But if ^ is the 



deflection at c, this work must be equal to -^. We have then 



"2" 



2aE' 



or ^ = 



E 



881 

waJB' 



We can thus find the deflection at any apex c, loaded or unloaded. 

Whatever value we assume for Wy the ratio — for any member will be the 

w 

same, since the stress increases with the load. It is therefore convenient 
to take w unity. 

Example. — Suppose a girder consisting of two inclined rafters Ah and 
BCj 6 ft, long, and ttoo f)ertical ties bfand C6, 4ift, long; an upper chord 
be, 6 ft. long, aud a lower tie consisting of Af, fe and eB, 8 /t., 6 ft, and 
8 ft. long respectively. Let there he a diagonal hrace fc whose length is 
6.4 A The loads at f and e are TFi = 5 tons^ TTi = 10 Urns. Find the 
deflection at c, taking E = 13500 tons per square inch and the area of cross- 
section of each member as given in thefoUowing Table. 

Ana . We easily find (page 106, Example (4)) the stress 8 in tons in each 

member due to the total loading, 
also the stress s in tons in eadi 
member due to one ton at e, as given 
in the Table, (— ) signifying com- 
pression and (-|-) tension. 

The oolomns for — = and — are 

wE a 

then easily filled out. Multiplying' 

these for each member and adding, 

we find the defiection at e, ^ ^ 

0.1627 inches. 

In the same way we conld find the deflection at / by supposing ic = 1 ton 

at /and placing the corresponding stresses in the fifth column, and the corre> 

88 

spending values of — in the eighth. 

Observe that in such case s for the member cf would be (-f ) or tension, and 

88 as 

— would be (— ), while all other values of — would be (+). Care should 
a a 

therefore be taken in any case to observe the signs in columns 4, 5 and 8 

The stresses 8 due to total loading are, strictly speaking, slightly changed 
by the change of shape. This can, however, be disregarded without percepti- 
ble error, as the defiection in all practical cases is very small. When it is not, 
a second approximation can be made by finding 8 and 8 for the new shape. The 
strain due to bending of compressed members is also neglected. The coefficient 
of elasticity E is assumed constant. All pins, if any, at the apices are presumed 
to fit tight, and all adjustable members, if any, to be properly adjusted. 

A girder after erection may then be tested by calculating the defiection at 




Wi-S.Tons 



10 Tons 
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the centre for a given loading and comparing witli the actual deflection for this 
loading. 

A good agreement is thus a test of the close fit of all pins, of the proper 
adjastment of all adjustable members, of the agreement of Ihe lengths and 
the areas of members with those called for by the design, of the constant value 



Mem- 
ber. 



Ah 
be 
cB 
Be 



fA 

V 

ee 



Leoi 



is^th 



in 
iDches. 



60 
60 
60 
36 
60 
36 
48 
48 
76.84 



E 
in tons 

per 

square 

inch. 



12500 
12500 
12500 
12500 
12500 
12500 
12500 
12500 
12500 



8 
in tons. 



- 7.954 

- 4.777 
-10.795 
+ 6.477 
+ 6.481 
+ 4.777 
+ 6.868 
+ 8.636 

- 2.182 



in tons. 



Area 

of 

CrofiS- 

Bection 

a 
fnsqin. 



- .341 

- .2045 

- .9091 
+ .6454 
+ .5454 
+ .2045 
+ .2727 
+1.00 

- .4366 



1.85 

1.00 

1.85 

1.5 

1.5 

1.5 

2.0 

2.0 

0.75 



I 

toE 



8» 
a 






i 



TS7 
Si's 5 

9 
TTeTT 



+1.46616 
+ .97689 
+5.30472 
+2.355037 
+2.356491 
+ .651264 
+ .867595 
+4.318 
+1.270215 



A 
in inches. 



0.0371 



V0.0979 






0.0277 



J = 0.1627 inch. 

of E and its proper assumption as to magnitude, and finally of the fact that tTuf 
limit of ekusticUy is not exceeded by the loading. 

It 18 evident that when so many conditions must concur, a discrepancy be- 
tween the observed and the calculated deflection has little practical significance. 
The last-mentioned fact, that the limit of elasticity is not exceeded, is the most 
important, and this is proved, not by close agreement between the actual and 
the calculated deflections, but by the fact that the deflection is found to remain 
constant under repeated applications of the loading after the structure has at- 
tained its permanent set from the first application. Calculations of defiection 
are then of little value as a means of testing framed structures. 

Deflection of Beams found by the Same Principle. — We can 
make use of the same principle of work in finding the defiection of beams. 

Thus let APCB be the curve of the neutral axis of a deflected beam 
and let the tangent to the curve at the poiut C be horizontal. Take the 
origin at any point ly in the horizontal through C, Let Zx^yihe the or- 
dinates of the point A at which curvature begins^ the portion A' A, if any, 
being straight and tangent to the curve ACB at A, Let m be the distance 
of the point C from the origin, and let x, yhe the ordinates of any point P 
of the curve. Let the moment at P of all the outer forces left or right of 
P be Mx. We can replace the moment Mx by the couple whose forces 

^ and -h — ^ act at A and P respectively. The force H — 

a? — Zi x-^ Zx X — Zi 

at P is the stress which resists deflection at P. Since work is equal to 

i stress x strain (page 281), the work of overcoming this resistance is 

— — ^ . Since y is positive above and negative below the horizontal B'C 
2(ic — Zi) 

and Mx is positive when counter-clockwise, if we take Mx with a minus 

sign on the left of P and a plus sign on the right of P we shall always 
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have 



Jf^y 



poBitive. Now the oouple whose forces + 



act at P and A stiams the fibies above and below P in the cross-section 
at P. We have then 



Ma^ 



2(X — 2!i) 



1 



work of straining all 

the fibres in the 

cross-section at P 



1=1 



( total work on all ) 
the fibres between > . {A) 
PandC ) 



For any fibre of the cross-section at P at any distance v above or 
below the nentral axis the unit stress (page 326) is -y-* Since B is 
eqnal to nnit stress divided by unit strain (page 281), the unit strain of the 




fibre is 






If a is the cross-section of the fibre and dx the distance to 



the next consecutive cross-section, then — rr- is the stress, and 



/ ' EI 

is the strain of the fibre between two consecutive cross-sections. 

The strain of the fibre limited by the cross-sections at P and C is then 



r 






and its work is 



"2/ 



T 



Ms^vdx Myfl,'& 



EI 



2EI 



%£"m^. 



Since ^af& ss /, the work of straining all the fibres in the oroes-seotion 
at Pis 

Again, the work of straining the fibre between two consecutive cross- 
sections is 



21 



EI 



2EP 



Since Satf = Z, the total work on all the fibres between P and C 
is then 



■i/"^**- 
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We have then, from statement (A), for any point P between A and C 



Henoe 



rfhn 
T Mx{x — Zi)dx — (« — Zi)J T Mgtidx, 



a) 



Differentiating (I), we have 

dtD 



iM^ (1) 

Differentating again, 



JP/g=TJ&, • 

which is the same as equation (I), page 826. 

If in (I) we make jc = ^i , we have for the deflection at A 



yi = -^J =F Jfc(aJ — zi)dx. 



and from (1) for the tangent ti of the angle A'Ajy which the tangent at A 
makes with the horizontal 

We have then for the deflection for any point of the straight portion A' A 
y = y, +(aj — ;8r,)f, = ^ / :^ Mx{x — Zi)dx — -^j-^ J ^ Mxdx, 



or 

for 



T MgA^x — Zi)da& — (« — «r,) / T Mxdx, II) 

%/Zx 



In (I) and (II) Ifa; is always the moment at any point P of the curve 
between A^ where curvature begins, and (7, where the tangent is horizontal. 
The {—) sign is taken when Mx is taken for all forces on the left, and the 
(+) sign for all forces on the right. 

The application of these equations will give us 
the same value for the deflection as alre^y ob- 
tained. 

Take the case of the cantilever beam of uni- 
form cross-section fixed horizontally at one end, 
with load W at the other end. Here m = I, 
zi = 0, and for W on left of P, Jfa = + Wx. 
From (I), then, 



Ely = / — Wa^dx + x I Wxdx. 




Integrating, we have at once 
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which is the same as already found, page 329. If « = 0, we obtain for 
the deflection A = BA at the end 




JZ2^=- 



8 



Hence if we take the origin at A^ we 
have 



W 



(2) 



Let the beam project beyond the load 
^ TT so that the portion A' A is straight, 

and let the distance of TTfrom il' be ^i . Here m = Z, and 

for TTon left of P J& = W{x — Zi). 

Hence, from (II), 

Ely = / — W{x — ZiYdx + (a; — Zi) f W(x — ei)dx ; 

J^/y = - — 2(Z - 2r,)» - 3(Z - 2ri)\iC - z^) . 
If ^ = 0, we obtain for the deflection J = JyA' at the end 



Hence if we take the origin at A'^ we have 

Tr(Z — ;?i)«aj 
for X <zx Ely = ^ , — ^. 



(8) 



for x> Z\ * 



From (I) we have 

Ely = J — ^(aJ - ^i)*^ + (» — 2r,) y Tr(aj — Zi)dx\ 

Ely = - -^r^C^ - ^0* - 3(Z - z{)\x - ^i) + (aj - 2^0'T 
Hence if we take the origin at J.', we have 

ioTX>Zx -Efy = -^r8(Z-^i)«a5-{»-^,)«"j. . . (4) 

Let the beam be acted upon by a couple whose forces + i^, — Pact at 
A* and A respectively. Take the origin at D. 

The moment of a couple is the same at every point in its plane, and 
equal to JPfe = Mu We have then in ^.p 

this case for any point Pon the right 
of 2>, Mx = Mx^ and from (I), making ^ 
2ri = 0, m = Z, 



Ely = / - 



Mixdx + X 



' I Midx, 



Ely = 5p + Mxlx 5—. 



If a; = 0, we obtain for the deflection A = DA 

EIA = - J^. 
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Henoe if we take the origin at A, we have 

M\Ci? MiX 



Ely = Mdx — 



3 --Y-(2^-«)- • • • 



(5) 



Let the beam be uniformly loaded with w per unit of length, and take 
the origin at D. In this case we have for 



war 



any point Pon the right of il, Jf = , 
Hence from (I) taking m =^l and Zi = 0, 



Ely 



-I- 



UDix^dx 



+ X 



I wa?dx 



W 



which is the same as already found, page 832. 
If ^ = 0, we obtain for the deflection ^ = DAj 




EIA = - 



8 



Hence if we take the origin at Ay we have 



w 
29 



^^y = -^ (42'a; - a^y 



(6) 



Susiug these equations we can find the deflection for all other cases, 
us let a horizontal beam of uniform cross-section have the load W 

between the supports and take the origin 

4 I ^ -f\ at A. The reaction at il is T" . 

The deflection due to this reaction at 
any point between A and the point at 
which the tangent is horizontal we find 
from (2), by ma^ng l^m and W^-^ 

W(l - Zx) 




I 

QEIl 



{Zm^x — af). 



The deflection due to TTat any point between A and IT when Zx<m 
we find from (3) by putting l^mi 

W{m — zi^x 
%EI ' 

The deflection due to TTat any point between IT and (7 when Zi<m 
we flnd from (4) by putting 2 = m : 



^[8(m-^0*aJ-(aJ-z.)«]. 



tEI 
The deflection due to the reaction — =-^ at B at any point between O 
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and the right end when 2ri < m we find from (2) by patting Ictl^m^ 
«=Z-iB,andir=-^*: 

We have then, when Zi < m, 
for X <ei 

Sly = - ^<^ - ^' W';g - a^ + »*^<"» - '■)■*; 

'or a; > 2i and < m 



(D 



J./, = _W^W;„_^) + B?LZl£0^_J-(, _,.).;. (8) 



WZx\ 



torx>m 

If we make 2; = m in (8) and (0) and equate, we obtain 
when gi<m w = Z - j/T^~^ = i « y^^^TI^)^, 



W 



which 18 the same as abready found, page 334. 

If we substitute this value of m in 
^, (7) and (8), we obtain equations (9) and 
% (10), page 834. 

Let the beam sustain a uniformly- 
3 distributed load of w per unit of 
jx^^ y ^^i" length. 

jj H^ lnthiscaseirx = -!fa. + !y. 

From (I), if we make ari = 0, w = - , 

2' 

we have 




wx 



Ely 






2 



wh^dx wsMx 
2 2" 



/ 



wlxdx foa^dx 



2 



^ 128 ■*■ 12 24 24 • 

If aj =s 0, we obtain for the deflection J = DA 



ElJzs: 



Qwl* 
28 



Hence, if we take the origin at A, we have 

^ 12 24 "24^ 
which is the same as already found, page 885. 
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-^[m-x)-G-<cf-]. 




Let the beam be fixed horizontally at one end and supported at the 
other and sostain the load IF' at the dis- 
tanoe Zi from the supported end A, 

Let .fii be the reaction at A, and 
take the origin at the fixed end B. 

The defl^stion due to i2i at anypoint 
between A and B we find from (2), by 
making x^l^x and Tr= — Ri , 

The defiection due to W at any point between A and TT we find from 
(8) by putting x ^l^x\ 

2BI 

The deflection due to TTat any point between TTand B we find from 
(4) by putting ^ = 2 — a; : 

^[3(Z - ^^)\l - «) « (Z - aj - ^.)»]. 

We have then 
f6ra;> ;9t 

m» = - f [8P(? - ai) - a - «y] + ^^ - y - *> ; ao) 

for x<2t 

my = -^[mi-^-il-o^]+ ^<^-'f ^-'') - fi-a,-..y. (11) 
If we make » = in (11), y = 0, and we obtain 



which is the same as already found, page 838. 

ralue of J2i 
(0) and (10), page 888. 



If we substitute this yi 



in (10) and (11), we obtain equations 



Let the beam be fixed horizontally at one end and supported at the 

other and uniformlv loaded with 
the load w per unit of length. Tidce 
the origin at the fixed end B. 

The deflection due to A at any 
point P we find from (2) by making 
»Msl — xaJid }r= — jBi: 

Bi 




-(^K(^-^>"(^-^>'} 



The deflection due to the distrib- 
uted load we find from (6) by making x = l^x: 



w 



Hence 



UEI 



[4W - a:) -(Z -«)*]. 



JBTy=-:~[8P(^-«)-(^-»)»]+g[4^^Z-«)-(Z--«^^^^ . (12> 
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o 

For 0? = in (12), y = 0, and we find i2, = -trZ. 

Substitnte this valae of Bi in (12) and we obtain equation (6), page 
841. 

Let the beam be fixed horizontally at both ends and have the load W 
at the distance Zi from the left end A, Then we have at A the reaction 
^1 and the moment Mu 




Take the origin at A. 

Then we have for the deflection dne to JTi , from (6) 

For the deflection dne to Rx we find from (2) by putting Tr= — i2i : 

For the deflection due to IT at any point between^ and IT we find 
from (8) 

W{1 - gi)*a?. 

For the deflection dne to TT at any point between W and B we find 
from (4) 

^j;8(z-..)«^-(^ -..)•]. 

Hence, for x <Zx 

for x> Zi 
Ely = ^^Ul^x--A +^(2l^x\ + ^[BU''gxy (14) 



21— x] + 



') 



W(l - ZiYx 



. . . (13) 



Differentiating (18), we have 
for X <2fi 

For a; =: 2, y = in (14) and we obtain 



wa - «,)• 



(l«f) 



For a; = 0, —^ = in (15) and we obtain 

2 2 
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From tliese two equations we find 

jj. ^ Wza^ ^ lfe.'(8z. + iij 

' p ' ' P ' 

which are the aame as already f oaad, page 348. 

If we snbBtitate theae vidues of My and R^ in (18) and (14), we obtain 
eqaations (9) and (10), page 848. 

Let the beam be fixed horizontall}' at both enda and be loaded nniformly 




For the deflectiOD dne to the reaction --- at .<1 we have from (3), ptit> 
For the deBection due to the distributed load from (6), 



m = - ^(8P* - a^) + ~<^ - a:) + -^(W-* - iC). 

which is the same as equation (8), page 345. 

Formnlas for Long Btniti.— Let a long stmt or Tertical colnmn of 
constant cross-section A sustain the load W, and let the deflected column 
be free to turn at both ends, as in the figure. Take 
the origin at tbe upper end A, and let x be the 
vertical and y the horizontal co-ordinate of any 
point P of the elastic curve. 

Equation (I), page 326, holds for flexnre, pro- 
vided (page 828) thai the deflection is small, that a 
plane section before flexure remains plane after, 
that the elastic limit is not exceeded and that the 
coefficient of dasticitj E is constant. 

The bending moment at the point Pis Jfa = IFy. 
Hence from equation (I), page 826, 



B^=-W,. 



n^m^-iwtd,. 
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Integrating, we have 



JE/^ = - TTy" + (7,. 
da? 



Let DO = J be the mazimnm deflection. Then when y^A^-f- is 

ax 

zero, and Oi = WA^. Hence, substitating thia value of (7i, we haye bj 
inyersion 

dy 



dx^jJE. 

^ w 

Integrating again, we have 

X 



V^'-y"' 



= /^axx5 8in-J. + (7. 



When y = 0, « is zero ai^d therefore C* is zero. We have then for the 
eqnatioa of the elastio curve 



y = ^8ina.|/J. 



which is the equation of a sinuroid. If the length AB of the column is l^ 
then when jb = 2, y is aero. Hence if n is 1, 2, 8, eta, we bave 



V^-". 



or W = EI 



«V 



■?■• 



Since /= Ak*, where ^ is the area and k the radius of gyration of the 
cross-section for the axis through its centre of mass at right angles to the 
plane of bending of the axis, we have 



A" i* 



(E> 



This equation (E) is known as ^^ Suler's formtUa^ for long stmts. 
For n = 1, n = 2, n = 8, we have the curves shown in the following 
figure. In the first ease the curve is entirely on one side of the axis of Xy 



11-8 



n-s 



n-1 



B 



B 



B 



in the second case it crosses that axis at the centre, in the third case it 

1 2 

crosses at —l and -4. The greatest deflection evidently occurs for the 
8 8 

case where n = 1. Hence for a column with round ends we have theoreti- 
cally n = 1 in Euler^s formula. 

A column with one end round and the other fixed is represented by 
the portion Ab in the second case, b being the fixed end. Here n =: 2 and 
the length Ab is three fourths of the entire length. Hence for a column 
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with one end fixed and the other round we have theoretically n 
Euler^B formula and 

A" ^ ' 

A column with fixed ends is represented by the portion cc in the third 

case. Here n = 8 and the length cc is three fourths of the entire length. 

4 
Hence for a column with fixed ends we have theoretioally n = •- = 2 in 

Euler's formula and 



These ideal end conditions do not, howeyer, exist in practice. The 
nearest approach to round ends is for pins at each end. In such case 
there is always friction. The nearest approach to a fixed end is a square 
<end abutting upon a rigid base. But since the fibres on Uie oonvex side 
are in tension, the end in this case is only imperfectly fixed. 

Practical Values fbr n. — Brittle materials, such as stone, briek, 
•cement, or hard cast steel, when they fail by crushing, crack and separate 
into pieces. Tough materials, such as wrought iron, rolled steel, timber, 
«tc., when compressed fail by slow flowing of the material. The crushing 
load, then, for such materials is the load which produces permanent set. 
We therefore consider the elastic limit /% as the *^ ultimate strength'' in 
such cases. From many experiments carried to the point of failure n in 
Euler's formula has been found to have the following values : 





Two Pin 
Ends. 


One Pin, 

One Flat 

End. 


Two Flat 
Ends. 


n 


4 


6 
2i/3 


A 



If then we use these values of n in Euler's formula (E), we obtain for 

any value of I and k the so-called *^ crippling unit load," that is, the unit 

W 
load ~- which makes the unit stress in the outer fibre of greatest stress 
A 

equal to the elastic limit 8e when failure occurs. 

Limiting Length for Euler's Formula.— Let ab represent the cross- 
section of area A at the centre of the column where the deflection isgreatest, 
C the centre of mass of this cross-section. The plane of benmng will 
always be parallel to the least radius of gyration of the cross-section. 
Let V and Vx be the distances parallel to the plane of bending of the axis, 
of the most remote fibres aa\ W from the centre on the convex ana 
concave sides respectively. For symmetrical cross-sections v = vu 

Let 8e be the elastic limit and IS/ the unit stress due to bending in the 

most remote flbre aa' on the convex side. We also have a uniform unit 

W 
stress of direct compression -j- over the entire cross-section due to the 

load W, On the convex side this unit stress for the most remote flbre aa' 
is diminished by the unit stress 8/ due to bending. On the concave side 
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this unit stress for the most remote fibre bb' is increased by the unit stress 
-^8/ dae to bending. 

As long as the length I of the column is less than a certain length Z, 
we see from the first figure that when -7- + -^8f on the concave side 

W 

equals 8e > the elastic limit, 8/ on the convex side will be less than -- and 

A 

we shall have compression at every point of the cross-section ab. So long 

as this is the case Euler^s formula (£) does not appl^. 

But now as the length / increases, we can evidently have a certain 





length L for which, when the unit stress on W equals the elastic limit 8e » 

8f , as shown in the second figure, shall be just equal to —r-. When this. 

is the case there is no compression at a. For any length greater than Ly 
then, we shall have tension at a when the unit stress at 5 is equal to &• 

At or above the length X, then, Euler's formula applies. 

We have for this length the condition 






or 



W_ 
A 



Se 



'-? 



But since Suler's formula applies, we have also 

w 

Equating these two values of -j-, we have for the length L 



ntcie 



i = 



i'V^W 



Vs, 



(L) 



e 



Equation (L) gives then the limiting length above which we can use 
Euler's formula OS). If the length I is less than X, we cannot use Euler'a 
formula, but must deduce some other formula for the '* crippling unit 
load.'* The value of k is always the least radius of gyration of the cross- 
section. 

The Straight-lixie and Parabola Formulas. — We have seen that 

W 

for values of 2 > X we can find the crippling unit load --r- from Euler'a 

formula (E) if we use the values of n given on page 857. 

7 TXT 

Let us take any origin and take a; = as abscissa and ^ = -^ as. 
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ordinate. Then Baler's formula is represented by the curye ^PF whose 
equation is 



y = 






(1) 



Only the portion PFoi this curve 
can be used, the point P being 

given by a: = — and y = — -^ — . 

"" 1 + Hl 

V 

For Z < £ let the curve for the ideal 
column be AP. The ideal column 
is perfectly straight, perfectly ho- 
mogeneous in aU its parts, the load 
W accurately at the centre of cross- 
section, etc. No column is thus 
ideally perfect, and hence the actual 

values of — as given by experiment are found distributed above and 

belov^ AP over a considerable range. Evidently, then, a strictly rational 
formula for .AP would have no advantage over any convenient curve which 

Be 




passes through A and P so that OA = 8t tor Z = 0, and y = 



1 + ^ 

V 



W 



- for Z = £, and has at Pa common tangent with Euler's curve PB. 
Let us assume, then, for the curve AP 

y = /S« + 6^ + caf 



W 

This curve passes through A so that 0^ = /% f or Z = 0. It remains to 
determine h and c, so that the curve shall pass IJirough P and have a com- 
mon tangent at P with Euler's curve. 

If we make a? = — in (1) and (2) and equate, we have for the condition 

that the curve passes through P 






(8) 



If we differentiate (1) and (2) and equate -^ in both cases for a? = — , 

ax K 

we have for the condition of a common tangent at P 






(4) 



From (8) and (4) we obtain 



. 28eK . Mf^Ek^ 



c = 



B^te ^n^i^Ek" 



Bubstitnting these values of 6 and c in (2), and putting d? = — and 
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W 
y = --j-y we obtain for the crippling nnit load 






(8P) 



We call equation (SP) the ''straight-line parabola" formnla for long 
stmts, becanae if i?i = 29, the third term in the parentheBis disappears 
and the curve AP becomes a straight line, while if i? = Vi , as is the case 
for symmetrical cross-sections, the second term disappears and the cnrve 
AP becomes a parabola. 

We have thus for «i = 2« the straight-line formula for crippling load. 



forZ<X and t>, =3i> ^^^f^"!"!)' ^^ 



where L = 



i^Se 



For f = 9i or for symmetrical cross-sections we have the parabola for- 
mula for crippling load, 



for Z <X and 9 = th 'A'^\^^2"Ur' * ' 



(P) 



where L = -= — . 

The value of ic is always the least radius of gyration of the eroesi- 
section 

Both equations (8) and (P) are well known, and (8) especially has come 
into very general use. We see that both are special cases of the general 
formula (8P) here given for the first time. 

Bankine-Oordon Formula. — From the figure page 358 we see that 
when I < Life have 

If we assume that for lengths less than £, 8/ increases approximately 
as the square of the length, we have 

Sf,-^-.^:D, or 8f^—^, 

Inserting this value of 8f in the preceding equation, we obtain for the 
crippling unit load 

We call equation (H) the ** hyperbola formula," because it is the equa- 
tion of an hyperbola. 

Equation (H) is usually given in the form 

^ = — ^ (BG) 

1 +a — 



K^ 



where a is an experimental constant, and in this form it is known as the 
" Rankine-Gordon formula for long struts." We see that the experimental 
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constant a really depends upon the end conditions as given by n, npon 
the values of v and Vi , and upon the ratio of the elastic limit Se to the 
coefficient of elasticity E. We see also that (H) must not be used for l> L, 
The curve of (KG) or (H) passes through A (figure page 859), so that 
OA = 8e for 1! = 0, and also passes through P for / = Z, but it has not a 
oommon tangent at P, Still it gives good results, and in the form (RG) is 
widely used. Equation (H) is a more general form of the Rankine-Gordou 
formula here given for the first time. 

The value of k* is always the least radius of gyration. 

Seoapitulation of Formulas for Long Struts. — The straight-line 
formula (S) and the parabola formula (P) are well known and widely used. 
As we have seen, the^ are special cases of the general (SP) formula here 
given for the first time. The Bankine-Gordon formula (BG) is also a 
special experimental form of the more general and rational hyperbola 
formula (H) here given for the first time. 

We recapitulate here for convenience of reference all these formulas 
for long struts. 

Let A be the constant area of cross-section, W the crippling load and 

W 
therefore -j- the crippling unit load which makes the unit stress in the 

most compreased fibre just equal to the elastic limit /%. 

Let K be the least radius of gyration of the cross-section for the axis 
through its centre of mass of right angles to the plane of bending of the 
axis. 

Let V and Vi be the distances parallel to the plane of bending of the 
most remote fibres, on the convex and concave sides respectively, from the 
centre of the cross-section. For symmetrical cross-sections v = Vu 

Let 7» be a number depending on the end conditions, as follows: 





Two Pin 
Enda. 


OnePlo, 

One Flat 

End. 


Two Flat 
Enda. 


n 


4 
16 


5 

24/3 
4.5 
20 


♦4 

5 
25 



Then we have for the limiting length L above which Euler's formula 
holds 



nKn 



Z = 



A^) 



E 



\^e 



(L) 



W 



Let Z be the length of strut. Then we have for the crippling unit load 
Euler's formula. 



when l> L 



W n^Eic* 



(E) 



A P 

If 2 < X, we may use either the generalized Bankine-Gordon formula, 

W _ Se Se 

A ^ 



when I < L 






1 + 



n^it*{v + Vi)Ek* 



(H) 



362 



APPLIOATIONS OF STATICS. 



[chap. m. 



or the fonmila (SP), 

whenZ<i ^=sSl+^^^-<J!^£:^l . (8P) 
For vi = 2v formula (SP) becomes the *' straight-iine ^ formnla^ 
whenZ<X ^ = ^ri_?-^1, (B> 

, r nKie 4/8^ 
where L = jL_ ■ 

For 17 = «i or for symmetrical cross-sections formula (SP) becomes the 
^' parabola '* formula, 

whenZ<i :^ = «,^i_^JJ, (P) 

where i = = — . 

In all cases we must divide the crippling load by the factor of safety 
assumed (page 291), in order to obtain the safe load; or we can replace /9e 
in formulas (P), (S) and (SP), and in the numerator of 6^, by the value of 
8w as determined page 292. 

For the average values of 8e and E given in our Table page 823, we 

obtain from (L) the following values of — . 





80 
Lbs. per 
square in. 


B 

Lbs. per 

square In. 


E 


Value of — when v = »,. 




Two Pin 
Ends. 


One Pin, 

One Flat 

End. 


Two Flat 
Ends. 


Wrought iron... 
Steel 


25000 

40000 

80000 

8000 


25000000 
80000000 
15000000 
15000000 


1000 

750 
260 
500 


180 

150 

90 


200 
170 
100 


220 

190 


Cast iron 

Tfanber 


110 
160 



Wrought iron 

Steel 

Cast iron 

Timber 



Value of =^ in generaL 



Two Pin Ends. 



120 



109 



68 






One Pin, One 
Flat End. 



141 



122 






71V1+ 



Two Flat Ends. 



158 



186 



79 



112 
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I 

In practice -> is usaally less than 100, so that formula (H) or (SP) 

covers the range of ordinary practice, and we seldom have to use formula 
(E). 

EXAMPLES. 

(1) A cylindrical beam 2 inches in diameter^ 60 inches long and weigh- 
ing i lb, per cubic inch deflects | indi under a umght cf 8000 lbs. at the 
centre. Find E. 

Ans. E = 28929144 Ihs. per sqaare inch. 

(2) A rectangular beam 6 ft, long^ 8 inches wide and 8 inches deep is 
deflected ^ inch by a weight of 8000 lbs, applied at the centre. Find E. 

Ans. E = 20000000 lbs. per sqaare inch. 

(8) A beam whose length isl^ft., width 2 inches^ depth 12 inches^ and 
coefficient of elasticity 16000000 lbs. is deflected TuHfan inch by a weight 
at the centre. Find the weighty neglecting the weigfU qf the beam. 

Ans. Weight = 1562 lbs. 

(4) An iron rectangular beam wTiose length is 12 ft., breadth H in., 
coefficient of elasticity 24000000 lbs. has a weight cf 10000 lbs. suspended 
at the middle. Find the depth in order that ths deflection may be ^ of 
the lengtTu 

Ans. Depth = 8.8 in. 

(5) A rectangular ufooden beam 6 in. unde and ZOft. long is supported 
at the ends. The ooeffi^dent of elasticity is E= 1800000 lbs. per square 
inch. The loeight of a cubic foot of the beam is 60 lbs. Find the depth 
tfiat it may deflect one inch from its oum weight. How deep must it be 
to deflect -^ of its length f 

Ans. Depth = 6.6 inches; depth = 6.8 inches. 

(6) Required the depth of a rectangular beam which is supported at 
the ends and so loaded at the middle that the elongation cf the lowest fibre 
sThoil equal y^Vv ^/ ^ original length. 



Depth = j^\ 



Eh • 

(7) Required the radius cf curvature at the middle point cfa wooden 
beam wTien the load is 8000 lbs,, the length 10 ft., breadth 4 inches, depth 
8 inches and E = 1000000 lbs. 

Ans. Radios = 1896 inches. 

(8) Let tTie beam be of iron supported at the ends. Let the breadth be 
1 in., depth 2 in., length 8 ft. and E=: 26000000 lbs. Required the 
radius of curvature at the middle when the deflection is | inch. 

Ans. Radios = 8840 inches. 

(9) Xfa beam 6 ft. long, H inches wide and 4 inches deep is sup- 
ported at the ends and loaded at the centre so as to produce a deflection 
cf \ inch, find the greatest inch stress on the flbres, taking E = 25000000 
UfS. per square inch. Also find the load. 

Ans. Stress = 86806 lbs. per sqoare inch; 
Load = 19290 lbs. 

(10) For the same beam, if the greatest flbre stress is 12000 per square 
inch, find the greatest deflection. 

Ans. Deflection = 0.108 inches. 
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(11) A rectangular oak beam 1 foot deep and i foot wide and 15 ft. 
long is fixed TiorisontaUy at one end and is free at the other end. Let 
Gie weigM of the beam be b^ pounds per cubic foot. Suppose it sustains 
a uniform load of 100 pounds per foot extending over 4 feet of the beam^ 
beginning at 5 feet from the fixed end. Also a weight of 100 pounds 
pUiced at 11 feet from the fixed end. Let E = 2000000 lbs, per square 
inch. Find t?ie deflection at the free end, 

Ans. Deflection due to weight of beam = 0.17086 inch; 
•• " «• uniform load = 0.13627 ** 

•• " " the weight =0.0684 ** 

Total deflection = 0.86558 inch. 

(12) XftJie same beam is loaded loithflve equal weigJUs qf 100 lbs, each 
at intervalscfdfeet, whatistTie deflection at the free end and at thethird 
loaded point from the fixed end f 

Ans. Total deflection at free end =0.27 inch. 

" third point = 0.12555 inch. 

(18) 8ame beam supported at the ends. Find the central deflection due 
to its own weight. 

Ans. Deflection = 0.001488 ft. 

(14) A beam of pine weighing 40 lbs. per cubic footy 18^ inches de^^ 
15 incTies vnde, IfUft. long, is supported at the ends and has a weight of 
17935 lbs, placed at 48 indies from one end. Find the deflection at centre 
and point of application of the weig?it when E = 1680000 lbs. per square 
inch, 

Ans. Deflection at centre due to weight of beam = 0.0032 inch. 

" " " " "weight added =0.078617*' 

" *• 48 in. " •' weight of beam = 0.0027 " 

" 48 " " " weight added = 0.07185 •* 

(15) A wrought'iron 15-incA Ibeam^ whose moment of inertia is 691 
in inches, has a length of 80 feet, -E = 24000000 lbs, per square inch. 
If supported at the ends and a uniform load of 75 lbs, per inch of length 
covers the first 10 feet, find the deflection at the end ofQie load. 

Ans. Deflection = 0.28444 inch. 

Find the deflection at tJie centre of the beam. 
Ans. Deflection = 0.24421 inch. 

Find the deflection 10 feet from the unloaded end. 
Ans. Deflection = 0.19587 inch. 

Where is the point of greatest defle<^ion and what is the greatest deflec- 
tion f 

Ans. At 18.1676 feet. Greatest deflection = 0.24847 inch. 

Xf the weight of the beam itself is 5. 578 lbs, per inch of length, find the 
deflection at the centre. 

Ans. Deflection = 0.07849 inch. 

If the same lO-foot load is moved along to the centre, find tke deflection 
at the centre. 

Ads. Deflection = 0.50068 inch. 

If the uniform load of 75 lbs, per inch covers the whole span, wTud is 
the central deflection f 

Ans. Deflection = 0.98905 inch. 



CHAP. III.] THSOBY OP PLEXUBS — EXAMPLES. 365 

If the same heam is half loaded with 75 pounds per inchy what is the 
deflection at the eetUre f Whai is the maximum deflection f and at what 
point isitf 

Ans. Deflection = 0.404625 inch. Max. deflection == 0.49856 inch. 
Within the loaded portion at 14.48 inches from centre. 

XftTte same heam has three weigTUs o/4500 lbs. each, placed at inter^ 
vols of 60 inches beginning at one end^ what is the deflection at the 
centre f 

Ans. Deflection = 0.6154 inch. 

If there are eight tceigJUs each equal to 8000 lbs. at intertfols of 40 
inches^ what is the central deflection f 

Ans. Deflection = 0.97926 inch. 

(16) Suppose the same beam as in (15) to be fixed horizontally at both 
ends and loaded uniformly with 76 lbs. per inch. What is the detection 
at 10 feet from either end f At the centre f 

Ana. Deflection = 0.1568 inch; at centre = 0.19781 inch. 

(17) If only one end isflxed, the other supported^ what is the deflection 
at 10 feet f at centre ? o^ 20 feet f What is the maximum deflection f 
Where isitf 

Ans. Deflection at 10 feet = 0.89074 inch; at centre = 0.89568 inch; at 20 
feet = 0.27852 inch. 
Maximum deflection = 0.41018 " 
At 151.7524 inches from supported end. 

(18) Same beam cu (15) fixed horieontally at both ends, with a eon- 
centrated load of 27000 lbs. If the load is at the cerUrey what is the deflec- 
tion at Tialf way betufeen the centre and either end f WTiat is central 
deflection f Where are the points of inflection f 

Ans. Deflection = 0.19781 inch; central deflection = 08.9562 inch. 
At 90 inches from each end. 

Ift?^ load is 7.6 fettfrom the ^ft end, where and what is the maxi- 
mum deflectiont 

Ans. Maximum deflection =0.2186 inch; at 12 feet from left end. 

Ifmly the right end isflaced and the other supported, and tlie load cf 
27000 lbs. is at the centre, what are the deflections at ttie quarter points f 
The centre f What is the mcutimum deflection f 

Ans. At the quarter points deflection = 0.5816, 0.8091 inch. 

Central deflection = 0.69284 inch; maximum deflection = 0.70782 inch. 



At 2 i/- from supported ends. 



(19) Same beam as (15) fixed horizontally at both ends has three 
weights o/4500 lbs. each placed at intervals of 60 incheSy beginning at the 
Uft end. Find the central deflection. 

Ans. Deflection = 0.18187 inch. 

If tufo other equal weights q;^4500 lbs. are added at the same interval 
cf 60 incheSy find the central deflection due to these last ttoo weights. 

Ans. Deflection =. 0.06594 inch. 

Suppose the fifth weight removed, wliat is the deflection at the fourth 
weight f at the third and second weights f 

Ans. Fourth-weight deflection = 0.18748 inch ; 
Third- " " =0.18072 " 

Second- " ** =01458 " 
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What are the end momenta due to these four weights t and where are 
the points of contrary flexure f 

Ans. Ml =z 4- 760000 inch-pounds; Jfs = — 600000 inch-pounds; 
74.806 and 275.294 inches. 

(20) Let the ratio ^qf the length I cf a strut to the least radius qf 

K 

I 

gyration k of its cross-section A he - =: 100. Let the cross-section he 

symmetrical. If the ekuttic limit is 8e=: 80000 lbs. per square inch and 

tfie coefficient of elasticity is E = 27000000 lbs. per square inch^ find the 

W 
crippling unit load —^ for two pin ends, for one pin and one flat end 

and for ttooflat ends. 

Ans. The limiting ratio — is 170, 190, 212 for two pin ends, one pin and 

one flat end, and two flat ends respectively. We therefore use either Gordon's 
formula or the formula (SP). 

By Gordon's formula we have, since v = Vi, 

W 30000 

A " ^ . 10000 ' 
1 + 



1800»«3r« 

and substituting the value of n^it*, we have 

W 
■^ = 22270, 28490, 24550 lbs. per square inch 

for two pin ends, one pin and one flat end, and two flat ends respectively. 
By the formula (SP) we have 



^ = 800OOri-^5Ol 
A [_ 8600»*jr«J 



Hence 

-^ = 24810, 25860, 26670 lbs. per square inch 

for two pin ends, one pin and one flat end, and two flat ends respectively. 

We must divide the crippling load by the assumed factor of safety (page 
291) for the working load. Thus if the factor of safety is taken at 4, we have 
from Gordon's formula 5567, 5870, 6187 lbs. per square inch, or from formula 
(SP) 6200, 6465, 6667 lbs. per square inch. 

Again, from page 292, we obtain for repeated stress, if there is no steady 
stress, 8w = 7500, and putting this for 8e in formula (SP) and in the numerator 
of Gordon's formula, we obtam the same results as before for a factor of safetv 
of 4. ^ 

If the steady stress is not zero but equal to the total stress, we have 8w = 
15000, and using this for 8e we get the same results as if we had taken a factor 
of safety of 2. 

For other ratios of steady to total stress we get the same results as if we 
had taken a factor of safety between 2 and 4. 



CHAPTEE IV. 



APPLICATIONS OF STATICS-THEORY OF FLEXURE- 
CONTINUOUS GIRDER. 



OOHTHraOUS girder — conditions of BQUnJBRnJM. EQUATION OF THE 
CURVE OF DEFLECTION. THEOREM OF THREE MOMENTS. DETERMINA- 
TION OF THE MOMENT AT ANT SX7PP0RT. RECAPITULATION — GENERAL 
FORMULAS. 



ContinTioiiB Oirder. — ^A beam or girder which rest upon more than 
two supports is called a continuous beam or girder. When a beam rests 
upon two supports ouly, a weight placed anywhere upon it causes press- 
ures or reactions at the two supports which may be at once determined by 
the law of the lever. That is, the reactions are inversely as the segments 
of the span or either side of the weight. But when the beam is continuous 
over more than two supports this law no longer holds. 

ConditionB of Equilibrium. — ^Let In be the length of the nth span of 
a continuous beam, counting from the left-end support, so that n is the 
number of the support on the left and n + 1 is the number of the support 
on the right. Take a point o vertically above the nth support as origin, 
and the horizontal through o as the axis of abscissas. Let there be a load 
Wn in this span Zn at a distance 2hi from the left end. Let the reaction at 
the left end or nth support due to this load be JRfn » and at the right end or 
n + 1th support Bf^n 4- 1. 



Mi^aL 



J^A„U .^- 




l»41 



Let Pbe any point of the neutral axis of the beam at a distance x from 
the left end, x being (Utoays greater than Zn , so that the point P is always 
<m the right of TTn. 

Now & the gilder is continuous over any number of supports, we have 
an the left of the support n a moment Mn^, and on the right of the support 
n + 1 a moment Mn+\. These moments, just as in Case 8, page 842, are 
due to a couple at each end replacing the action of the other spans. The 
moment of a couple is the same at every point of its plane. 

867 
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The necessary conditions of equilibrinm for the span ?n are then : 
Ist. The algebraic sum of all the horizontal forces must be zero. There 
are in this case no horizontal forces and therefore this condition is ful- 
filled. 

2d. The algebraic sum of all the yertical forces must be zero. We have 
therefore 

Ifn+R'n+1=-Wn. d) 

8d. The algebraic sum of the moments of all the forces about any point 
P must be zero. Denoting by Mn the moment on the l^ of the support 
tif and by Mx the moment on the ^/t of any point P, we have 

Jfn-J2'fiaJ+ Wn(X-Zn)-Mx=0, 

or 

Jfe= +JM;i-^«aj+ TFn(a;-Zn) (3> 

If in this equation we make x = ln^ Mx becomes the moment Jfn+i ovi 
the l^ of the support n + 1, and we have 

Mn+l=+Mn''Rnln'¥WnGn-^) (8) 

If we put the ratio —^ = On, we obtain from (3) for the reaction B!n at 

tn 

the left support due to Wn^ in terms of the moments Mn and Jf^+i on 
the l^ of supports n and n + 1, 

ir«=:^!L=-^L±l+irn(l-an) (4) 

From this equation and (1) we have for the reaction Bf'n^i at the sup- 
port n + 1 due to Wn 

irn+i= ^+\^^* + W^ (5) 

The total reaction Bn at any support n is evidently equal to the sum 
of the reactions Bfn and R'n just on the right and left. 

We have from (5), for a load TTn - 1 in the preceding span ^ - 1, 

ig"n= ^^"^^^"^ + TTn-lOn-l, (6) 

where Mn and Jfn - 1 are the moments on the ^ft of the supports n — l 
and n. 

The total reaction at the nth support is then 

En=R'n + Ii^n (7) 

If there are any number of concentrated loads, we have only to put 



f K(l - 



2^n(l-an) and s'^TTn-iOn-i, 

n n — 1 



in place of Wn(l — a»0 and TTn - lOn - 1 in (4) and (6). 

If, instead of concentrated loads, we have a uniform load Wn-i per 
unit of length over the span In-i and Wn per unit of length over the span 
Iny we have Wn-id^n-i > or ton^iln^ida in place of TTn-i and tOnidgny or 
iMnda in place of Wn. If we make this substitution, we have 

/ tDn-iln-icuia= ^n-iln-i and / UhilnO^ — a)da = ^Wnfn I 
in place of Wn~-ian-i and Fn(l — On). 
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We have then in all cases, in general, for the reactions Sfn and R'n, 
right and left of any support n, 



-» n — J- + V n » 

JC n — 7- "T Q n— 1» 



(I) 



J^/^.= -if*, 



where Jfn-i, ifn and Jfn+i are the moments on f?^ l^ of supports 
n — 1, w and n + 1. 
2^ concentrated 2oa(2s 

n n — 1 

and /or un(/brfii loading 

1 1 

From equations (I) we can then find in any case the reactions R'n, 
Rn just to left and right of any support n, provided we know the moments 
on the left of supports n — 1, n and n + 1. Counter-clockwise moments 
are positive ana upward reactions are positive. If there is no load in the 
span Zfi , 9n is asero. If there is no load in the span In-i , Qn-i is zero. 

Equation of the Curve of Deflection. — We can now easily deduce 
the equation of the curve of deflection for a continuous beam for oongtant 
moment cf inertia of cross-section /. 

The differential equation of the curve of deflection is (page 826), taking 
moments on the left of any point, 

where E is the coefllcient of elasticity, /is the constant moment of inertia 
of the cross-section, and we take the minus sign for moments on the left 
of the point P. 

Inserting the value of JCb from (2), we have 

dx" EI 

We can integrate this expression between the limits x=:0 and x, upon 
the condition that x is always greater than Zn y that is, the point considered 
always on the right of the weight. When, therefore, aj = 0, (a? — «») must 
be zero. We must therefore take the integral of Wn{x — Zn) simultaneously 
between the limits x = en and x, or treat (x ~ i?n) as a variable which 
becomes zero when x = 0. 

We have then, integrating once, 

da 2JSI ' 

where for a? = the constant of integration C = ^ for a? = 0, or equals 

dx 

the tangent tn of the angle which the tangent at the support n to the curve 

makes with the horizontal. Hence 

dy _ 2MnX - Rn O^ + Wn(x - ZnY ,a\ 

di"^ -^j^ (8) 



370 



APPLICATIONS OP STATICS. 



[chap. IV. 



If we take the origin at a distance An above the support n (see figare 
page 867) and integrate again, the constant of integration for a; = will 
be — An , and we have 



y=-'hn + tnX'^ 






w 



which is the general equation of the curve of deflection. 

If in this we make x^ln^y becomes — An+i. If we also put the ratio 

-— of the distance of the weight from the left end of span to the length of 

span, equal to On, so that -^ = an> and insert for Rn its value as given 
by (4), we have from (9) 

<n = - ^'^^"^ + ^[^Mnln^-Mn + iZn - Trn^«(2an-8an«+an«)].[10] 



In 



em 



We see, therefore, that the equation of the curve of deflection (9) is 
completely determined when we know Mn and Mn + 1 , the moments at the 
left of the two supports of the loaded span. 

Theorem of Three Moments. — These moments are readily found by 
the application of the ** theorem of three moments*' which we shall now 
deduce. 

Consider two consecutive spans In-i and In over the consecutive supports 
n—l^n and n + 1. The equation of the curve of deflection between Wn 




»€l 



and the n + 1th support is given by (9), and the tangent of the angle which 
the curve makes with the horizontal is given by (8). 

If in (8) we substitute for JRn its value as given by (4), and for tn its 

value from (10), and make at the same time d? = 2n , then -~ in (8) becomes 

dx 

^4.1 or the tangent at the n + 1th support, and we have 
# An + i —An 1 

Cn + l = — ' J 



In 



em 



[Mnln + Sifin- lln - Wnln^On - On*)]. [11] 



Equation (11) gives the tangent of the angle which the tangent to the 
curve of deflection at the n + 1th support makes with the horizontal. 

If we suppose a load TTn - 1 in the span 2n - 1 at a distance on . i^ _ i 
from the led end, the origin being taken at m instead of at o, we can find 
from (11) the tangent tn at the right end by diminishing each of the sub- 
scripts by unity. Hence we can write at once, from (11), 

^ = - ^r^"^ - -i- Jfn.l«n-l + 21fnZn-i- Wn^lPn^liOn^l-On^l^Mm 
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But equation (lO) gives us ^ for a load Wn in the span Z». Let both 
Wn-i and Wn act, then, and since there is a common tangent at n for the 
curve on each side of support w, we have, by equating (10) and (12), 

if»-l^-l+2ifn(2»-l + in) + Jfn+ 1^ = ^ElY ^-}"^ + ^^ - ^1 

L *»-! In J 

+ Wfan\%an - 3an» + «»») + TTn-l^tv-lCOn-l - a«„-i). . . (18) 

If there are any number of concentrated loads in each span ln-\ and 
2n, we have only to put 

2miW(2a» - 8a»« + On*) and 2Vn-ir«-i(a»-i — a»n-i) 

» n-l 

in place of the two last terms. 

If, instead of concentrated loads, we have a uniform load u?n-i per unit 
of length over the span In^i and wvi per unit of length over the span In 
we have Wn-idzn-i in place of F»-i, and Wndtn in place of Wn. Since 

0n. Z^t^ 1 

the ratio — or -~— is denoted by a, we have o^n-i = «n-i, and aln = z^. 

We can then put Wn'\ln^\da in place of IFn-i, and v>nL/Aa in place of 
TTfi. If we make this substitution, we have 



tt?»-i^n-i(a — a^)da = j^n-iZVi, 

o-O 



/"J 



wnZ»'(3a - 8a« + a^o = r^^^n'. 
We have then in general 

Mn-lln-l + 2ifn(i»-l + fc) + Mn+\ln = r« + iln + Ai-1, • (U) 

where we have for the sake of convenience of notation 

Fn = 6^/ r?^!ill— ?^ + ?^i:Z^"l ; 

L ^-1 In J 

for concentrated loads. 

An = 2Wnln\^n - 8a»* + On*), Bn-l = 2TFn-lZ»-l"(an.l - aVl) ; 
n n-l 

for uniform loading, 

An = -rWnlny Bn-l = T-Wn-l^^n-l. 
4 4 

Equation (II) is the general form of the '^ theorem of three moments *' 
for constant moment of inertia of cross-section. It gives the relation be- 
tween the moments at the left of&nj three consecutive supports, n-^1, n 
and n + 1 of a continuous girder in terms of the consecutive spans 2».i 
and In, the loading in those spans and the relative heights of the supports, 
provided the moment of inertia of the cross-section is constant. 

If the supports are all on the same level, the term Tn is zero and disap- 
pears. If there is no loading in the span In, the term ^n is zero and dis- 
appears. If there is no loading in the span Zn-i, the term Bn^i is zero and 
disappears. 

Determination of the Moment Mn at Any Support. — Let us 
number the supports 1, 2, 8, etc., beginning at the left. The correspond- 
ing spans are h, Itjh, etc. Let the entire number of spans be «. Then 
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the last span is «.,«id the last support M* + 1.H^^^ 

not fixedrbut simply rest upon tbe end suppOTts, the moments Jfi and 

Jf,4.i at the first and last support are aero. 

Case 1. Let us take any number of spans s, and let all the spans on the 
left of the nth support be loaded in any manner, and aU the left supports 



CaMl. 








(15) 



be at different levels, ^hile all spans on the right of the nth support are 
on level. Let the ends rest on the supports, so that Jfi = and J&+i = 0. 
Let in general 

80 that 

Tn = y n + ^n- 

Li the present case Tn = 0, since supports n and « + 1 are on the 
same level. We have then by the successive application of the theorem of 
three moments the following equations, since Mi and J6 4. i are zero : 

(c.) 3if.(Zi + Zt) + Jtfiit = F. + A. + A; 

(c.) M^lt + 2Ift(lt + « + JfJt = F. + il. + J5t; 
(C4) MmU + ^MSt + W + A^ = F4 + A4 + J5f ; 

etc.; 

= F»-i + -4n-l + .Bfi.2; 

{Cn) Mn-lln-l + 3«i(i»-l + W+ifn + l«n = F'n + A»-i; 

(c» + i) iWn + 2Jfn + l(^ + 2i»4-l) + -^n+22»+l = 0; 

etc.; 
(ca-s) JG-A-s + 3i&-«(Z«-8 + t-2) + Jr«-i2«-«= 0; 
(C-l) Jfj-2i«-2 + 2Jf«-i(t-2 + /•-!) + -SfA-i = 0; 
(c.) JG-l?*-.i + 2-a«««-l + ^*) =0. 

The solution of these equations (15) can be best effected by the method 
of indeterminate coefficients. Thus we multiply the first equation by a 
number c% , the second hy a number ct , etc., tne subscript corresponding 
always to that of Jf in the middle term. Having performed these multi- 
plications, add the resulting equations and arrange the terms according to 
the coefficients of JTi , JTs , etc. We thus obtain the equation 

[2c.(Zi + U)+ CtltW^ + [ctlt + 2ct{lt 4- h) + C4?t]lf. + etc.; 

+ [Cn-iZ»-i + Cn(i»-i + W + c»+iW*» + «te.; 

= (T'n + Bn^l)Cn+^(Tn + An + Bn^l)Cn. . . . (1«) 

n—1 
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In order, then, to determine Jf« we have onlv to impose such conditions 
upon the multipliers c that all terms on the left except the last in equa- 
tion (16) shall be zero. We have then, assuming Ci = and Ci = 1, 



Ct = — 2 



^•+^, c = -2c.i±i:-4 c. = -W-L±i*-4 



and generally for any multiplier c 



0» = — 2C»-1 ^ Ctt-»: 



«»-l 



•s:^- 



(17) 



These Tallies of c make all terms zero on the left of equation (10) except 
tlie last, and give us for the value of M$ 



Jft = 






(18) 



From the law of the multipliers we have 

Cf-iZt-i + ao,(;,-i + ^) + c,+ li, = 0. 

Henoe we may put in the denominator of (18) the equivalent expieesion 
— c« + \la. 

Case 3. Let all the spans on the right of the nth support be loaded in 
any manner and all the right supports be at different levels, while all the 
spans on the left of the nth support are unloaded and all the left supports 
are on leveL As before ifi = and JT^^. i = 0. 

Case 3. 






"zr 

n-1 



*.- 



n-X n 





«♦! 



In the present case F'n = 0, since supports n and n — 1 are on level. 
We have tnen by successive applications of the theorem of three moments 
the following equations: 

<d«) 2M^lx + Zt) + MtU = 0; 

(c^-i) MtU + 2Jf.(Z. + U) + Mdt = 0; 

(dU-%) MtU + ^M^{lt + U) + MdA = 0; 

etc.; 

(d,-n + 8) ifn-rfn-8 + 2lfn-l(2n-« + ^-l) + MnU-\ = 0; 
(cf,-» + %) Jfn-lZn-1 + 3Jf»(Zn-l + W + Jfn+ l^n = F» + il» ; 
((f,«n + l) -afftAi + 2lf„ + i(Zn + Zn + l) + Jfn+82» + l 

etc.; 

(dO iG-rif~8 + »J&-S(fc-.8 + ^3-2) + iG-l?f-« 

= F,-2 + Am^% + A-s; 

= F,-i + -4,-1 + ^,-2; 
<(«,) ifi-A-1 + 2Jr,(Z,-i + W = Jg + ^, + J5,-i. 



► . 



(19) 
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If we multiply the last of equations (19) by a number eft, the last but 
one by eft, the nth by dt^n+2, etc., add the resulting equations and 
arrange the terms according to the coefficients of M^y M9, etc., we obtain 

[2d.(?«-i4-W + dtl9-i\Ms + [dtlM~i+ 2dt{h^% + t-i)+ c?A-2]JCi-i + etc.; 
4- [ds-n-\-lln + 2(?n-l + ln)ds^n + 2 + A-«4.rf»-i]J/'n + etc.; 

+ [d,_2/. + 2dt-i{lt + It) + dghW. + [ds-ilt + 2A(Zt + U)]Mt 

= (Tn + An)dM-n + % + 2(^n + An + Bn-l)A-n + «. . (20) 

n-t-l 

In order to determine M% we have only to impose such conditions upon 
the multipliers d that all terms on the left except the last in equation (30) 
shall be zero. We have then, assuming di = 0, (ft = 1, 

4-1 4-s 4-« 

and generally for any multiplier d, 

a» = — 2aii-i = aii~2, • • • ^^f 

«t-n + 9 ft-11 + 8 

These values of d make all terms zero on the left of equation (20) 
except the last, and give us for the value of M% 

n+l 
(F'n+-4»)*-n + 2 + 2(Fn + Jn + J?»-l)crf-«+« 

^• = d,.iz. + m\i. + zo • • ^^^ 

From the law of the multipliers we have 

dt^xU + 2d«(Z. + Zi) + A + iZi = 0. 

Hence we may put in the denominator of (22) the equivalent expres- 
sion — d!f 4. \l\. 

Now from equations (19) and from the values of c given by (17) we see 
at once by inspection that 

M% = e%M% , Ma = cji% , etc., and generally Mm, = CmM%y 

and this holds good so long as mis less than n. 

We have then for the moment Mm, at any support m on the left of the 
nth in the second case, 
f or m< n 

<Wfc-n + s(r'n + An) + Cm2&n + ^i + Ai-.l)*-n + « 

!/■ _. «+i -_— (28) 

"* d,-i/. + MmQi + « or - (1. + iZi 

Again, from equations (15) and from the values of d given by (21) we 
see at once by inspection that 

iG.i=:diJf«, JG.s^cfJtf*, etc., and generally Jfm = <2i-m + sJ6, 

and this holds good so long as m is greater than n. . u * 

We have then for the moment Mm at any support m on the nght of 
the nth in the first case, 

f or m > n 

C»*-m + 2(F'n + J5W-1) + (^•-m + «^(F» +iln + Ai-i)Cn 

Jf^ = ^-- "^ ; , (24) 

C-it-1 + 2Ci(Z,-i + Id, or - c, + li 



CHAP. IV.] THBOBY OF FLEXURE. 375 

If we make in (21) and (17) n = « + 1 and then give different values to 
8 and compare the results, we see that in general c« + lU = e^j + \lu The 
denominators in (22) and (23) are then the same. 

If we suppose Case 1 and Case 2 to exist simultaneously, we have the 
case of all spans loaded and all supports on different level. If then we 
make m = n in (28) and (24) and add these two equations, we have, since 
Y'n + T"n^ Tnt for the moment Mn on the left of any support n 

• fi + 1 ' 

*-n + 8:2'(Fn+ An + i?n-l)C» + C„2(Fn+iln+-Bn-l)<4i-n-|.« 
Jfn = -5 _ l±i , (in) 

where we can put for the denominator D any one of the equivalent values 
2> = Cm-iU-I + %ct{U-\ + ^s) = — c, + i?a = — ^» + 1^1 = d*-i^ + ^^Ix+U). 

Equation (III) gives the moment with its proper sign on the left of any 
support n. If we wish the moment on the right of any support n, we 
must change the sign for Mn as given by (III). 

Beoapitulation — General FormulM. — ^We have then for the moment 
on the l^ of any support ?» of a continuous girder of constant moment of 
inertia of cross-section, for any loading and any levels of supports, 

n + l 
*-n+82'(^n+ An + J5n-l)C» + Cn^Fn+il«+^n-l)C?*-»+9 

Mn^ 5^ ^ '-^ , (lU) 

where we can put for 2> any one of the equivalent values 
B = c,-i«,-i+2c,(^«-i+W = — a.+iif = - tf«+l^ = tff-l«t+2A(ii+y. (1) 
In this equation s is the number of spans, 

r„ = 6jr/r*2^i^ + 5»±«^T (a) 

where ^»-i , An and An + 1 are the distances below any assumed level line 
of the three consecutive supports n — 1, n and ?» + 1. 
For concentrated loads 

An = ^Vnin^aon - SOn' + On*), ^n-l = ^Vn-lPn-^On-l - aVl), 
n n-1 

where TFii is a load in span In , and TFii-i a load in span ln^\ , and a is the 
ratio of the distance of any load from the left end of its span to the length 

of the span, or a = ^. 

»n 

For uniform loading 

An = 2 tt^nin*, ^n-1 = j tt^n-lJ'n-l, 

where Wn and Wn-x are the loads per unit of length over spans In and In-i. 
The numbers c are given by 

c, rr 0, c, = 1, and for any other c» = - 2cn-i ^"f"^^ — -Cn-<^. (8) 

*n-l m-X 

The numbers d are given by 

(2i = 0, ds = 1, and for any other "j 

%-n+S ^-n+8 



376 APPLICATIOKS OF STATICS. [CBAP. IT. 

For the reaction just to the right of any sapport n we hate 



Sn = 7- + g'm. 



and jnat to the left of any sapport n 






(D 



where JC»-i» Jli» and Jf* + 1 are the moments ^n i%6 1^ of sii^portB n — 1, 
n and n + 1. 

For eoncentrated loads 

fft + l n 

7'n = 2irn(l-.a»), fi^V.i = 2ir»-.iaii-i, .... (6) 

» »-i 

and/or wi^/Vm hading 

For the total leaetion at any support 

lU^Rn^R'n. (7) 

Moments counter-clockwiBe are positiye and reactions upwards are posi- 
tive. Equation (UI) gives the moment with its proper sign on the ^/t qf 
any support n. If we wish the moment on the right, we must change the 
sign for Mn as given by (III). 

Special Cases. — ^If the supports are all on level, equation (8) is zero 
and the F's disappear in equation (1). 

If the spans are all equal, we have 

Ci = 0, c = 1, c« = — 4, <!4 = + 16, etc.; ) 

d, =0, ef. = l, dt = — 4, ^4= + 15, etc.; J" 

or the values of the c's and d*s are the same. They are alternately + and 
— , and each one is numenoaUg eqttal to four times the preceding minus 
the one next preceding. 

If we make Zi or ^ = 0, the beam is fixed horiasontoMy at either the 
left or the right end. We must remember, however, that when we thus 
make h or l^ equal to zero, the value of s must still remain unchanged and 
the supports must be numbered as they were before the end spans were 
made zero. 



(1) A beam of one span of length I is fixed horizontdUy at the ends. 
Find the end moments and reactions for a had Wat a distance z =zal 
from the ^ft end. Also for a uniform load of w per unit of length over 
tliespan. 

Ans. Let there be three spans, h , l^th, and let h and ^ be zero. Then 
« = 3, and we have 

Ci = di =0, c = d, = 1, Cf = d« = — 2. 

We have also Fi = Ti = 0, Ai= A9—B1 = Bt= 0. Hence for n = 2 we 
have in general from equation (III), page , for the moment If% on the left 
of the left end of the span 

^ _ d,(r.4-^«)c« + g«(y» + g*)d« _ g(Ft + ^»)-- y,-g, ,,. 

*- ld, + 2ld, " SI ' ' W 
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For n = 8 we ba^e fmr the momeiit Jft ^n <A« Mt of the riffht end, from 

an), 

jr.- j(2,+2^ = Si • • ^^^ 

^ ike emdM are on level, j; = Ts =r 0, and 

* - — Sj — ' ^' = sT" ^'^ 

Inserting in (8) the valaes of A% and Bt for eoncentxated load, we have 
far caneenirated load a/nd ende level 

Ji, = +Fl(a-3«» + a«), Jf. « TW(a^ - a«). 

These are precisely the same valuea, in different form, already found for 
the end moments in this case on page 848, except that Jft is on the left instead 
of on the right. 

For the reacli<m at the leift end we haye from (I^ page 869, 

igi'^ *^'"^ ' + If (1 -. a) = + W(l - 8a» + «a»), 
and for the reaction at the right end 

28^- ^ ^Lpi& + TTa = + Tr(8a» - 2a»>. 

These are precisely the same valaes, in different form, already found for 
the end reactions in this case, page 848. 

For uniform load and ends level we have, inserting the valaes of At and B% 
in (8), 

These are the same valnes as obtained on page 845 for the case, except that 
M» is on the left instead of on the right. 
For uniform load and ende (mt of level, 

^ 2Tt-7t . wP „ r,-2r, . td^ -,, Tt-Yt.id 
* = « + 12- * = S + 12' -^=— 7i +3- 

How much must the l^ end be lowered in order to make the l^ reac- 
tion Rt equal to zero f 
Here we have 

r. -. r, tot _ v^ ^ 

Since Ft = — Fa , we have 



r. = «iPj[*!:=L*!] = _^. 



Hence 

h» — As = — 



2iET 



Since E is always very large, we see that a very small lowering of the left 
sapport will make the left reaction zero. We have in this case 
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Bow much mtut the l^ end be lowered in order to make If* = 1 
Here we have 

g 1- -^ = 0, and r. = — Jr.. 

Hence 



ir=6^r^i^"]=- 



12 "^^ 


10^ 
*• - ^ - - 72iBT' 


. «i , 


. 2tc< 



(2) A beam of one span of length I is fixed horizontally at the right 
end. Find the reactions and moment at the right end for a load Wat a 
distance z = at from the U^/t end. Also for a uniform load of w per unit 
of length over the span. 

Aba, Let there be two spans Ix and 1% , and let /t = 0. Then s = 2, and we 
have 

«,=d,=0, et = dt = l, d. = -2. A. — ;ii = 0, r. = 0. 



^, = ^=0, Fa = 6^jr^5_*il 



Henoe f or » = 2 we have in general from equation (LQ), page 876, for the 
moment Mt on the Itft ot ihe right end, 

*- — 2r"- 

We also have Jfi = 0, JT* = 0. Henoe 

2? ^^*' • — 2? '"^" 

j^tA« ends cure level. Ft = and 

ir — '^* » ' — -^^ I « ' ij» ^ ^^ J. « " 

For concentrated load, ends level, we have then 

Jf, = ^a-a»), i?x' = ^(2-8a + a«). 5." = J{8a - «•). 
jPitt uT^/brm 2a6ki, «fu{« 2000^, we have 

^au7 muc/i mtw^ ^ l^ end be lowered in order to make the Wt reac- 
tion El gero f 

Here we have 

-^^ + ff.' = 0. or r. = «Jizr[*-l*l] A+a,.'P. 

Hence 

If the load is nnif orm, 

ml foZ* fflZ' t0^ 
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If the load is concentrated, 

q,' = W(X - a), qx" = Wa, Bx = WP{a - a»), 

jETotr muc/i fnti^^ the right end be towered in order that the moment M% 
may he zero f 

Here we have 

Zi+^ = 0. or r. = «JZr/[^*']=-A. 



Hence 

Bxl 

em 



«-^ = -T^» JB/ = ffi', &'' = g/'. 



If the load is uniform, 

A, - A, - — 2im' ^' - ^« - 2"' 
If the load is concentrated, 

(8) Find the general formulae for a oontinuotu leam of two spane. 
Ana Here « = 2, and we have from (III), page 876, 

Mx=o, jr.=o, ^»= \ix+i.) '• -«*' = -x+^*'' 



r. = 6iyj[5i^+^'] 



For concentrated loading, 

qx' = 2Wx{l - ax), qx"=2Wxax, q^' = 2Wt(l - Ot), qt" = 2Wtat, 

At = 2 Wtlt\2at - 8a,» + a,*), -B» = S Tr,/,*(a, - a,»). 
For uniform loading, 

qx' = qi" = ^,i, , g," = g/ = - tc.Zt , At = jtc,/,', 5i = j«iii». 

These formulas will solve any case of two spans. 

(A) A plate girder is continuous over three supports, Ix = 90 ft., 1% ^ 
60 jt., the supports being all on level. The uniform load per coot in the 
first span is Wi=dOOO&s. J in the second uh==f^^O lbs. Find the moments 
and reactions, 

Ans. From the general formolas of Example (8), irince all supports are on 
leyel, T% = 0, and we have 

jr.=o. jf.=o, jf,=j^ji-pL. 

In the present case ^t = -^, Bx = -V~* Hence 

4 4 

^ tg. t.'4-to.t.* 8000X80* +860X60' ,.0100,0,--,,. 
* = ~ 8«.+fa) = 8(80+60) = + 1WW1.876 ft-lbe. 
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We hftve therefore 

^, Mt.wtlt 1M021.875 , 8000X80 .papcnomv. 
Bi' = - -jj- + ~^ =r gj 1 1 = +88502.6 IbB.; 

P,, Jf. , wA_ 1M»21.875 , 850X50 ,^. ^okii- 
S»' =--j- + -2p-= jg 1 g = +4851.562511)8.; 

5."=:?^+?!^ = + 51497.89 Iba.; 5.' = ^ + ^ = + 1264a44 lbs. 

Bt » ^" + A' « +64U5.8 lbs. 

Eowfar muH the second 9t4ppoH le lowered in order that the moment 
Jfs may be eero f 

Since supports 1 and 8 zemain on level, Ai — Ai = A« — At. We have then 



F,=6^r^i^+^i^i 



and 

«2/L--^+~^J+-j-' + -j--0. or A.-A, = -^j^^^--^-^. 

If we take E= 24000000 lbs. per square inch, and if /= 58400 for dimen- 
sions in inches, we have 

Ai — At = — 0.054 inch. 

Therefore a sinking of the second support of only about ^ 8 * of an inch is 
sufficient to make Mt zero. 

Bow far must the second support be lowered in order that the reaction 
on the second support may be zero t 

Here we have 

B."+«i' = i?. = 0. or *+:!^+^ + *!!^ = 0. 

or 

jf. = _ '^t.'^^ty = - 1007812.6 ft.-lb«. 

From the general value of Jfa in Example (8), 

— wili^lt " Wihlt^ = -^ — h -J- + 6^/ — ^ 1 J- — . 

Hence, since Ai - A, = /i. - A,, i7= 24000000, /= 58400, 

A,-A, = %iEm+U) = -0.78inc}i. 

Therefore a sinking of the second support of only about seven tenths of an 
inch is sufficient to eon/oert the two spans into one long span. 

We see then that a eontintiaus girder requires the supports to be invariaible. 
We find in ihe present case 

Bi' = + 78593.75 lbs., U," = + 28906.25 lbs., 

Bt" = + 11406.26 lbs., Bt' = - 11406 25 lbs., 

Bt = Bi" + Bt' = 0. 

If the spans h and It are equal and toi and tOt are equal, we have at once 
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Ai — A, = . >, or the defleetiaii at the centre of & span whose length is 

21, and Jft = s~ *" ahonld he. 

(5) Xf in ffie case cf Example (4) we have a concentrated load Wi = 
90000 Uba, in the first span at a distance --li from the ^/t end, and a con- 

4 

centrated load Wt = 18000 lbs. at a distance -b, find ^ moments and 

Jo 

reactions. 

Ans. We haye 

a, =j, (H = ^, ^.= TF.V(2a,-8a.«+a,*)=|-Tr.V, 

Then, from the general formulas of Example (8), we have 

Mt = + 224121.094 ft.-lhe., U/ = + 00029.8 Ihs., S," = + 4517.58 Ihs., 
A"= + 29970.7 Ihs., -B,'= +18482.42 lbs., iJ,= J?,"+ J?,' = +48458.12 lbs. 

For the distance the second sapport mnst he lowered in order that JT, may 
he zero we find 

A, -A, = -0.1511inch. 

For the distance the second sapport most be lowered in order that B§ may 
be zero we find 

Ai — A^ = — 0.55 inch, 

(6) Let a beam cf two equal spans Tiave a load Wi in the first span and 

W% in the second span^ each load being at the middle of its span. Let the 

/TIT 1 1l^^2' 

second support he lowered by an amount hi^?h = — - — ' T-^,. -. What 

are the moments, shears and reactions f 

Abb. Jft - (F. + r.4 A' = ^^^*. A" = "^^" ^' . 

ITTT .+ TT. F. + ITTF. „ 18(Tr.+ F.) 
* - M • *= 82 ' * = ^ • 

(7) £«< a heam of two vpans 1% and U level supports ?Mte a load Wiota 
distance ali from the l^ end qf the first span, find the reaetions when 
I. = I, and lt = nl. 

Am. A'=g^j^[2a + n)-«(8 + an) + a»]. 
If the spans are equal, n = 1 and 
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(8) Find t?ie general farmtdas for a ocmHnuaus beam cft^^ 
Ana. Here « = 8, and we have from (HI), page 876, 

M, = j-^ ; 

= — T T fi'i » i*« = ^ -h ffj , /<* = — 7-- + j't ; 

For concentrated loads, 

g,' = 2 Fi(l - a,), qi" = 2 TF,a, . g,' = 2 TF,(1 - Ot), g." = ^ TF,a., 

g/ = 2TF.(1 - a.), g." = 2Tr,a,. 

For uniform loading 

These formulas will solve any case of three spans. 

(9) Let a beam cf three spans, level supports, Tiave a load Wxota dis- 
tance all from the ^ft end of the first span. Find the reactions when 
li=iU = l and It = nh 

Ans. For convenience of notation let 

ir=4 + 8» + 8»«. 
Then 

ft'=5[(a-a')(8 + |), i^"=-5[(a-a«)(8 + ?)], 

A ==&''+!?.' = 5rja^+(»-«*)(6+a»+|)1. 

(10) A continuous beam of four equal spans, level supports, Tios the 
second span from the Irft covered with a uniform load of w per unit of 
length. Find the moments and reactions. 

11 12 ft 

Ana Jf.=0, JI, = + ^wP. Jr, = + ^«P, Jf, = - Jj«P. Jf. = 0; 



CHAP. IT.] THEORY OF FLEXURE — ^EXAMPLES. 383 

^«' = -S«'' A"=+^«, S.'^+^u>l, A"=+i^t 



284 



^•' = +^r'' *" = ~^4^'' *' = ~2a4^' *" = + 224^'- 



(11) JT^nd ^^ moment and reaction at the second support for a load 
Wat a distance alfrom the left end cfihe second span. 

Ans. jr. = ^26a - 45a» + 1W)WI; A' = ^56 - 88a - 57a» + 89a»). 

(12) Deduce a formula for tJie moment at the left of any support of a 
continuous beam, level supports, when the entire beam is covered wUh the 
uniform load w per unit of length. 

Am. Jfn= - -W - ^ty*-^ + ^'^ + (^'-« +^''T)^^+"W'^^Wr \ 
where the numbers h are given as follows: 

ft, = _ ?!LililL - 264^^4^ - ^«T' etc., and in general 



6n = - 



n-8 n-« 
n-2 



7 2&W-1 r ftn-8 J . 



(18) In the preceding example let the spans be aU equal. 

Ana. Jf» = — 75 [cn(l — Ci + 8) — «•+ l(l - e» + 1)]. 

The following Table gives the ooefficients of 4- v>P for any number of spans. 
The Roman numerals at the sides indicate the number of spans, and the num- 
bers in the spaces of each horizontal line give the moments on the left of each 
flupport. 

MOMENTS ON LEFT OF SUPPORTS — TOTAL UNIFORM LOAD — LEVEL 
SUPPORTS— ALL SPANS EQUAL. COEFFICIENTS OF + ItZ* GIVEN IN 
TABLE. 
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This Tftble may easilj be oontinaed to any nninber of spans. Thus for any 
even number of spans, as VHI for erample, the coefficients are obtained by 
multiplying the fraction preceding in the same diagonal row, both numerator 
and denominator, by 2 and adding the numerator and denominator of the frac- 
tion preceding tbuat TtaSk 



15 X a + 11 _ 41 
142 X d + 104 " 888' 

142X2 + 104 ""888' 



or 



11 X 2 + 8 _ 80 
142X2+ 104"" 888' 

Jl X2+ n^_jK 

142X2 + 104~888' 



For any odd number of n»ans, as VII for example, we have simply to add, 
numerator to numerator and denominator to denominator, the two preceding 
fractions in the same diagonal row. Thus, 



11 + 4 



15 



8_+£_2L _L + A = 



12 



— + i- = 



12 



104+88~142* 104 + 88"" 142* 104 + 88 142' 104+38 142* 

The moments are all positiye, showing that the upper fibre is in tension 
over every support. 

The moments beinf known, the leaetioiis can be found by (I), page 053. 
We then obtain the f ofiowing Table. 



BBACfnON8 AT SUPPOETB— TOTAL UinFORJf LOAD— LEVEL SUPPORTS- 
ALL SPANS EQUAL. COEFFICIENTS OF + wl GIVEN IN TABLE. 




The law of this Table is the same as for the preceding Table, and it can 
therefore be continued to any number of spans. 

(14) Give thefarmtdafor the moment at the left cf any support of a 
eontinuom heam^ level supports, for load in any given span only. 

Ans. From (III), page 875, let r be the left support of the loaded span. 
Then 

w- di^n + ftArCr + Cnid$-r -^ iBr 
Mn^ ^ . 
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If the spans are all equal. 



Mn = 



D 



If the spans are all equal and the span Ir is nnif ormly loaded with the load 
to per unit of length. 



jr, = L«j. r^r-tJf-L£t±±i5» J , 



(15) A continuous beam of four equal spans, level supports, Juis the 
second span from the left covered with a uniform load of w per unit of 
length. Find the moments on the ^ft of the supports and the reactions. 

11 12 ft 

Ans. Jft = 0, Jf, = +^«^. Jf. = + ^P, Jf, = - i»P, ir.= 0; 

(16) In the preceding case, what is the moment on left and reaction on 
right of the second support for a eoncewtrated load W placed at a distance 
alfrom the ^ft end qf the second span f 

Ans. Jf, = 4(26a - 46a» + 1W)WI; 

00 

*' = ^(^ - 88a - 57a» + OWO. 

(17) A continuous learn cfflve spans, the centre and adjacent spans 
being 100 feet and the end spans each lb feet long, lias a uniform load 
over tJie second span. Find the moments on tJ^e l^ of the supports, and 
the reaction on &ie right of the fourth support. 

j^i£. = o. Jf. = + ^v, jr. = + jI^j... Jf. = _ ^u\ 

(18) A continuous beam of four spans, h = 80, Za = 100, U = 60, Z« = 
40 Jfeet, supports level, lias a load cf 10 tons in the second span, at a dis- 
tance of AO feet from the left end. Find tJie moments on Uft of the sup- 
ports, and the reaction on the right of the second support 

Wl * 
Ans. Jf, =0, Mt = ^(17a - 80.»a» + 18.9a«) = + 82.01 ft.-tons, 

Q AII77 t 

Mt = 8343 (^^^ + 8a» - 4.6a«) = + 88.77 ft.-tens, 

Wl ' 
M^= - 88^1-^ + 8a* - 4.6o«) = - 24.65 ft.-tons, Jf, = 0, 

£,' = -f 5.9824 tons. 

(16) A beam continuous over seven spans ?ias a load in every span. 
Find the moment on the ^ft and reaction on right of the fourth support. 
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Ans. 

- ^[(F. + A, + B,)d, + (r, + A. + A)d. + (F, + ^r + B.)d^l 

- p^[( r. + 4. + B.)* + (F, + ^, + B.)d.]; 

•4 

(17) X€« the supports in (16) fte on level, aU spans equal, I = SO feel, 
and only the first, third arid sixth spans loaded with a uniform toad 
w = 2 tons per unit of length, 

Ans. Jf4 = + 788.18 ft.-tons, Jf, = - 382.65 ft. -tons; 
i2«' = + 14.63 tons. 

(18) Let the supports in (16) he on level, all spans equal, I = SO feet, 
and only the second, fifth and seventh spans loaded with a uniform load 
w = 2 tons per unit of length, 

Ans. Jf« = - 382.55 ft.-tons, Jf. = + 788.18 ft.-tons; 

lU = - 14.63 tons. 

(19) Let the supports in (16) he on level, aU spans equal, I = 80/cc^, 
and a load Win the fourth span only at a distance alfrom the ^ft end, 

Ans. Jf4 = ^(»7a - 168a» + 71a«), Jf, = :^(26a+ 45a« - 71a«); 

(20) In (19) let a uniform load w per unit of length extend over ths 
wTiole heam. ' 

Ans. Jf4 = +^P, Jf.= + ^P; J2i' = + Y-. 

(21) Let the load in (20) he 4000 Tbs. per ft, over the whole girder. How 
far must the fourth support he loioered in order that the moment at the 
fourth support may he zero f 

41t0^ 
Ans. ;i, - A4 - - loSsffi? 

If ^ = 24000000 lbs. per square inch and /= 58400 for dimensions in 
inches, At ~ A4 = ^ 6.5 inches. 
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Acceleration — ^proportional to force, 2 ; mass and force, relation between, 4 ; of 

gravity above sea-level, 58. 
Action and reaction, 7. 
Adhesion, 187. 
Angle — of friction or repose, 188 ; of rapture, 258, 257 ; of stability of earth 

slope, 258. 
Apparent indetermination of stresses in framed structures, 187. 
Applications of statics, 228. 
Arch dam, 245, 295. 
Area — ^material, 19 ; moment of, 19 ; centre of mass of, 21 ; moment of inertia 

of, 270 ; radius of gyration of. 272. 
Assumptions of theory of flexure, 826. 
Astronomical unit of mass, 48. 
Attraction— of a homogeneous shell or sphere, 45 ; of a circular arc, 50 ; of a 

straight line, 50 ; of a circular ring, 51 ; of a circular disk, 51 ; of a cone, 

52 ; of a cylinder, 52. 
Axis— and plane of symmetry, 19 ; neutral, 286, 809 ; neutral of beam, change 

of shape of, 825. 
Axles— static friction for, 196. 

Batter— of wall, 228. 

Beams— conditions of equilibrium of, 282 ; designing of,' 298 ; breaking weight 
of, 299 ; strength of, 299 ; change of shape of neutral axis of, ^ ; uni- 
form strength of, 880 ; deflection of, 829, 847 ; continuous, 867 ; reactions 
at supports of continuous, 868 ; moments at supports of continuous, 872 ; 
general formulas for continuous, 875. 
' Bending moment, 285. 

Body— material, 1 ; homogeneous, 10 ; equilibrium of, 77 ; equilibrium of, 
under parallel forces, 77 ; conditions of equilibrium of, 84 ; equilibrium of, 
on a curve or surface, 169 ; on a smooth curve or surface, 170 ; on a rough 
curve or surface, 188, 204. 

Breaking weight of beams 299. 

Centre of gravity, 17, 46. 

Centre of mass, 16 ; property of, 18, 75 ; determination of, 18 ; of material 
lines, 20 ; of areas, 21 ; of volumes, 26 ; determination of, by Calculus, 80. 

887 
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Centre of parallel co-planar forces, 78, 146. 

Chains, static friction for, 109. 

Change of shape of neutral axis of beams, 326. 

Choice of scales, 189. 

Closing line of equilibriam polygon, 145. 

Coefficient— of friction, 189 ; of static sliding friction, 190, 192 ; of elasticilj, 
280, 310 ; of cohesion of earth, 257 ; of resilience. 281 ; of rapture, 288 ; 
of rnptare for torsion, 310. 

Cohesion, 187 ; of earth, coefficient of, 257. 

Columns, formulas for, 861. 

Combined — stresses, 311; compression and flexure, 812; oompreesion and 
shear, 818 ; flexure and torsion, 818 ; tension and flexure, 811 ; tension 
and shear, 812. 

Composition and reeolution^of forces, 68 ; of co-planar forces, 69 ; of moments, 
68 ; of couples, 78 ; of forces and couples, 82 ; of wrenches, 91. 

Compression, 7 ; and flexure combined, 312 ; and shear combined, 818. 

Compressive — strength, ultimate, 289 ; stress, 7, 279. 

Concurring forces, 68 ; co-planar, resultant of, 69 ; conditions of equilibrium 
of, 61. 

Condition for single resultant force, 88. 

Conditions--of equilibrium in general, 84, 87 ; of equilibrium for concurring 
forces, 61 ; of equilibrium of a body under parallel forces, 77 ; of equi- 
librium for co-planar non-concurring forces, 99 ; of eqcdlibrium for abeam, 
282. 

Cone of friction, 189. 

Conspiring forces, 68. 

Constant of gravitation, 47. 

Constrained equilibrium, smooth curve or surface, 169 ; rough curve Oir sur- 
face, 186. 

Construction, graphic, for centre of parallel forces, 146. 

Contact, rolling, stability in, 209. 

Continuous girder, 867 ; moments at supports of, 362 ; reactions at supports of, 
868 ; general formulas for, 876. 

Co-planar forces, 68 ; concurring, resultant of, 69 ; non-concurring, 99 ; con- 
ditions of equilibrium of, ^ ; graphic construction for centre of, 1^ ; 
application of equilibrium polygon to, 147. 

Cords and chains, static friction for, 199. 

Couples — ^moment of, 72 ; line representative of, 78 ; resolution and composition 
of, 78, 82 ; resultant couple and force for forces in space, 86. 

Crippling load for colunms, 361. 

Criterion — for superfluous members in a framed structure, 108 ; for stable, 
unstable, neutral and indifl!erent equilibrium, 207. 

Curve of earth slope, 258. 

Curve or surface — reaction of, 169 ; smooth, constrained equilibrium on, 169 ; 
equilibrium of body on, 169 ; smooth, reaction of, 170 ; roueh, constrained 
equilibrium on, 186 ; rough, reaction of, 187 ; rough, equilibrium of body 
on, 188, 204. 

Cylinders — strength of, 298. 

Dam, 228 ; gravity, 285. 240 ; arch, 245, 295. 

Deflection^of beams, 829, 847 ; of framed structures, 346. 

Density, 10 ; unit of, 10 ; mean, linear, surface, uniform, 10 ; mean, of earth, 

58. 
Designing of beams, 298. 
Diameter— of rivets, 295 ; of pins, 807. 
Displacement, virtual, 169. 
Dynamics, 2 ; dynamic equilibrium, 69. 
Dyne, 6. 

Earth, mean density of, 68 ; mass, equilibrium of, 256 ; mass, angle of rupture 
for, 257 ; cohesion, coefficient of, 257 ; slope, 228 ; slope, curve of, 258 ; 
slope, angle of stability of, 258. 

Economic section of high gravity dam, 240. 
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£lasticit7--of materials, 870 ; laws of, 279 ; limit of, 280 ; ooeffldent of, 280, 
810. 

Equilibrium, 67 ; dynamic or kinetic, 69 ; molar, molecular static, 68 ; condi- 
tions of, for concurring forces, 61 ; of rigid body, 77 ; of bodj acted upon 
by parallel forces, 77 ; of a ri^d body, 77, 84, 87 ; conditions of, for co- 
planar non-concurriug forces, 94 ; polyeon, 146 ; polygon, properties of, 
l47 ; of strings, .110 ; constrained, of body on a curye or surface, 169 ; on 
a rough curye or surface, 186, 188, 204 ; limiting, 189 ; stable, unstable, 
neutral, indifferent, criterion for, 207 ; of earth mass, 266 ; of a beam, 
conditions of, 2^. 

Equiyalent wrench, 89. 

Euler's formula for long struts, 866. 

External stress, 7, 279. 

Eyebars and pins, theory of, 306. 

Factor of safMy, 290 ; for sliding, 286. 

Flexure— and tension combined, 811 ; and oompression combined, 812 ; and 
torsion combined, 813 ; theory of, 326 ; assumptions of theory of, 826. 

Force, 2 ; criterion of action of, 3 ; proportional to acceleration, 2 ; mechanical 
illustration of, 8 ; uniform and yariable, 8 ; mass and acceleration, relation 
between, 4 ; unit of, 6 ; dimensions of unit of, 6 ; grayitation unit of, 6 
compression, tensile and shearinff, 7, 283 ; line representatiye of, 44, 67 
of grayitation, 44 ; moment of, 67 ; line representatiye of moment of, 67 
resultant, condition for single, 88 ; polygon, 183, 146. 

Forces— concurring, conditions of equilibrium of, 61 ; non-concurring, parallel, 
67, 89 ; resolution and composition of moments of, 68 ; resultant of two 
non-concurring co-planar, 68 ; centre of parallel, 78 ; parallel, equilibrium 
of body acted upon by, 77 ; in space, resultant force and couple for, 86 ; 
co-planar, non-concurring, conditions of equilibrium for, 99; centre of 
parallel, graphic construction for, 146. 

Formulas«-f or long struts, 866, 361 ; for continuous girder, 376. 

Framed structures, 100 ; reactions of, 100 ; stresses In, 101 ; methods of solu- 
tion of, 164 ; deflection of, 346. 

Friction, 186, 187 ; angle of, 188 ; coefficient of. 189. 190, 192 ; cone of, 189 ; 
static sliding, laws of, 191 ; static, for piyots, 193 ; static, for axles, 196 ; 
static, for cords and chains, 199 ; static, rolling, 204 ; of masonry, 228. 

Oirder, continuous, 367 ; moments at supports of, 362 ; reactions at supports 

of, 368 ; general formulas for, 376. 
Gordon's formula for long struts, 360. 
Guldlnus, theorem of, 29. 

Graphical construction for centre of parallel co-planar forces, 146. 
Graphical statics, 133. 

Gravitation unit of fort%, 6 ; constant of, 47 ; force of, 44. 
Gravity, centre of, 17, 46 ; acceleration of, 63 ; dam, 236 ; high gravity dam, 

240. 
Gyration, radius of, 272. 

High wall, 234 ; gravity dam, 240. 
Homogeneous body, 10. 

Ice pressure, 236. 

Indeterminate stresses in framed structures, 187. 

Indifferent equilibrium, 206 ; criterion for, 207. 

Inertia, 1 ; moment of, for areas, 270t 

Internal stress, 279. 

Invariant, the, 91. 

Joints, masonry, stability of, 229 ; riveted, 294. 

Kinds of friction, 187. 
Kinetic equilibrium, 69. 



390 IKDEX. 

Laws of elasticity, 279 ; of sUtic sliding friction, 191. 

Limit of elasticity, 280. 

Limiting eqailibrium, 189. 

Line, closing, of equilibrium polygon, 145. 

Line, material, 19 ; centre of mass of, 20. 

Line representative— of a force, 44, 51 ; of moment of a force, 67 ; of moment 

of a couple, 73. 
Linear density, 10. 
Load, crippling, for columns, 861. 
Long struts, formulas for, 855, 861. 
Low gravity dam, 285. 
Low wall, 284. 

Masonry— joint, stability of, 229 ; weight and friction of, 228. 

Mass, 8 ; astronomical unit of, 48 ; force and acceleration, relation between, 4; 
measurement of, 4 ; specific, 10 ; table of specific, 12 ; determination of 
si>ecific, 11; moment of, 19. 

Mass, centre of, 16 ; determination of, 18 ; properties of, 18, 75 ; of lines, 20 ; 
of areas, 21 ; of volumes, 26 ; determination of, by Calculus, 80. 

Mass, earth — angle of rupture for, 257 ; equilibrium of, 256. 

Material point, 1 ; line, area, volume, 19. 

Materials, strength of, 270 ; elasticity of, 270 ; properties of, table for, 289. 

Measurement of mass, 4. 

Members, superfluous, in framed structures, 108 

Method of sections, 102. 

Methods of solution of framed structures, 154. 

Molar equilibrium, 58. 

Molecular equilibrium, 58. 

Moment— of mass, volume, area, 19 ; of a force, 67 ; composition and resolu- 
tion of moments, 68 ; of couple, 72 ; line representative of, 78 ; at supports 
of a continuous beam, 872 ; of inertia of an area, 270 ; bending, 285 ; 
resisting, 287 ; twisting, 809 ; theorem of three moments, 870. 

Neutral axis, 286, 809 ; of beam, change of shape of, 825. 

Neutral equilibrium, 206 ; criterion for. 207. 

Non-concurring forces, 67 ; co-planar, 99 ; conditions of equilibrium of, 99. 

Opposite forces, 58. 

Pappus and Guldinus, theorem of, 29. 

Parabola formula for long struts, 858. 

Parabola, how to draw, 158. 

Parallel forces, 67, 89 ; centre of, 78 ; equilibrium of body acted upon by, 77 ; 
co-planar, graphic construction for centre of, 146 ; application of equilib- 
rium polygon to, 147. 

Particle, 1. 

Pins— size of, 808 ; and eyebars, theory of, 806 ; diameter of, 807. 

Pipes and cylinders, strength of, 298. 

Pitch of rivets, 296. 

Pivots, static friction for, 198. 

Plane and axis of symmetry, 19. 

Point, material, 1. 

Pole, in force polygon, 145. 

Polygon, force, 188 ; pole of, 145 ; equilibrium, 145 ; application of equilib* 
rium, to parallel co-planar forces, 147 ; equilibrium, properties of, 147. 

Poundal, 5. 

Pressure-Dearth, 247 ; ice, 286 ; water, 285 ; wave, 236. 

Principle of virtual work, 160. 

Properties— of centre of mass 75 - of equilibrium polygon, 147 ; of materials, 
table of, 289. 
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Badias of gyration, 272. 

Rankine-Gordon formula for long struts, 860. 

Reaction — and action, 7 ; of framed structures, 100 ; of curve or surface, 169 ; 

of smooth curve or surface, 170 ; of rough curve or surface, 187 ; at sup- 
ports of continuous girder, 868. 
Repose, angle of, 188. 
Representative, line— of force, 57 ; of moment of a force, 67 ; of moment of a 

couple, 78. 
Resisting moment, 287. 
Resilience, work and coefficient of, 281. 
Resolution and composition of forces, 68 ; of co-planar forces, 59 ; of moments, 

68 ; of forces and couples, 78, 82 ; of wrenches, 91. 
Resultant — of concurring co-plimar forces, 59 ; non-concurring co-planar forces, 

68, 70 ; force and couple for forces in space, 86 ; force, condition for single, 

88 
Retaining walls. 228, 247 ; low, 284 ; high, 284 ; formulas for, 251. 
Rigid body, equilibrium of, 77. 
Rigidity of ropes. 202. 
Riveted joints, 294. 
Riveting, theory and practice of, 295. 
Rivets, diameter of, 295 ; number of, 296 ; pitch of, 296. 
Rolling— contact, stability in, 209 ; friction, 204. 
Ropes, rigidity of, 202. 
Rough curve or surface, constrained equilibrium on, 186, 188, 204 ; reaction of, 

187. 
Rupture, angle and surface of, 258 ; angle of, for earth mass, 257 ; coefficient 

of, 288 ; coefficient of, for torsion, 810. 

Safety, factor of, 290 ; factor of, for sliding, 286. 

Scales, choice of, 189. 

Section, economic, of high gravity g^ram, 240. 

Sections, method of, 102. 

Shape, of beaips for uniform strength, 299. 

Shear, 7 ; and tension combined, 812 ; and compression combined, 818. 

Shearing force, 283 ; stress, 7, 279, 288. 

Single resultant force, condition for, 88. 

Size of pins, 308. 

Sliding— coefficient of static friction for, 190, 192 ; friction, laws of, 191 ; factor 

of safety for, 286. 
Slope, earth, 228 ; angle of stability of, 258 ; curve of, 258 ; stability of, 257. 
Smooth curve or surface, constrained equilibrium on, 169 ; reaction of, 170. 
Solution of framed structures, methods of, 154. 
Space, resultant force and couple for forces in, 86. 
Specific mass, 10 ; determination of, 11 ; table of, 12. 
Stability— in rolling contact, 209 ; of masonry joint, 229 ; of walls, 281 ; of 

earth slope, 257. 
Stable equilibrium, 206 ; criterion for, 207. 
Static equilibrium, 58. 
Static rolling friction, 204. 
Static sliding friction, 190 ; coefficient of, 192 ; laws of, 196 ; for axles, 196 ; 

for chords and chains, 199 ; for pivots, 198. 
Statics, 57 ; applications of, 228 ; graphical, 188. 
Straight-line formula for long struts, 858. 
Strain, 7 ; and stress, 279. 
Strength— of beams, 299 ; of materials, 270 ; of pipes and cylinders, 298 ; 

ultimate, 289. 
Stress. 7 ; crippling, for columns, 861 ; compressive, tensile and shearing, 279; 

shearing, 283 ; temperature, 818; unit of , 291 ; variable working, 292; 

working, 290. 
Stress and strain, 279. 

Stress, combined, 811 ; in framed structures, 101 ; indeterminate, 187. 
Strings, equilibrium of, 110. 
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Structnre, fnined, 100 ; deflection of, 845 ; methods of solntioii of, 154 ; reac- 
tions of, 100 ; stresses in, 101. 

Struts, fermalas for long, 355, 801. 

Buperflnons members, criterion for, 108. 

Surface— density, 10 ; of rupture, 258, reaction of, 189. 

Surface or curve, equilibrium on rough, 186, 188, 204 ; equilibrium on smooth, 
169, 170 ; reaction of rough, 187 ; reaction of smooth, 170. 

Symmetry, plane and axis of, 19. 

Temperature, stress due to, 818. 

Tensile—stress, 7, 279 ; strength, 289. 

Tension, 7 ; and flexure combined, 811 ; and shear combined, 812. 

Theorem— -of three moments, 870 ; of Pappus and Guldinus, 29. 

Theory of flexure, 825 ; assumptions of, 8§6. 

Torsion, 808 ; coefficient of rupture for, 810 ; and flexure combined, 818 : work 

of, 810. 
Twisting moment, 809. 

Uniform— density, 10 ; force, 8 ; strength of beams, 299, 880. 

Unit— of density, 10 ; of force, 5; of mass, 8 ; of mass, astronomical, 48 ; stress, 

291 ; of work, 159. 
Unstable equilibrium, 206 ; criterion for, 207. 

Variable— force, 8 ; working stress, 292. 
Virtual— displacement, 159 ; work, 159. 

Volume — ^material, 19 ; moment of, 19 ; centre of mass of, 26. 

« 

Wall— batter of, 228 ; high, 234 ; low, 284 ; parts of, 228. 

Wall, retaining, 228, 247 ; formulas for, 251 ; stabUity of, 281. 

Water pressure, 285. 

Wave pressure, 286. 

Weight— of a body, 4, 5 ; breaking, of beams, 299 ; of masonnr, 288. 

Work, 158 ; of resilience, 281 ; of torsion, 810 ; nnit of, 159 ; virtaal, 169 ; 

of variable force, 159. 
Working stress, 290 ; variable, 292. 
Wrench, equivalent, 89. 
Wrenches, composition and resolution of, 91. 
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Text-Books and Practical Works. 

A TEXT-BOOK OF EIiEMENTABY MECHANICS 
FOR THE USE OF COLLEGES AND SCHOOLS. 

By E. S. Dana, AssistaDt Professor of Natural Pliilosophj 

Yale College. Twelfth edition 12mo, cloth. $1 50 

" All Students and Mechanics will find the above a most admirable 
vroTk.''—Indwtcriai World. 

PBINCIPLES OF ELEMENTARY MECHANICS. 

By Prof. De Volaon Wood. Fully illustrated. Ninth edi- 
tion 12mo, cloth, 1 35 

This work is designed to give more attention to thef undamental principles 
of mechanics. Analysis is sabordinated, and whails used is of a very ele- 
mentary character. No Calculus is ut*ed nor any analysis of a high character, 
and yet many problems which are generally considered quite difficult are 
here solved in a very simple manner. The principles of Energy', which 
holds an Important place m modern physics, is explained, and several 
problems solved by its use. Every chapter contains numerous problems 
and e2camples, the former of which are fully solved ; bit the latter, which 
are numencnl, are unsolved, and are intended to familiarize the i*tndent with 
the principles, and test his ability to apply the subject practically. At 
the close of each chapter is a list of Exercises. These consist of questionB 
of a general character, i-equiring no analysis in order to answer them, bat 
simply a good knowledge of the subject. The mechanics of fluids forms an 
important part of the work. 

Supplement and Key to ditto 1 25 

THE ELEMENTS OF ANALYTICAL MECHANICS. 

With nutuerous examples and illustrations. For use in 

Scientific Schools and Colleges. By Prof. De Volson Wood, 

Sixth edition, revised and enlarged, comprising Mechanics of 

Solids and Mechanics of Fluids, of which Mechanics of 

Fluids is entirely new. About 500 pages. Seventh edition. 

8vo, cloth, 8 00 

The Calculus is freely used in this work. One of the chief objects sought 
is to teach the students how to use analytical methods. It contains many 
problems completely solved, and many others which are left as exercises 
for the student. The last chapter shows how to reduce all the equations of 
mechanics from the principle of d^Alembert. 

STBENGTH OF MATERIALS AND THEORY OF 
STRUCTURES. 

By Henry T. Bovey, Dean of School of Applied Science, McGill 
University, Montreal, Canada 8vo, cloth, 7 50 

ELEMENTS OF ANALITTICAL MECHANICS. 

By Col. Peter S. Michie, of U. S. Military Academy. Fourth 
edition 8vo, cloth, 4 00 

" A revised edition, as taught to the Cadets of U. S. Military Academy, 
West Point." 
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A TEXT-BOOK ON THE MECHAiNICS OF MA- 
TEBIAIiS, 

And on Beams, Colamns, and Shafts. Bj Prof. M. Merriman. 
Fourth edition, revised and enlarged 8vo, cloth, $3 50 

^' We cannot commend this book too hif^My.^^— American Snginter. 
*' The well-earned reputation of the Author renders any comment on the 
qnality of the work snperflnoae."— Fan NoBlrafuT* Magazine. 

MECHANICS OF BNGINEEBING. 

Comprising Statics and Dynamics of Solids, the Mechanics 
of the Materials of Construction or Strength and Elasticity of 
Beams, Columns, Shafts, Arches, etc., and the Principles of 
Hydraulics and Pneumatics with Applications. For the use of 
Technical Schools. By Prof. Irving P. Church, C.E., Cornell 
University 8vo, cloth, 6 00 

**The work is very abundantly Illustrated, and the information is^Ten 
In a style which cannot fail to make the student thoroughly master or the 
subject. Prof. Church may certainly be conCTatulated upon compressing a 
vast amount of instruction into a very small space without in any d^n*®^ 
interfering with the necessary minuteness of detail or clearness of desoip- 
tion."— Xon^fon Industrial Bevieto, 

MECHAiaCA I. PBIN CIPLES OF ENGINEERINa 
AND ABCHITECTIJBE. 

By Henry Mosely, M.A.. F.R.S. From last London edition, 
with considerable additions by Prof. D. H. Mahan, LL.D , of 
ihe U. S. Military Academy. 700 pages. With numerous 
cuts 8vo, cloth, 5 00 

MECHANICS OF ENQIErBEBINa AND MACHINEItT. 

By Dr. Julius Weisbach. Designed as a Text-book for Tech- 
nical Schools and Colleges, and for the use of Engineers, 
Draughtsmen, etc. Second edition, thoroughly revised and 
greatly enlarged, by Gustav Herrmann, Prof, at the Royal 
Polytechnic School, Aachen, Germany. Translated by J. F. 
Klein, D.E., Prot. of Mechanical Engineering, Lehiprh Uni- 
Tersity, Pa. With numerous fine illustrations. Second edition. 

1 vol., 8vo, cloth, 5 00 

*^ Weisbach is a standard in all matters of Engineer! ngand Mechanics, 
and his teachings are accepted as correcV^—Me&ianical Engineer. 

MECHANICS OF THE MACHINEBY OF TBANS- 
MISSION. 

Being Vol. III., Part I., Section H. of Mechanics of Engineering 
and Machinery. By Dr. Julius Weisbach. Edited by Prof. 
Gustav Herrmann and translated by Prof. J. F. Klein, Lehifh 
University, Bethlehem, Pa 8vo, cloth, 5 00 

NOTES AND EXAMPLES IN MECHANICS. 

With an Appendix on the Graphical Statics of Mechanism. 
By Prof. I. P. Church, Cornell University. 135 pages, with 
blank pages for problems 8vo, cloth, 2 00 
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AFFLTBD MECHANICS AND BESISTANCE OF 
MATERIALS. 

By Prof. Q. Lanza. Showing Strains on Beams as determined 
by the Testing Machines of Watertown Arsenal and at the 
Massachusetts Institute of Technology. Practical and Thtro- 
rettcal. Drsigned for Engineers, Architects, aud Students. 
With hundreds of illastrationt}. Sixth edition, revised. 

1 vol., 8vo, cloth, $7 50 

" The whole work is a valuable contribution to the i^DbJect of which it 
treats, and we can cordially recommend it.^''-' London B»iuder. 

WEISBACH'S MECHANICS. HYDBAULICS AND 
HYDRAULIC MOTOBS. 

With numerous practical examples for the calculation and 
construction of Water-wheels, including Breast, Undershot, 
Back-pitch, Overshot Wheels, etc., as well as a special discus- 
sion of the various forms of Turbines. Translated from the 
fourth edition of Weisbach's Mechanics, by A. Jay Du Bois. 
Profusely illustrated. Second edition 8vo, cloth, 5 00 

WEISBACH'S MECHANICa THEOBY OF STEAM- 
ENGINE. 

Translated from the fourth edition of Weisbach's Mechanics 
by A. Jay Du Bois. Containing notes giving practical examples 
of Stationary, Marine, and Locomotive Engines, showing Amer- 
ican practice, by K. H. Buei. Numerous illustrations. Second 
edition 8vo, cloth. 5 00 

MECHANICS OF THE GIBDEB. 

A Treatise on Bridges and Roofs, in which the necessary and 
sufficient weight of the structure is calculated, not assumed, 
and the number of Panels and height of Girder that render the 
Bridge weight least for a sriven Span, Live l»ad, and Wind 
Pressure are determined. By John D. Crehore, C.E. Illus- 
trated by over 100 engravings, with tal)ie8, etc 8vo, cloth, 5 00 

**The work bears internal evidences of patient industry and scholarly 
ability— 18 a vahiabie contrlbntion to science and to the literature of 
Bridge bnildins;.''— W. H. Seablck, C £. 

ATICS; OB, PBACTICAL MECHANISM. 



A Treati.se on the Transmission and Modification of Motion and 
the Construction of Mechanical Movtiments. For the use of 
Draughtsmen, Machinists, and Students of Mechanical En- 
gineering, in which the laws goyemiog the motions and 
various parts of Mechanics,as affected by their forms and modes 
of connection are deduced by simple geometrical reasoning, 
and their application is illustrated by accurately constructed 
diagrams of the different mechanical combinations discussed. 
By Prof. Chas. W. MacCord. Fourth edition 8vo, cloth, 5 00 

** The work can be confidently recommended to Draugfhtamen. and all who 
have occa;>ion to decij^ machinery, as well as to every earnest student of 
Mechanics, young or o\6..''^— American Machinift. 
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TBBATISE ON FRICTION AND LOST WORK EN 
MACHINER7 Ain> MTT.L WORK. 

CoDtaining aD explaDation of the Theory of Friction, and 
an accoant of tlie various Lubricants in general use, with a 
record of variouB experimenters to deduce tiie laws of Friction 
and Lubricated Surfaces, etc. By Prof. Rubt. H. Thurston. 

Copiously illustrated. Fourth edition 8vo, cloth, $H 00 

" It is not loo high praiee to say that the present treatit^ Is ezhaustiTe 
and a complete review of the whoiu subject. "—^f/Mricau Engineer. 

OAB LUBRIOATION. 

Treating of Theoretical Relations, Coefficient of Friction, 
Bearing Metals, Methods of Lubrication, Journal-box Con- 
struction, Heated Journals, and the Cost of Lubrication. By 

W. E. Hall 12mo, cloth, 100 

** A very useful book on a onbiect upon which literature is verv scarce. 
While the author gives full credit to Prof. Thurston and to Mr. Woodbary 
for their researches in this direction, he puts the various theories and re- 
sults of experiment in a very practical f hapc and shorn of all but the 
plainest maihematicAl dress. The volume is evidently the work of a 

Sractical investigator, and is correspondingly ya.\ua.ble.''^—Engineerinff 
Jew$. 

A HISTORY OF THE FLAIONG MILL. 

With Practical Suggestions for the Construction, Care, 

and Management of Wood-working Machinery. By C. R. 

Tompkins, M.E 12mo, cloth, 1 60 

** Each of these chapters is as (till of meat as an egg : they give the 
resnltx of long experience and intelligenr observation, and no proprietor 
of woodworking machinery and employer of labor can afford to be without 
a copy, nor should anv young mechanic, ambitions to excel in his calling, 
fail to send for \i."—Tfu Lumberman, Chicago, June 15, 1R8A. 

DYNAMOMETERS, AND THE MEASUREMENT OF 
POWER. 

By J. J. Flather, Prof, of Mechanical Engineering in Purdue 

UniTersity, Lafayette, Ind 12mo, cloth, 2 00 

A Treatise on the Construction and Application of Dynamometers. Com- 
prising Determination of Driving Power, Friction Brakes, Absorption and 
TransmisHion Dynamometers, Fower to Drive Lathes, Measurement of 
Water- Power. 

ELEMENTS OF MACHINZ3 CONSTRUCTION AND 
DRAWING; 

Or, Machine-Drawing, with some elements of descriptive and 
rational Kinematics. A Text-hook for ScIiooIh of Civil and 
Mechanical Engineering, and for the use of Mfchanical Estah- 
lishmeots, Artinans, and Inventors. Containing the principles 
of Gearing, Screw Propellers, Valve Motions, and Governors, 
and many standard and novel examples, mostly from present 
American practice. By Prof. S. Edward Warren. Seventh 
edition 2 vols.. 8vo, text, and small 4to plates, cloth, 7 60 

EXTRACTS FROM CHORDAL'S LETTERS. 

Comprising the cho'cest selections from the Series of Articles which 
have heen appearing for the past two years i n the columns of the 
American Machinist. With over 50 illuHirntirns. 12mo, cloth, 2 00 

"The author discusses shop work and shop management with more 
practical shrewdness, and in a manner that Mechanic^. Artisans, and wide 
awake working men, generally, cannot help but enjoy. "—/Scien^i/te-4in«r'>an. 
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THE LATHE AND ITS USES ; 

Or, Instruction iu the Art of Turuiug Wood and Metal. 
Including a description of the most modern appliances for 
the ornamentation of plane and curved surfaces, with a de- 
scription aifto of an entirely novel form of Lathe for Eccentric 
and Rose Engine Turning, a Lathe and Turning Machine com- 
bined, and other valuable matter relating to the Art. 1 vol., 
8vo, copioualy illustrated. Sixth edition, with additional 

chapters and Index 8vo, cloth, $6 00 

"The most complete work on the Bubject ever pablluhed.'*— ilm«rto(m 

Artisan. 
"Here Ih an invaluable book to the practical workman and amateur. "— 

London Weekly Times. 

A TREATISE ON TOOTHED QEARING. 

Containing complete instructions of Designing, Drawing, and 
Constructing Spur Wheels, Bevel Wheels, Lantern Qear, 
Screw Gear. Worms, etc. , and the proper formation of Tooth 
Profiles. For the use of Machinists, Pattern Makers, Draughts- 
men, Designers, Scientific Schools, etc. With many plates. Bj 

J. Howard Cromwell, fourth edition 12mo. cloth, 1 50 

*'Mr. Cromwell has acooropH^hed good work in brinfirlng together in thia 
yolnme a erreat deal of information onlv to be found by searching many 
works*, and by adding the results of his own experience In the field of 
Mechanical Engineering/*— ^m^riran Machinist. 

A TBEATISE ON BELTS AND PULLEYS. 

Embracing full explanations of Fundamental Principles ; 

proper Disposition of Pulleyp ; Rules for determining widths 

of leather and vulcanized rubber i)elts, and belts running over 

covered pulleys ; Strength and Proportions of Pulleys, Drums, 

etc. Together with tiie principles and necessary rules for 

Rope Gearing and transmission of power by means of Metallic 

Cables. By J. Howard Cromwell, Ph. B., author of a Treatise 

on Toothed Gearinsr 12mo, clotli, 1 60 

**Thi8 is a very complete and comprehensive treatise, and is worthy of 
the attention of all Mechanics who have anything to do with the manage- 
ment of belts and pulleys, etc/^— iVa^iono/ (far Builder. 

SAW FILING. 

The Art of Saw Filing Scientifically Treated and Explained 
on Philosophical Principles. With explicit directions for 
putting in order all kinds of Saws, from a Jeweler's Saw to a 
Steam Saw-mill. Illustrated by 44 engravings. By H. W. 
Holly. Fifth edition 18mo, cloth, 75 

SAW FILING. 

A Practical Treatise on Filing, Gumming, and Swageing Saws. 

By Robert H. Grimshaw Fully illustrated 1 vol.. l6mo, 1 00 

MACHINEBY PATTESN MAKING. 

A Discussion of Methods, including Marking and Recording 
Patterns, Printing Press, Slice Valve and Corliss Cylinders; 
How to Cast Journal-boxes on FrameB, Differential Pulleys, 
Fly-wheels, Ensrine Frames, Spur, Bevel and Worm Gears, 
Key Heads tor Motion Hods, Elbows and Tee Pipes, Sweeping 
Straight and Conical Grooved Winding Drums, Large Sheaves 
with Wrought and Cast-iron Arms, 128 full bize Profiles of 
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Gear Teeth of different pitches for Gears of 14 to 800 Teeth, 
with a Table showing at a glance the reqaired diameter of 
Gear for a given number of teetli and pitch, Double Beat, 
Governor, and Plujr Valves, Screw Propeller, a chapter on 
items for Pattern Makers, btesides a number of valuable and 
useful Tables, etc., etc. 417 illustrations By P S. Dingey, 
Foreman Pattern Maker and Draughtsman. . ..12mo, cloth, $2 00 

** A neat litrle work that should be not only In the hands of every pattern 
maker, bur. re^d by every foundry foreman and proprietor of ronndries 
doing machinery work.^''— Machinery Moulder's Journal. 

THE BOSTOlf M/LCHINI8T. 

Being a complete School for the Apprentice as well as the 
advanced Machinist, showing how to make and use every tool 
in every branch of the business ; with a Treatise on Screws and 
Gear^iitting. By Waller Fitzgerald. Third ed*n. 18mo,cloth, 75 

STEAM HEATING FOB BniIJ)INGS. 

Or, Hints to Steam Fitters. Being a der^cription of Steam 

Heating Apparatus for Warming and Ventilating Private 

Houses and Large Buildings, with Remarks on Steam, Water, 

and Air in their Relations to Hnating. To which are added 

useful miscMllaneouH tables. By Wm. J. Baldwin. Thirteenth 

edition. With many illustrative plates l2uio, cloth, 2 50 

'*Mr. Baldwin ban supplied a want lon^r felt for a practical work 
on Heating; and Heatiuf? Apparatas.*'— 5aiii/^ Enghuer. 

THE COST OF MANUFACTUBES— AND THE AD- 

MINISTBATION OF WOBESHOPS, PUBLIC 

AND PBIVATE. 

A System of Mechanical Book-keeping, based on the Card- 
Catalogue method, dispensing with skilled clerical labor and 
the use of books, by wliich the co^t of manufactures may be 
promptly determined, either in gross or in any detail, as to - 
component parts and operations thereon. Comprising a 
simple method of recording all dealings with materials which 
relate to its procurement, expenditure, or possession. Applied, 
with numerous practical illustrations, to the trust, accounta- 
bility for public property, and funds required of the U. S. 
Ordnance Department, with a review of its present practice. 
By Capt. Henry Metcalfe, U. S. Ordnance Department. Illustra- 
ted with tables, forms of cards, etc. , etc. Second ed'n. 8vo, cloth, 5 00 

** I feel cure that by the u^e of your methods I can determine a cost I have 
never been able to arrive at."— Ewakt Manufactuhino Co., Chicago. 

*' We And that it enahlee ns to keep a more accurate record of each piece 
of work. We can locate the responsibility for any delay or omission.*^— 
Rathbone & Co., Stove Works, Albany. 

WBINKIiES AND BECIPES. 

Compiled from the SCIENTIFIC AMERICAN. A collection 

of practical suffgestions, processes, and directions, for the 

MECHANIC. ENGINEER, FARMER, and Housekeeper. 

With a COLOR 'i'EMPKRING SCALE, and numerous wood 

engravings. liy Pnrk Benjamin. Revised by Profs. Thurston 

and Van der Weyde, and Engineers Buel and Rose. Filth 

revised edition 12mo, cloth, 2 00 

** HandredB of Trade Secreta and Mechanical Shop Wrinkles.'' 

JOHN WILBY & SONS, 

53 E. Tenth St.. New York. 



